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ABSTRACT

A framework is proposed to bridge coarse and fine meshes in a single simulation within the phase field method for fracture.
Fine meshes are used in the vicinity of localized defects to accurately capture crack initiation, while coarse meshes are used away

from initial defects and include only crack propagation paths. This reduces the prohibitive computational times associated with

uniformly fine meshes over the entire domain, or with the use of complex adaptive meshes in the phase field method. The coupling

between the two overlapping meshes is achieved using a variational formulation in which the energies of the models associated
with the fine and coarse meshes are weighted in the superposition zone. Two situations are considered. The first includes the
resolution of the phase field problem only in the fine mesh, while the coarse mesh is limited to the undamaged elastic problem.
In the second situation, cracks can propagate in both the fine and coarse mesh. Variational formulations and associated finite
element implementations are detailed. Numerical examples are presented, showing the potential of this approach to significantly

reduce computational costs in the phase field method for cracking without affecting the accuracy.

1 | Introduction

The phase field method, introduced in References [1, 2], is nowa-
days one of the most popular computational methods for sim-
ulating cracking processes. Its key advantages include the abil-
ity to handle crack initiation, propagation, coalescence, multiple
cracks, and arbitrary geometric configurations. It is based on a
variational formulation of the crack problem, in tandem with a
regularized approach to limit the damage gradient, as well as a
smooth description of discontinuities.

Several formulations can be found in the literature: Lancioni et al.
[3], Amor et al. [4], Miehe et al. [5-8], Pham et al. [9], Ambati
et al. [10], Borden et al. [11], Wu et al. [12], Nguyen et al. [13]
(see also [14-21]).

The method has been extended for modeling anisotropic frac-
ture in References [22-32], and applied to many problems,
such as ductile fracture [33], dynamic fracture [34, 35], cohe-
sive fracture [36, 37], hydraulic fracture [38], topology optimiza-
tion for resistance to cracking [39], fracture in microtomography
image-based models of microstructures [40-42], among many
others.

The equations arising from the variational principle in the phase
field imply at minimum two sets of equations, which need to be
solved concurrently. For this purpose, two approaches are com-
monly used. On one hand, a robust algorithm using a staggered
scheme has been introduced in Reference [6], which consists
of solving decoupled problems. A damage problem is solved by
fixing the displacement field, and a mechanical problem is solved
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by fixing the damage variable. The main drawback of this scheme
is that small loading steps are required to obtain converged solu-
tions. On the other hand, the monolithic scheme consists of solv-
ing a coupled system of displacement and phase field equations
simultaneously in a single step. This approach is efficient and
allows larger loading increments, but is less robust, as it encoun-
ters convergence issues. Several attempts to improve monolithic
solvers can be found in References [43-47]. A discussion of phase
field problem solving can be found in Reference [48].

One issue in the phase field method is the need for a fine mesh
along crack paths to capture the regularized description of the dis-
continuities. Typically, several elements covering the regularized
crack width are required. Studies of large domains containing
localized defects may then be limiting for the method, if the defect
constrains the spatial discretization for the whole structure.

To overcome this limitation, several approaches have been
developed in recent years. First, high-performance comput-
ing (HPC) can be used. The main idea is to divide the
domain into several subdomains, on which computations
are performed in parallel. In this context, different tech-
niques can be found, such as MPI (Message Passing Inter-
face) [49] for distributed-memory machines, OpenMP (Open
Multi-Processing) [50] for shared-memory machines, and CUDA
(Compute Unified Device Architecture) [51] for GPU accelera-
tion. The computational efficiency and scalability for large-scale
simulations are enhanced using two principal approaches. On
the one hand, domain decomposition methods decompose the
global problem into smaller, independent sub-problems, associ-
ated with each subdomain, which are solved concurrently. Clas-
sical techniques include the Schur methods [52, 53], the finite
element tearing and interconnecting (FETI) method [54, 55],
the balancing domain decomposition (BDD) method [56],
Neumann-Neumann methods [57, 58] and Schwarz domain
decomposition [59, 60] among others. On the other hand, in a col-
laborative approach, data partitioning methods involve dividing
a large computational domain into smaller subdomains assigned
to different computational cores, ensuring communication and
data sharing as needed. To solve linear and non-linear problems
within this approach, parallel direct solvers can be used, includ-
ing UMFPACK [61], SuperLU [62],and MUMPS [63, 64]. The effi-
ciency of this kind of solver may be limited for large-scale prob-
lems due to their computational costs and memory requirements.
The disadvantage of direct solvers can be overcome by using iter-
ative solvers [65-68] and an appropriate preconditioner [69-75]
to accelerate their convergence rate. The application of parallel
computing with the phase field method can be found in [76-80].

Another way to improve the computational efficiency within
the phase field approach is to use adaptive mesh refinement
algorithms [81-90]. These methods can significantly reduce
computation time and memory storage. However, one of their
drawbacks within the phase field method is the need for remesh-
ing during crack propagation at each time step, which penalizes
the efficiency.

Alternatively, global/local approaches can be used for modeling
damage at reduced costs. One notable advancement in this
context is the development of model bridging techniques such
as the Arlequin method [91, 92] or the bridging domain method

[93, 94], in which two models, possibly described with different
kinematics and different discretizations, are bridged in a single
simulation through an overlapping region and a variational
approach. In Reference [95], a non-intrusive global/local method
[96] has been adopted for the first time to simulate damage using
the phase field method. This technique couples a global model
representing the overall structure with a more detailed local
model that captures localized damage processes. It has also been
used in References [97-99] and has been extended to ductile
fracture [100], hydraulic fracture [101] and anisotropic brittle
fracture [30]. Other methods have been developed for reducing
computational costs within the phase field approach, including
the application of s-version finite element method for damage
modeling [102], reduce order model-based fracture simulation
[103, 104] and staggered scheme acceleration algorithm [105].

In the present work, an approach is developed to reduce computa-
tional costs of the phase field method when cracks nucleate from
localized defects within a large structure, with different scale
orders between the characteristic length of the defect and that
of the structure. For this purpose, the framework of the Arlequin
[91, 92] model bridging technique is adopted, where overlapping
meshes are used. A fine mesh is adopted in regions of interest to
model localized damage and accurately capture crack initiation,
and a coarse-mesh is used elsewhere to reduce computational
time. First, the method is developed for modeling the crack nucle-
ation and propagation only in the fine mesh region, assuming that
the coarse mesh region remains undamaged. Then, the method is
extended to model the damage occurring in both fine and coarse
regions. In this case, cracks initiate in the fine regions and can
propagate through the coupling zones into the coarse region. The
main novelty of this work is the development of the coupling
framework between phase field models in both fine and coarse
meshes, which has not been investigated so far, to our best knowl-
edge. The phase field method is briefly reviewed in Section 2. The
Arlequin framework is reviewed in Section 3. The application of
the Arlequin framework for simulating damage employing the
phase field method is presented in Section 4. Finally, numeri-
cal applications demonstrating the accuracy and efficiency of the
proposed approach and its validation is provided in Section 5.

2 | The Phase Field Approach for Fracture
Simulation

In this work, the phase field method for quasi-brittle fracture
is briefly reviewed. Let us consider an open domain Q C R? of
dimension D and its boundary 0Q of dimension D — 1. Let 0Q,
and 0Q be the parts of the boundary on which Dirichlet and
Neumann boundary conditions are prescribed, respectively, such
that 0Q = 0Q, U 0Q[ and 0Q, N 0Q = @. The total energy func-
tional £(u, d), according to [1], is given by:

8(u,d)=/u/e(£(u),d)d§2+/wf(d)dQ—/f*-udQ
Q Q Q

- / F*-udS 1)
0Q,

where u is the displacement field, e(u) = %(V(u) + V(@)T) is the
infinitesimal strain tensor and d is the damage variable. y,(u, d)
denotes the elastic energy density and y,(d) refers to the fracture
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energy density. f* and F* are body forces and prescribed forces
on the boundary 09, respectively.

The phase field framework developed in References [5, 7, 8] is
considered. The elastic energy density, in this model, is split into
positive and negative parts using the spectral decomposition of
the strain tensor, which is given as:

v, (), d) = (g(d)y] (e)) + v, () 2
in which g(d) = (1 — d)? is the degradation function applied only
on the positive part of the elastic energy density, wf(e(u)) and

v, (e(u)) refer to the positive and negative parts of the elastic
energy density expressed as:

((Tr(e)), ) + uTr((€%)?) ©)

TP

v (e(w) =

where 4 and u are the Lamé’s parameters, Tr(.) is the trace oper-
ator, et and £~ denote the positive and the negative parts of the
strain tensors, respectively, which are expressed by:

et =

M»

(eh,n@n', k=23 4

i

1l
—

where (x), = %(x + |x|), € and n' are the eigenvalues and eigen-
vectors of the strain tensor . The constitutive law is expressed
(see, e.g., [8]) by:

o= (A-d?+k){MTre) 1+ 2ue*} + A(Tre)_1+2ue" (5)

where k is a small positive numerical parameter serving to avoid
loss of stability in case of fully damaged elements.

In this work, the so-called AT2 model [8] is considered for the
fracture energy density:

v (d) =y, (d*+£;Vd - Vd) 6)

where V(-) is the gradient operator, ¢, is the characteristic length
that governs the width of the damage zone, y, is a specific frac-
ture energy density, considered here to be a material property
and which can be related to the critical stress o, and the fracture
toughness G, by:

c? G
=_°£ =_¢ 7
Ve=3E = 22, (7

where E is the Young’s modulus.

The functional in Equation (1) is not convex with respect to
both unknowns (u, d), but is convex with respect to each vari-
able separately [47]. To solve this minimization problem, a robust
algorithm using a staggered scheme [8] is considered. Conse-
quently, an incremental problem is obtained, where two coupled
sets of equations are solved sequentially: A damage problem is
solved by fixing the displacement field, and then a mechanical
problem is solved by fixing the damage field d.

2.1 | Damage Problem

Given the displacement field u, the minimization of the total
energy functional (1) with respect to the damage field is expressed

as: FinddeD={d € H'(Q)|0<d <1 on Q}, such that
Véd € D° = H\(Q),

D;,E(u, d) = / —2(1 - d)y (e)dQ
Q

+2y,(d + £3VdV(6d))dQ =0 ®)

where D;,E(u, d) is the directional derivative of £(u,d) in the
direction of 6d. The associated Euler-Lagrange equations to
Equation (8) are given by:

©)

A-dw} -y, (d-£iAd)) =0 in Q
Vd-n=0 on dQ

where A(-) is the Laplacian operator, n is the output normal vector
on the boundary 0€.

The weak form of the damage problem is expressed as:
/(u/;r +y,)déddQ + q/cngdV(éd)dQ = / w6ddQ  (10)
Q Q

To avoid non-physical self-healing phenomena of damage, an
irreversibility condition is imposed on the phase field variable by
an appropriate choice of the source term (the right-end term in
Equation (10)). At every point in Q, the damage variable is an
increasing function ofload evolution. Accordingly, a history func-
tional is introduced in Reference [8] which is given as:

H = max [(y(e; 1) —y,),] (11)

7€[0,1]

where ¢ is a pseudo time parameter describing the load evolution.

The weak form of Equation (10) can be written as shown in
Equation (12):

/(H+y/c)d5ddQ+u/cf§VdV(6d)dQ=/HéddQ 12)
Q Q

2.2 | Mechanical Problem

Given the damage field d, the minimization of the total energy
functional (1) with respect to the displacement field is expressed
as: Find ue U'={ue H'(Q) |u=u* on 09Q,} such that
Véue U’ ={suc H'(Q) | éu=0 on 0Q,},

Dy, E(u,d) =/o-(£(u), d): e(&u)dQ—/f* - oudQ
Q Q

—/ F*-6udS =0 (13)
0Q

The Euler-Lagrange equations associated to Equation (13) are
given by:

V-(e)+f =0 in Q

u=u* on 0Q, (14)

on=F" on 0Q

where V - (.) denote the divergence operator.
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To avoid the nonlinearity related to the strain-tensor decomposi-
tion, two shifted strain tensor split algorithms were introduced in
Reference [42] and expressed by:

E 2Py € 15)

in which 26t
pr =2 (16)

o€
where €7, and ¢,,, are computed at load increment 7,,,. The

computation of the projector tensors P+ are performed at the
previous load increment ¢, using the algorithm proposed in Ref-
erence [106].

This allows us to rewrite the stress/strain relationship in
Equation (5) as follows:

o(e,d)=Cd) : € a7)
where

Cd) = (A —d)* + k) AR + 2uP7|
+ AR + 2uP™ (18)

in which [1] = {1;1;0}” and

Rt(e) = %(sign(tr(e)) +1), R (¢e)= %(sign(—tr(e)) +1)
(19)

The weak form of the displacement problem is then expressed as:

/E(u) 1 Cd) - £(5u)dQ=/f* -5udQ+/ F*-6udS
Q Q 00

' (20)
For a detailed implementation of the phase field method, see, for
example, [42].

3 | The Arlequin Method

The Arlequin method [91, 107] is a multiscale framework to
solve problems in which two spatial scales co-exist. A computa-
tional domain Q is decomposed into a coarse-scale domain and
a fine-scale domain, which can overlap. The coupling between
both domains, which can include different models, kinematics,
or meshes with different sizes, is performed through a weak cou-
pling. The main advantage of the Arlequin method is its ability
to analyze phenomena at fine scales, for example, near defects,
while considering regions near the defect by coarser models or
meshes, and then to reduce drastically computational times as
compared to using the fine model/mesh in the whole domain.

Let us consider an open domain Q C R? and its boundary 0Q
of dimension D — 1. Let us consider the overlapping subdomains
Q, and Q, and their boundaries 02, and 0Q,, respectively, such
that Q = Q, UQ, and Q. = Q, N Q, # @, where Q_ represents the
coupling zone (see Figure 1). Let 6911 and 69} be the parts of the
boundary 0Q, on which Dirichlet and Neumann boundary con-
ditions are prescribed, respectively, such that 0Q, = asz; u asle
and 0Q) N 0Q]. = f. Let 0Q’ and 0Q’, be the parts of the boundary
0, on which Dirichlet and Neumann boundary conditions are

FIGURE1 | Subdomains ), and €, and the coupling zone Q.

prescribed, respectively, such that 0Q, = 0Q> U 9Q}, and 0Q> N
Q% = 0.
F

The Arlequin method ensures the coupling of the two subdo-
mains by using Lagrange multipliers. Constraints are imposed to
enforce the continuity of displacements and force equilibrium in
the overlap region. In this context, the total energy is composed
of energy contributions from the coarse-scale model, assumed in
region Q,, and the fine-scale model, assumed in region Q,, and
the overlapping region Q. where both models interact. In the fol-
lowing, the method is illustrated for an elastic problem under
small perturbations. The total energy functional of the coupling
subdomains is given by [91, 107]:

5(”1’ U, )*u) = &E(uy) + &(uy) + C (A, uy —uy) (21)

where u, and u, are the displacement fields corresponding to the
subdomains @, and Q,, respectively, such that:

u;

eVi={u, e H(Q) |u;=u] on 0Q}, i=12 (22)
where U and U, represent the spaces of the kinematically admis-
sible displacements fields u, and u,. & (u,) and &,(u,) refer to
the potential energies corresponding to the subdomains , and
Q,, respectively. C,(4,,u; — u,) is the linear coupling operator, in
which 4, is the Lagrange multiplier defined in the coupling zone
Q,, expressed by [91, 107]:

C,(A,u; —uy) = / Ay (uy —uy) + 226(A,) ¢ e(uy — uy)dQ
Q

(23)
where 7, is a scaling parameter with dimension of length and
£() = é(V(~) + V' ())). The coupling term in Equation (23) is
known as the H'! coupling, which involves both displacement
and strain fields. It defines a natural scalar product on the Sobolev
space H(Q,) [108]. When setting #, = 0, the coupling operator
in Equation (23) becomes the L? coupling, which involves only
the displacement field. It defines a scalar product on the Lebesgue
space L*(Q,). A detailed discussion of these coupling terms can
be found in Reference [93].

To avoid counting twice the energy in the overlapping region Q,
and to satisfy the conservation of energy principle, the Arlequin
method, in a variational framework, involves using weight func-
tions to distribute the energy between the two models. The poten-
tial energies &£, (u;) and &,(u,) corresponding to the subdomains
Q, and Q,, respectively, are expressed as:
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041,/31 042_,52 a,B1

_ gz,gz_ ; 011,51 062,ﬂ2

o o 1 a 0

Q Qo

0 Qe | 32

(b) (c)

FIGURE2 | Weight functions «; and g;: (a) constant, (b) linear, and (c) cubic.

E(u;) =/ a;o(u;) : €(u;)dQ
Q

—/ Bif” - udQ
Q;

~ | BF-uds,
o,

i=1,2 (24)

where o and & refer to the second-order Cauchy stress and strain
tensors, respectively. f* are the body forces, F} and F’ are the
prescribed forces on the boundaries asz; and aQZF, respectively,
and «; and p, represent the weight functions for the elastic energy
and the external forces work corresponding to the subdomains Q,
and Q,. These weight functions can be considered as a partition
of unity satisfying the following relations:

a=p=1 in Q\Q, (25)
up=F=1 in Q\Q (26)

om+a,=p+p=1 in Q 27

c

Several possible definitions of weight functions can be found in
the literature (see, e.g., [109]). Figure 2 illustrates examples of
weight functions. In this work, the same weight functions are
used for the elastic energy and the work of external forces.

The minimization of the total energy functional in Equation (21)
with respect to the fields u;, u, and 1, is expressed as: Find
(uy.uy,4,) € Uy X Uy X U, such that V(duy, du,,64,) € U X
Uy x Uy,

/ a,o(uy) : €(6u)dQ+ C,(4,,06u;)
&

=/ alf*-5u1d§2+/ alF;*-(SuldS
Q Q!

F

/ a,6(u,) : €(6uy)dQ — C,(4,,6u,)
Q,
=/ azf*~5u2d9+/ o, F5 - 6u,dS
Q, 09},

/ 8A, - uy +£26(62,) ¢ €(uy)dQ
Q

‘c

- / 84, - uy + £26(54,) 1 £(u))dQ =0 (28)
Q

c

Qc Ql Qc
Qs crack Qo crack
Ql Q1

(@) ()

FIGURE3 | (a) Crack initiation and propagation in the fine mesh
region Q,, (b) Crack initiation in fine mesh region Q, with propagation
into coarse mesh region Q, through the coupling zone Q.

in which U‘lo and ’U‘ZO refer to the spaces of the displacement fields
6u, and éu, variations, respectively, expressed as:

U ={6u; € H(Q) | 6u; =0 on 09Q,}, i=12 (29

U, and U7} denote the spaces of Lagrange multiplier fields and
their variations, respectively. The selection of the Lagrange mul-
tiplier spaces and the finite-element discretization is a crucial
aspect of the Arlequin framework. A natural choice is to use
the same spaces as well as the same continuous shape func-
tions as those used for the displacement fields [91, 107]. Here,
two possible approaches for model coupling can be used. The
first one involves using the fine-mesh for the Lagrange multi-
plier fields discretization. This approach can lead to the lock-
ing phenomenon, where the fine-mesh solution is constrained
or “locked” to the coarse-mesh (see [93] for more details). The
second approach allows for avoiding this issue by using coarse
Lagrange multiplier fields, in which the coarse-mesh is employed
for the finite-element discretization of the Lagrange multipliers
[91, 93, 107]. In this work, the second approach is adopted.

4 | Application of the Arlequin Method
to Material Fracture Using the Phase Field
Approach

The main idea of the proposed approach is to consider overlapped
subdomains discretized with different mesh sizes. Fine meshes
are employed in the regions of interest to model localized dam-
age and capture accurately cracks initiation, and a coarse mesh is
used elsewhere to optimize the computational costs. Initially, the
method is developed for the case where cracks initiate and propa-
gate in the fine regions only (see Figure 3a). This case is presented
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as an initial validation of the proposed method and is limited to
the crack nucleation study. If the analysis includes both crack
nucleation and propagation leading to material failure, a larger
fine mesh region is required. However, this approach results in
a significant increase in computational costs, as a finer mesh is
used to model the crack evolution in the material. For a more
general case, the method is extended to simulate crack nucleation
in the fine mesh regions, allowing for their propagation into the
coarse mesh region as well through the coupling zone, which is
the significant contribution of this work (see Figure 3b).

4.1 | Casel:Crack Initiation and Propagation
in the Fine Mesh Region

In this section, the first case is considered, where a crack initi-
ates and propagates in the fine mesh region only (see Figure 3a).
The coupled displacement problem is solved taking into account
the interaction between the subdomains. However, the damage
problem is solved only in the fine regions, assuming that the
coarse mesh subdomain remains undamaged. Considering the
configuration in Figure 1, the total energy functional for this case
is introduced as:

E(uyuy,d, 4,) = &) + &y, d) + C(Au; —uy)  (30)

where u, is the displacements field corresponding to the undam-
aged subdomain Q,, u, and d refer to the displacements field
and the phase field variable corresponding to the damaged sub-
domain Q,. 4, and C,(4,,u; — u,) are the Lagrange multipliers
and the coupling operator for the mechanical problem coupling.
&,(uy) and &,(u,, d) are the potential energies of the undamaged
subdomain €, and the damaged subdomain Q,, respectively,
expressed as:

& (uy) =/ ae(uy) @ Cy : s(ul)dQ—/ o f"udQ
Q

1

+/ o F} - u,dS (31)
0Q),

&,(uy,d) =/ a,€(uy) - C(d) . e(u,)
Q2
+ayy, (d* +£3Vd - Vd)dQ

—/ ozzf*«u2d§2+/z o, F5 - u,dS (32)
Q, a

F

where C, is the undamaged stiffness tensor corresponding to the
subdomain Q, and C(d) is the damaged stiffness tensors corre-
sponding to the subdomains Q,.

4.1.1 | Damage Problem
Given the displacement field u,, the minimization of the total

energy functional (30) with respect to the damage field is
expressed as: Find d € D such that Véd € D°,

/ ay(H +y,)d8ddQ + ayy, £2VdV(6d)dQ = / a,H5ddQ
QZ QZ
(33)

where H is the history of energy corresponding to the subdomain
Q, defined as:

_ +200. oy
H= max (wi(es =)y (34)

in which W:Z denotes the positive part of the elastic energy den-

sity, given in Equation (3), corresponding to the damaged subdo-
main Q,.

The damage field d, the damage gradient, and their variations are
approximated in one element by:

d=N2d, ; é6d=N25d, ; Vd=Bd, ; V(d)=Bsd,

(35)
where d; are the nodal values of the damage field d, N j and
Bj are matrices of shape functions and shape functions deriva-
tives for scalar fields, respectively, corresponding to the fine-mesh
associated to the subdomains Q,. Here, 4-node elements are used
for damage discretization (see Appendix A.1 for definitions of
matrices and elements).

The discretization of the damage problem (33) using Equations
(35) leads to the following discrete system of equations:

K,d=F, (36)
in which

K, =/ a,(H +y N> N2dQ + ayy, /2 B2 B2dQ  (37)
Q

2

F,= / a, N2 1HdQ (38)

2

4.1.2 | Mechanical Problem

Given the damage fields d, The minimization of the total energy
function (30) with respect to the fields u,, u, and 1 is expressed
as: find (u;,u,,4) € Uy X U, X U such that ¥(8u,, 6u,,64,) €
U)X U)X U,

/ a e(uy) © Cy o €(6uy)dQ+ C(4,, 6uy)
Ql

=/ alf*-5u1d§2+/ a F}-6u,dS
Q Q).

/ a,e(uy) : C(d) : €(6u,)dQ — C(4,, 6u,)
Q

2

=/ azf*-6u2d9+/2a2FZ-6u2dS
QZ

pleys

/ 84, - uy +CE(84,) 1 £(uy)dQ
Q

c

- / SAy - uy + £26(50,)  €)dQ =0 (39)
Q

c

The displacement fields u;, and u,, the Lagrange multipliers 4,
the strain tensor, and their variations can be approximated in one
element by:
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Coarse mesh region

Coupling zone

Fine mesh region

FIGURE4 | Compatible mesh.

ol  nlsi. _pli.

u, = Nuul, ou; = Nuéul, e(uy) = Buul,
€(6uy) = Blsu!

u, = N%u; 6u,=N2?su; eu,)=Bu;
2= u 2’ 2= u 2° 2) — w2

£(6u,) = B2su,

A,=N!A: 6i,=Nlsi; eQl,)=B.1;
€(64,) = BLsA! (40)

where u!, u, and A! are the nodal values of the fields u,, u, and 4,.
N i and Bi are matrices of shape functions and shape functions
derivatives for displacements and Lagrange multipliers fields u,
and A, corresponding to the coarse-mesh associated to the subdo-
main Q,. N ﬁ and Bﬁ are matrices of shape functions and shape
functions derivatives for displacements field u, corresponding to
the fine-mesh associated to the subdomain Q,. Here, 4-node ele-
ments are used for discretizing the fields u,, u, and 4,.

The discretization of the mechanical problem (39) using
Equations (40) leads to the following discrete system of equations:

K o c'|u]| |F

0 k2 ¢ |u,|=|F (41
cl -c o |A, 0
in which
Kl = /Q o, B! C,BLdQ 42)
T
K= / a,B2" C(d)BdQ (43)
2
F! —/ aNle*dQ+/ a,N''F*ds (44)
u " 150y 155y 1
Q, 0Q),
Fﬁ:/ azNng*dQ+/ a,N?' FidS 45)
Q, 09},
Ci:/ N''N!+ 2Bl BlaQ (46)
Q.
c?= / N N2 422V B2dq 47)
Q

c

The major difficulty of the Arlequin method lies in calculating
the coupling matrices, especially the matrix Ci in Equation (47),
due to the non-superposition of Gauss points in the overlapping
region. In this work, for the sake of simplicity, regular and com-
patible meshes with 4-node quadrilateral elements are used (see
Figure 4). The computation of the coupling matrices, in this case,
is described in Appendix A.1.

4.1.3 | Algorithm1

The first case algorithm is summarized in Algorithm 1.

4.2 | Case2:Crack Initiation in Fine Mesh
Regions With Propagation Into Coarse Mesh
Region

The method is enhanced in this section to model the damage
occurring in both fine and coarse mesh regions. Cracks initi-
ate in the fine mesh regions and propagate through the cou-
pling zone into the coarse mesh region (see Figure 3b). Both
displacement and damage problems are solved considering the
interaction between the subdomains. Considering the configu-
ration in Figure 1, the total energy functional for this case is
introduced as:

E(uy,uy, dy,dy, Ay Ayg) = E(uy, dy) + E(uy, dy)
+C,(A,,u; —uy)
+C,y(Ay,d; — dy) (48)
where u,, d,, u, and d, are displacement and damage fields cor-
responding to the damaged subdomains Q, and Q,, respectively.

&,(u,,d,) and &,(u,, d,) are the potential energies of the damaged
subdomains @, and Q,, respectively, expressed as:

E(u;.d;) =/ ae() : C(d,) : e(u;)
Q.

i

+ oy, (d2 +£2Vd,; - Vd,;)dQ
—/a,f*-u,.d9+/ o F uwdS, i=12
Q, Q.
(49)

A, and C,(4,,u; —u,) are the Lagrange multipliers and the
coupling operator, given in Equation (23), for the mechani-
cal problem coupling. 4, and C,(4,,d, — d,) are the Lagrange

7 of 21

85U80]7 SUOWILIOD 8AIIID) 3|cedldde auy Aq peusenob afe sejonre VO ‘8sn JO S9N 10} Akeiq 178Ul UuO 48] UO (SUORIPUCD-pUR-SLUBIALI0D A8 1M AeIq1 U1 |UO//SANY) SUORIPUOD PUe SWB | 38U 88S *[5202/50/20] Uo ARIqiT8UIUO 8|1 ‘Y38 1SIed Siuod SBp (003 AQ £/008WU/Z00T OT/I0P/W00" A3 1M A Reid 1 jpuljuo//Sdny Wiy papeojumod ‘6 ‘SZ0Z ‘2020.60T



ALGORITHM1 |

1: Define the geometry of the structure Q

2: Define the subdomains Q; and Q, and their mesh

3: Compute the coupling matrices C; and Ci by (46), (47)

4: Initialize of the strain field &(u,), the phase field d and the energy history H corre-
sponding to the subdomain €,

5: for t,,, <T do

6: Given €"(u,), d" and H" at load increment t,

7: Compute damage in the subdomain Q,:

8: Compute H™!(e"(u,),H") by (11)

9: Compute and assemble K, and F; by (37), (38)

10: Compute damage d"™! by solving (36)

11: Compute displacement

12: Compute C(d"™') by (18)

13: Compute and assemble K;, Ki, F; and Fi by (42)-(45)

14: Compute displacement fields ui’“ and ug“ by solving (41)

15: Compute strain &"!(u,)

16: end for

multipliers and the coupling operator for the damage problem
coupling introduced here originally as:

Cy(Ay.dy —dy) = / Ay (dy = dy) + £2V 2y - V(d — dy)dQ
QL‘

(50)
where 7, is a scaling parameter with a dimension of length.

4.2.1 | Damage Problem

Given the displacement fields u; and u,, The minimization of the
total energy function (48) with respect to the fields d;, d, and
Aq is expressed as: Find (d,.d,,4,) € D; X D, x D, such that
V(8d,,5d,.62,) € D) x DY x DY,

/Q ay(Hy + w,)d,6dy + ayw, 25V d,V(5d,)dQ
1
+Cy(44,8dy) = /Q a,H,6d,dQ
1
/Q a,(H, + . )dy6d, + ayw, 25V d,V (5d,)dQ
2
—Cy(Ay,8d,y) = /Q ayH,6d,dQ
2

/ 8y - dy + V(6A,) - Vd,dQ
Q

c

- / §Ay-dy+V(4,) - VdydQ =0 (51)
Q

c

where H, and H, are the history of energies corresponding to the
subdomains Q,; and Q,, respectively, defined as:

H, = ;g[%;tg[w/: G wc>+] (52)
M, = p;[%;tg[we* “(e; 1) - wc>+] (53)

in which y* ! and 1758 ? represent the positive part of the elas-
tic energy densities, given in Equation (3), corresponding to the

damaged subdomains Q, and Q,, respectively. The selection of
the spaces D, and D‘; follows the same strategy as that applied
in the displacement problem. The coarse-mesh is considered
for the discretization of the Lagrange multiplier field 4, and its
variation 64,,.

The damage fields d, and d,, the Lagrange multipliers 4,, their
gradients, and their variations are approximated in one ele-
ment by:

d,=N.d

di; 6dy=Njsdl; Vd, = B.d!

a%
V(sd,) = B,éd;

d, = N2d;
V(5d,) = Béd,

Ag=NLi; 62,=N}sA; Vi, =B

V(5y) = BLs2, (54)

éd, = N25d); Vd,= Bld};

where d}, d} and 1, are the nodal values of the fields d,, d, and
Aye N }1 and Btlj are matrices of shape functions and shape func-
tions derivatives for scalar fields, respectively, corresponding to
the coarse-mesh associated to the subdomains Q,. Here, 4-node
elements are used to discretize the fields d,, d, and 4.

The discretization of the damage problem (51) using Equations
(54) leads to the following discrete system of equations:
1 1T 1
AL BN
0 K} -C> | D,|=|F? (55)

1 2
cl-c2 o [[A,] |o

in which

K} = / a(Hy +y )N N} + oy, 22BY Bla  (56)
©
T T
K% = / a,(H, +w )N, N’ + o,y 2B, B,dQ  (57)
o

Fl = / o N H,dQ (58)

1
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ALGORITHM 2 |

1: Define the geometry of the structure Q.

2: Define the subdomains Q; and Q, and their mesh.

3: Compute the coupling matrices Cl, Ctzj, C‘i and Ci by (60), (61), (46), and (47).

4: Initialize of the strain fields &(u;) and &(u,), the phase field variables d;, and d, and the
energy histories H, and H,.

5: for t,,, <T do

6: Given €"(u)), €"(u,), d;’, d;’, Hf’ and H;’ at load increment f,.

7: Compute damage in the subdomain Q,:

8: Compute H{*™'(e"(u)),H!') and H}*'(e"(u,),H}) by (11)

9: Compute and assemble Kl, Kj, F; and Fi by (56)-(59).

10: Compute damage fields d;’“ and d;’“ by solving (55).

11: Compute displacement

12: Compute C(d;'“) and C(dé’“) by (18).

13: Compute and assemble K,i, Ki, F; and Fi by (63), (64), (44), and (45).

14: Compute displacement fields u'l’Jrl and ug“ by solving (41).

15: Compute strain fields &"!(u,) and &™l(u;).

16: end for

F> = /g a, N2 1,dQ (59)
2

1 _ 1T 771 2p1T p1

Cd— Nd Nd+ded deQ (60)
Q

2 _ 1T A2 2p1T p2

Cd— Nd Nd+ded deQ (61)
QL‘

4.2.2 | Mechanical Problem

Given the damage fields d, and d,, The minimization of the
total energy function (48) with respect to the fields u;, u, and
2, is expressed as: Find (u,u,, lu) € U} X U, X U, such that
V(6u,,6u,,62,) € UY X UY X U7,

/ o e(uy)  C(dy) @ €(6uy)dQ+ C(4,,06u;)
Q1
=/ alf*-5u1d§2+/ a F} - 6udS
Q Q)

/ a,e(uy) © C(d,) : £(5u,)dQ — C(A,, du,)
Q

2

=/ azf*-6u2d9+/ o, F5 - 6u,dS
Q, Q2

F

/ é'lu “up+ ffs(&,lu) : 5(u1)dQ
Q

c

- / 84, - uy +2E(64,) 1 £(uy)dQ =0 (62)
Q
The discretization of the mechanical problem (62) using

Equations (40) leads to the discrete system of equations in
Equation (41), in which Ki and Kﬁ are adjusted to:

c

K!'= [ «BC(d)BldQ (63)

Q

K= / ,B2' C(d,)B2dQ (64)
SZZ

4.2.3 | Algorithm 2

The second case algorithm is summarized in Algorithm 2.

5 | Numerical Applications

In this section, numerical applications for evaluating the accu-
racy and efficiency of the proposed Arlequin Phase field approach
(A-PF) are presented. The first two examples are conducted using
Algorithm 1, considering crack nucleation and propagation in
the fine mesh region, while the remaining applications are per-
formed using Algorithm 2, taking into account crack initiation
in the fine mesh region and their propagation into the coarse
mesh region. The method validation is carried out using phase
field fracture simulations on finely meshed domains, in which
the mesh size corresponds to the fine-mesh of the A-PF method.
A comparison of computational times between the proposed
approach and the reference computations is conducted for the
first and third examples. This comparison is carried out using
sequential algorithms with an HP Elitebook 850 G8 11th gen
computer equipped with an i7-1185G7 processor and 64 GB
of RAM.

51 | Notched Homogenous Plate (1)

In this first test, crack propagation in a notched homogeneous
plate submitted to tensile loading is considered. The plate dimen-
sions are L x H =3 x1 mm?. The geometry and the bound-
ary conditions, for the displacement problem, are depicted in
Figure 5. The left end is fixed in both directions, and a uniform
displacement U is applied on the right end of the domain in the
x-direction. The computation is carried out with constant dis-
placement increments Au = 3.10~7 mm for the first 400 time steps
and Au = 2.5.10~% mm for the remaining time steps. In this work,
the mechanical properties used for all applications are as fol-
lows: E =52 GPa, v =0.3, and o, = 0.03 GPa. In this work, for
the Arlequin framework, two subdomains are considered for all
applications. In this example, the coarse mesh subdomain Q,,
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which is associated with the undamaged zone, is characterized
by a coarse-mesh element size h,,,, = 0.04 mm, with a length
b = 1.44 mm on each side. The fine mesh subdomain Q,, related
to the damaged zone, is characterized by a fine-mesh element size
h,,;, =0.0019 mm and a width ¢ = 0.2 mm. The notch length is
¢ = 0.5 mm, and its width corresponds to the fine-mesh size A,,,,,.
the width of the coupling zone Q. corresponds to coarse-mesh
size h,,,, (see Figure 5). In this example, the geometry is cho-
sen so as to ensure crack nucleation and propagation solely in the
fine mesh zone, where algorithm 1 is applied. Figure 6 illustrates
the real mesh used in this application, in which the zoomed por-
tion clearly shows the compatible mesh, featuring 21 x 21 fine
elements embedded within a single coarse element. The regu-
larization length for the damage problem is ¢, = 2h,,;,. In this
work, the scaling parameter £, in Equation (23) used for the dis-
placement problem coupling is chosen to be equal to 4,,;, as in
Reference [110].

Figure 7 shows the final damage state of the notched homo-
geneous domain, in which the red box indicates the fine mesh
region. A very fine crack can be observed, demonstrating the
high resolution used in this example. Figure 8a—f provide zoomed
views of the notched homogeneous domain illustrating the crack
evolution at displacements U = 1.29.10™* mm, U = 1.41.10™*
mm and U = 1.6.10~* mm using the A-PF method (case 1) and
the reference computation, respectively. Figure 9, compares the
force-displacement curves of the A-PF (case 1) simulation and
of the reference computation. An excellent agreement between
both solutions can be noticed, which demonstrates the high accu-
racy of the A-PF method (case 1) in predicting crack nucle-
ation and propagation. Furthermore, the A-PF method shows a
high efficiency in terms of computation time. The total number
of elements used for the A-PF (case 1) simulation, considering

FIGURE5 | Notched homogeneous plate in tension (1): Geometry
and boundary conditions.

FIGURE 7

both subdomains, is N, = 56662, while the reference calculation
employs N/ =826612. The computation times for the A-PF
method (case 1) and the reference calculation are t = 3h31 min
andt,,, = 39h04 min, respectively (see Figure 18a). These results
demonstrate the computation time optimization achieved with
the A-PF method, while ensuring high accuracy in predicting
crack nucleation and propagation.

5.2 | Notched Porous Square Plate

In a second test, the effect of the crack nucleation on the over-
all damageable behavior of a notched porous square plate, sub-
mitted to tensile loading, is analyzed. Here, damage simulations
are performed considering two configurations. In the first one,
the crack tips are aligned with pores, from which cracks initi-
ate (see Figure 10a). In the second situation, the pores are offset
to force crack nucleation from the notch (see Figure 10b). The
square plate dimensions are L X L = 1 x 1 mm?, the pore radius
is r = 0.02 mm, and the notch length is ¢ = 0.2 mm. The geome-
try and the boundary conditions for both situations are depicted
in Figure 10a,b. The bottom end is fixed in both directions, and a
uniform displacement U is applied to the top end of the domain
in the y-direction. The computation is carried out with con-
stant displacement increments Au = 8.10~7 mm for the first 100
time steps and Au = 1077 mm for the remaining time steps. The
coarse-mesh associated with the undamaged subdomain Q, is
A, = 0.04 mm. The length of both sides of the subdomain Q;

FIGUREG6 | Mesh used for the notched homogeneous plate (1)
problem.

1

Final damage state of the notched homogeneous plate (1) using the A-PF method (case 1). The red box indicates the fine mesh region.
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FIGURES8 | Notched homogeneous plate (1): (a) and (b) A-PF (case 1) and reference solutions at displacement U = 1.29.10~* mm, respectively, (c)

and (d) A-PF (case 1) and reference solutions at displacement U = 1.41.10~* mm, respectively, and (e) and (f) final damage states of the A-PF (case 1)

simulation and the reference computation, respectively. The red box indicates the fine mesh region.

-3
1810

m— R eference

18— A-PF (case 1)

1.2

F (kN)

04r

0 . . . .
0 02 04 06 08 1 12 14 1.6 1.8

U(t) (mm) %10

FIGUREY9 | Notched homogeneous plate (1): Force-displacement
curves.

is b = 0.44 mm. The fine-mesh associated with the damaged sub-
domain Q, is chosen as 4,,;, = 0.0027 mm. The width of the sub-
domain Q, is @ = 0.2 mm, and the width of the coupling zone Q,
corresponds to the size of the coarse-mesh 4,,,,. Figure 11 illus-
trates the mesh used in this application for both configurations.
The regularization length for the damage problem is 7, = 24,,,,.

Figure 12a,c illustrate crack nucleation in both situations: Initia-
tion at pores and the notch, corresponding to displacements U =
1.28.10~* mm and U = 1.06.10~* mm, respectively. Figure 12b,d
show crack evolution for both situations at the same displace-
ment U = 1.32.10™* mm. A difference in crack nucleation time
steps can be noted between the two situations. Cracks initiate
earlier in the notch compared to pores. This observation is

confirmed by force-displacement curves in Figure 13. Figure 13a
shows the force evolution in the case of crack initiation at pores.
Here, the force increases until reaching a peak, after which it
starts decreasing. In contrast, Figure 13b illustrates the force evo-
lution where cracks initiate at the notch. In this case, cracks
initiate earlier than in the previous one, starting at the notch
and propagating until reaching the first adjacent pore. The force
decreases slightly before rising again to a new peak. Notably, the
maximum force in the case of crack initiation at pores is greater
than in the case where cracks initiate at the notch. This indicates
that crack nucleation can significantly influence the overall dam-
age behavior.

When comparing force-displacement curves of the A-PF method
(case 1) and reference computations in Figure 13a,b, a signifi-
cant agreement between solutions is remarkable, which demon-
strates the high accuracy of the proposed method in predicting
crack nucleation and tracking its propagation. The results of this
example demonstrate the ability of the proposed method to accu-
rately and efficiently predict crack nucleation and propagation,
particularly in cases where the presence of fine details in the
structure requires a refined mesh.

5.3 | Notched Homogeneous Plate (2)

In the third application, the key contribution of this work is illus-
trated: The modeling of crack nucleation in the fine mesh region,
allowing its propagation into the coarse mesh region through
the coupling zone, considering the Algorithm 2. Crack propaga-
tion in a notched homogeneous plate submitted to tensile load-
ing is considered. The plate dimensions are L X H = 3 X 1 mm?
and the notch length is ¢ = 0.25 mm. Here, a patch of dimen-
sions ax b =0.2x 0.5 mm? is considered, associated with the
fine mesh region (see Figure 14). The coarse-mesh element size is
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FIGURE 10 | Notched porous square plate (geometry and boundary conditions): (a) first configuration, (b) second configuration.

(@)
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FIGURE 11 | Notched porous square plate mesh: (a) configuration 1, (b) configuration 2.

h,... = 0.013 mm and the fine-mesh element size is &

m

in = 0.0027
mm. The geometry and the boundary conditions, for the displace-
ment problem, are depicted in Figure 14. The left end is fixed
in both directions, and a uniform displacement U is applied to
the right end of the domain in the x-direction. The computa-
tion is carried out with constant displacement increments Au =
1.5.10~° mm for the first 200 time steps and Au = 2.5.1077 mm
for the remaining time steps. Figure 15 illustrates a zoom of the
mesh used in this application, in which the compatible mesh
can be observed with 5 X 5 fine elements embedded within one
coarse element. In this work, the same regularization length is
used for both coarse and fine regions, and it is chosen as ¢, =
2h,,,.. Using different regularization lengths in coarse and fine
meshes is under investigation. Additionally, in this work, the scal-
ing parameter ¢, for the damage problem coupling operator is
chosen to correspond to the fine-mesh size as the displacement
problem coupling operator. A study of the influence of key param-
eters within the proposed method, including the scaling parame-
ter for the damage problem, is under investigation.

Figure 16a-f illustrate the crack evolution of the notched
homogeneous domain at displacements U = 4.19.10™* mm, U =

4.28.107* mm and U = 5.10~* mm using the A-PF method (case
1) and the reference computation, respectively. The damage solu-
tion shows a smooth transition from the fine mesh region to
the coarse mesh region, thanks to the proposed damage problem
coupling operator. This operator ensures the continuity of the
damage fields across the coupling zone, preserving the consis-
tency of the solution throughout the entire domain. Figure 17
compares force-displacement curves for the A-PF (case 2) sim-
ulation and the reference computation, indicating an excellent
agreement between both solutions. Additionally, computation
time is significantly reduced with the A-PF method (case 2).
The total number of elements used for the A-PF (case 2) sim-
ulation, considering both subdomains, is N, = 30550, while the
number of elements used for the reference calculation is N, e"’f =
421781. The computation times for the A-PF method (case 2) and
the reference calculation are = 1h02min and ¢,, = 9h11 min,
respectively (see Figure 18b). Computation time is significantly
reduced with the A-PF method (case 2) compared with the
finely meshed model. It demonstrates the high accuracy and effi-
ciency of the proposed method in modeling crack nucleation
and propagation for structural problems containing localized
defects.
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FIGURE 12 | Notched porous square plate: (a) and (b) A-PF (case 1) solutions at displacements U = 1.28.10™* mm and U = 1.32.10~* mm, respec-
tively, in the case of cracks initiation at pores, (¢) and (d) A-PF (case 1) solutions at displacements U = 1.06.10"* mm and U = 1.32.10™* mm, respectively,
in the case of cracks initiation at the notch. The red box indicates the fine mesh region.
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FIGURE 13 | Notched porous square plate: Force-displacement curves. (a) cracks initiate at pores, (b) cracks initiate at the notch.

5.4 | Perforated Square Plate

In this last example, crack nucleation and propagation in a per-
forated square plate, submitted to tensile and shear loading, are
considered. The square plate dimensions are L X L = 1 x 1 mm?
and the hole radius is » = 0.07 mm. The geometry and the bound-
ary conditions, for the displacement problem, are depicted in

Figure 19a,b. The bottom end is fixed in both directions, and a
uniform displacement U is applied to the top end of the domain
in the y-direction (tensile) or x-direction (shear). Left and right
ends are blocked in the y-direction for the shear simulation. For
the case of tensile loading, the computation is carried out with
constant displacement increments Au = 2.2.10~% mm for the first
100 time steps and Au = 2.10~7 mm for the remaining time steps.
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FIGURE 14 | Notched homogeneous plate (2): Geometry and bound-
ary conditions.

FIGURE 15 | Notched homogeneous plate (2) mesh.

For the shear simulation, the computation is carried out with
constant displacement increments Au = 7.10~® mm for the first
100 time steps and Au = 5.1077 mm for the remaining time steps.
The coarse-mesh and fine-mesh associated with the subdomains
Q, and Q, are h,,,, = 0.013 mm and A,,;,, = 0.0027, respectively.
The width of the coupling zone Q. corresponds to one coarse ele-
ment size A,,,,. Figure 20 depicts a zoom of the mesh used in this
application for both loading cases. The regularization length for
the damage problem is 7, = 2h,,,,.

Figure 21a,b show crack evolution for the tensile loading case at
displacements U = 2.68.10~* mmand U = 2.71.10~* mm, respec-
tively. Figure 21c,d illustrate crack evolution for the shear loading
case at displacements U = 8.17.10* mm and U = 8.39.10~* mm,
respectively. Figure 22a,b compare the force-displacement curves
for tensile and shear simulation, respectively, corresponding to
the A-PF method (case 2) and reference computations. An excel-
lent agreement between solutions is again observed. Figure 23a,c
show the final damage states obtained by the A-PF method (case
2), corresponding to tensile and shear simulations, respectively.
Figure 23b,d show the final damage states obtained by reference
computations, corresponding to tensile and shear simulations,
respectively. This example demonstrates the high accuracy of the
proposed approach in predicting crack nucleation and propaga-
tion in structures containing localized defects under varying load-
ing conditions.

6 | Conclusion

In this work, a coarse mesh-fine mesh coupling framework with
overlapping has been formulated for the phase field fracture

0.5

FIGURE 16 | Notched homogeneous plate (2): (a)and (b) A-PF (case
2) and reference solutions at displacement U = 4.19.10~* mm, respec-
tively, (c) and (d) A-PF (case 2) and reference solutions at displacement
U = 4.28.10~* mm, respectively, and (e) and (f) final damage states of the
A-PF (case 2) simulation and the reference computation, respectively. The
red box indicates the fine mesh region.

problem. The method relies on the Arlequin method [91, 107],
which is here extended and implemented within the phase
field method to fracture, for cases where cracks can occur in
both meshes, and propagate from the fine mesh to the coarse
mesh. The novelties include the formulations developed for the
phase field in this context and their implementation using finite
elements.
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A fine mesh is used in a region around a localized defect,
where the initiation of cracks critically depends on an accurate
description of the local defects (pores, initial cracks, etc.). A
coarser mesh can be used to model the effects of boundary con-
ditions if they are located far from defects, or to simulate the
propagation of cracks once they have been initiated.

First, a simplified formulation has been proposed for cases where
the cracks only initiate and propagate in the fine mesh. In this
case, the formulation is based on a total energy whose part
related to the coarse mesh remains elastic. A second formula-
tion is developed, where the total energy includes the fracture
energy of both fine and coarse meshes, allowing cracks to initiate

%1078

81 Reference

e A-PF (case 2)

0 1 2 3 4 5
U(t) (mm) x 104

FIGURE 17 | Notched homogeneous plate (2): Force-displacement
curves.

U
A T T T A
Q1 Qc
Qy

in the fine mesh and then propagate in the coarse mesh. In
both cases, the Arlequin framework is extended, in which vari-
ational coupling operators are developed to bridge the models
in the overlapping regions between fine and coarse meshes. A
staggered algorithmic solving procedure has been developed for
both cases.

Results show an excellent agreement with reference solutions
consisting of uniform fine meshes, while drastic computational
gains can be achieved by using a coarse mesh far from the regions
of defects. Perspectives of this work may include a more in-depth
analysis of the effects of the different choices of the coupling
operators.
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9h11
32+ E 8t
" o
= -
= ]
& a
— 24t 1 = 6t
< [
£ E
+ +
g g
g 16 . g 4+
=l E]
L E
n n
8+t E 2t
0 0

FIGURE 18 | Comparison of simulation times: (a) Notched homoge-
neous plate (1), (b) Notched homogeneous plate (2).
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FIGURE 19 | Perforated square plate (geometry and boundary conditions): (a) Tensile loading, (b) Shear loading.
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FIGURE 20 | Perforated square plate mesh.

0.5

_i_&

FIGURE 21 | Perforated square plate: (a) and (b) A-PF (case 2) solutions at displacements U = 2.68.10™* mm and U = 2.71.10~* mm, respectively,
in the case of tensile loading, (c) and (d) A-PF (case 2) solutions at displacements U = 8.17.10~* mm and U = 8.39.10~* mm, respectively, in the case of

()

shear loading. The red box indicates the fine mesh region.
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FIGURE 22 | Perforated square plate: Force-displacement curves (a) Tensile loading, (b) Shear loading.
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(c)

FIGURE 23 | Perforated square plate: (a) and (b) Final damage states of the A-PF (case 2) simulation and the reference computation, respectively,

for the case of tensile loading, (c) and (d) Final damage states of the A-PF (case 2) simulation and the reference computation, respectively, for the case

of shear loading. The red box indicates the fine mesh region.
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Appendix A
Coupling Matrices Computation

In this work, regular and compatible meshes are used (4-node quadri-
lateral elements). The integration of the discretized form of the coupling
matrices is performed with the Gaussian quadrature using reference ele-
ments. The shape functions considered are expressed as:

NiEm =30 -a1-n (A1)
No&m = 30+ =) (A2)
Nyem = 31+ 61 +1) (A3)
Nyen = 3= 51 +1) (A4)

The coupling matrix Ci in Equation (46) can be written as:

1 1
T
cl= / / [N @ mN L)
-1J-1
T
+¢2B1 € m)BL )| dédn, (A3)
where (&, #,) are the reference coordinates and J; is the Jacobian deter-

minant associated with the coarse element (see Figure Al).

Using the Gaussian quadrature method, Equation (A5) yields to:

T - L .
Ch= Y [NIGA e INY (0 ")
GP=1

T
OBl OB €T T g, (A6)

where (697, #%%) and wgp are the reference coordinates and the weights
of the Gauss points G P associated with the coarse element, respectively.
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GP,

FIGURE A1 | Coarse and fine elements.

For the coupling matrix Ci in Equation (47), both coarse and fine ele-
ments are involved in the discretized form. Let us consider u#” and &5”
the displacement and strain vectors at the Gauss point gp (see Figure Al).
Considering the fine element, u,, and ¢, are expressed as:

u? = N2, i (A7)

— R2(£8P 8P\,
&7 = B, (&, 1y u, (A8)
where u}, are the nodal values of the displacement field u, and (&5, 75")
are the reference coordinates of the Gauss points gp in the fine element.

Considering the coarse element, u,, and £,, are expressed as:

u? = No(&" 0y uy (A9)

€ = BM&* nt* Ml (A10)

where u! are the nodal values of the displacement field u, and (&%, 7}*")

are the projection of the Gauss points of the fine element gp in the coarse
element (see Figure Al).

Using Equations (A7-A10), the Equation (47) can be written as:

1 1
c= / / [V NG
-1J-1
+£2BL (€0 B )| Fadésdn, (A1)

where (£,,7,) and (é; s 11;) are the reference coordinates in the fine element
and their projections in the coarse element, respectively. J, is the Jacobian
determinant associated with the fine elements.

Using the Gaussian quadrature method, Equation (A11) yields:

4
T
2= Y [NI @l IN2 (&)

ugp ugp
gp=1
.,
+C2Bl @ kB (& )| Lo, (A12)

where (&7, #5") and w,, are the reference coordinates in the fine element
and the weights of the Gauss points gp, respectively. (£1%”, n3*’) are the

projection of the Gauss points gp in the coarse element.
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