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Abstract

In this study, a novel sea surface evaporation scheme, along with its corre-

sponding bulk aerodynamic formulation, is proposed to estimate sea surface

evaporation, columnar humidity, and precipitation distribution within the

atmosphere. The scheme is based on three distinct functions, each depen-

dent on a single variable: zonal wind velocity, tropospheric (potential) tem-

perature, and free convection. It is shown that the normalized Clausius–
Clapeyron formula requires an adjustable scaling factor for real-world appli-

cations, calibrated using empirical fitness curves. To validate the proposed

approach, we employ a model based on the pseudo-spectral moist-convective

thermal rotating shallow water model, with minimal parameterization over

the entire sphere. ECMWF Reanalysis 5th Generation (ERA5) reanalysis

data are used to compare the model's results with observations. The model is

tested across different seasons to assess its reliability under various weather

conditions. The Dedalus algorithm, which handles spin-weighted spherical

harmonics, is employed to address the pseudo-spectral problem-solving

tasks of the model.

KEYWORD S

Aeolus 2.0, bulk aerodynamic scheme, moist convection, sea surface evaporation, thermal
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1 | INTRODUCTION

The bulk aerodynamic method plays a central role in
modeling oceanic and atmospheric processes, particularly
by enabling accurate estimations of energy fluxes into the
atmosphere. The performance of General Circulation
Models (GCMs), both stand-alone and coupled, is highly
sensitive to the effectiveness of this parameterization. For
example, in the Nucleus for European Modeling of the
Ocean version 4 (NEMOv4), variations in bulk parame-
terizations for turbulent air-sea flux calculations can

significantly influence modeled sea surface temperatures
(SSTs) (Bonino et al., 2022).

Direct measurement of surface fluxes is often limited
by logistical constraints, including instrumentation and
data collection challenges. Hence, parameterization
remains essential for accurate modeling, even with the
availability of extensive datasets. Historically, the founda-
tion for modern parameterizations began with John Dal-
ton's 1798 work on evaporation, followed by the
formulation of bulk aerodynamic coefficients for heat
and momentum by Morton et al. (1956). This
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foundational work has since been refined by researchers
like Roll (1965), Pond et al. (1974), and Fairall et al.
(1996), forming the basis of current parameterizations for
air-sea fluxes. These parameterizations estimate evapora-
tion based on gradients of specific humidity, temperature,
wind speed, and air-sea temperature differences, and are
widely implemented in numerical weather and climate
models to simulate Earth-system processes. Sensible heat
flux (Hs) and moisture flux (E) are commonly modeled
by the following equation using the bulk aerodynamic
method:

Hs ¼ ρcp
� �

CT U�Usð ÞΔθ, ð1aÞ

E¼Cq U�Usð ÞΔq: ð1bÞ

Here, Hs is the sensible heat flux in watts per square
meter, ρ is air density, cp is the specific heat of air at con-
stant pressure, and CT and Cq are the bulk aerodynamic
coefficients for heat and moisture, respectively. The coef-
ficients CT and Cq depend on atmospheric stability and
are determined using empirical methods or meteorologi-
cal data, often through Monin–Obukhov Similarity The-
ory (Monin & Obukhov, 1954; Smith, 1988). In these
equations, U represents mean wind speed, Us is the
ocean surface velocity, Δθ is the temperature difference
between the sea surface and the air, E is the moisture
flux, and Δq is the difference in humidity between the
surface and the air. Although this approach has been
refined to account for atmospheric dynamics, limitations
persist, especially in capturing complex conditions like
varying global sea surface evaporation patterns that affect
humidity differences (Δq) in the bulk aerodynamic
scheme. Modeling Δq accurately, influenced by tempera-
ture and wind velocity, is crucial for realistic climate
simulations.

While earlier models used empirical climatology-
based parameterizations, advanced drag formulations
now dominate, often with sophisticated schemes that bet-
ter capture heat and moisture exchanges. Even small
inaccuracies in parameterization, as highlighted by
Equations (1a and 1b), can skew climate predictions and
impact cloud-resolving simulations (Wang et al., 1996).
In particular, the mass transfer coefficient, representing
drag forces, varies across terrestrial and marine environ-
ments, influenced by factors like atmospheric stability
and surface roughness, as outlined in the Penman-
Monteith equation (Monteith, 1981). For non-uniform
inland water surfaces, which are rarely homogeneous,
rigorous assumptions are required to model evaporation
and heat transfer accurately (Brutsaert & Yu, 1968). Here,
Cq reflects the unique transfer characteristics of specific

water bodies, influenced by their geometry, surrounding
terrain, and climate, making it an essential component in
refined surface flux parameterization.

In this study, deviating from conventional methodolo-
gies (as represented by Equation 1b), we propose a novel
scheme for quantifying the bulk volume of atmospheric
water vapor, attributable to both thermal heating and
wind-induced forces. In this scheme, the bulk aerody-
namic flux can be estimated as the sum of two nonlinear
functions, taking into account the large-scale spatio-
temporal variation of potential temperature and the
velocity field of the atmosphere in the lower troposphere.
The dependence of sea surface evaporation on tempera-
ture in this scheme aligns with a modified version of the
normalized Clausius–Clapeyron equation. For detailed
information, see Section 2.

Bridging the gap between idealized models and com-
plex GCMs is essential for advancing climate theory.
Intermediate-complexity models provide a critical frame-
work for exploring causal mechanisms while maintaining
sufficient realism. As Held (2005) emphasized: “The
health of climate theory/modeling in the coming decades
is threatened by a growing gap between high-end simula-
tions and idealized theoretical work. In order to fill this
gap, research with a hierarchy of models is needed.”
This study employs a two-layer moist-convective thermal
rotating shallow water (mcTRSW) model with an
advanced evaporation scheme to address this need, offer-
ing a balance between theoretical exploration and physi-
cal applicability.

2 | THE NOVEL BULK
AERODYNAMIC SCHEME

The change in Gibbs free energy (dG) for a system under-
going changes in temperature (dT), pressure (dP), and
changes in chemical potential (associated with phase
change) with respect to the number of moles of each
component (dNi) can be written as:

dG¼�SdTþVdPþ
X
i

μi dNi: ð2Þ

Gibbs free energy represents the maximum amount of
reversible work that can be extracted from a system
under constant temperature and pressure conditions. The
first term on the right-hand side of Equation (1b), �SdT,
accounts for changes in entropy due to temperature vari-
ations, and the term VdP accounts for work done against
external pressure. Together, they represent the contribu-
tion from changes in entropy and volume, respectively.P

iμi dNi represents the contribution from changes in
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chemical potential and moles of each component. At
equilibrium, the chemical potential of each component is
equal between phases. This leads to a simplified expres-
sion for the change in Gibbs free energy, where only the
terms related to changes in temperature (dT) and pres-
sure (dP) are considered:

dG¼�SdTþVdP: ð3Þ

This formulation indicates that at equilibrium, the
system achieves a state of maximal stability and minimal
potential to perform work on its surroundings. The term
“maximal stability” denotes a state of thermodynamic
equilibrium in which the system achieves its minimum
energy configuration, characterized by the absence or
reduction of gradients in energy distribution. Similarly,
“minimal potential” refers to the Gibbs free energy
attaining its lowest possible value at equilibrium, signify-
ing a condition where the system is thermodynamically
stable and incapable of performing further work under
the given constraints. To incorporate wind velocity into
the Gibbs equation, it is important to note that in real
ocean–atmosphere interaction, surface evaporation, par-
ticularly at mid-latitudes, does not occur spontaneously
without wind forcing. We denote the vaporization work
driven by wind energy as dWwind. This work overcomes
cohesive forces at the sea surface, enabling water mole-
cules to detach and enter the air. Additionally, wind
speed influences turbulent mixing; increased wind speeds
enhance turbulence and promote greater upward diffu-
sion. Thus, the modified expression for seawater in equi-
librium (dG¼ 0) with its atmosphere, excluding the
effects of ice and clouds and accounting for wind-induced
work, is given by:

� SoceandTþVoceandPvapþdWwind

¼�SatmospheredTþV atmospheredPvap:
ð4Þ

In the case of equilibrium, where the chemical potential
of water equals that of air, the equation is further simplified.
This means that the chemical potential terms (μocean and
μatmosphere) are equal, leading to a cancelation of those
terms in the equation. The simplified form accounts only
for changes in temperature (dT), pressure (dPvap), and
the work done by the wind (dWwind). For the system of
water-atmosphere to be in equilibrium we have:

dPvap

dT
¼ ΔS
ΔV

þdWwind

ΔVdT
: ð5Þ

This expression illustrates the ratio of the change in
pressure (dPvap) to the change in temperature (dT)

within the system. It is articulated in terms of alterations
in volume (ΔV ¼V atmosphere�V ocean) and entropy
(ΔS¼ Satmosphere�Socean). Additionally, it incorporates
the influence of work done by the wind on the water,
which can play a significant role in processes such as
evaporation. In this context, the symbol Δ denotes the
change occurring between phases. The initial term on
the right-hand side of Equation (5) bears resemblance to
the Clausius–Clapeyron equation. In the Clausius–
Clapeyron equation, dPvap=dT¼ΔHvap= TΔVð Þ, where
ΔHvap signifies the enthalpy change during vaporization.
Additionally, ΔV can be presented as a function of pres-
sure and temperature: RvT=P, where Rv represents the
specific gas constant for water vapor. The dependence of
the Clausius–Clapeyron equation on T is given by:

d lnPvap
� �
dT

¼ΔHvap

RvT2 : ð6Þ

The application of the Clausius–Clapeyron equa-
tion in meteorology and sea surface evaporation
encounters challenges stemming from idealized
assumptions and simplifications. While the equation
establishes a fundamental link between temperature
and saturation vapor pressure, real-world complexities
such as non-uniform environmental conditions,
dynamic atmospheric changes (including variations in
humidity, pressure, and temperature over time), feed-
back mechanisms, and local influences pose significant
limitations. The equation's static nature and neglect of
factors like phase changes, variable latent heat, and
boundary layer dynamics further restrict its accuracy
in capturing the intricacies of evaporation (Iribarne &
Godson, 1973). Additionally, the omission of critical
parameters, such as wind speed and sea surface proper-
ties, highlights the need for new schemes to account
for the multifaceted nature of atmospheric and oceanic
processes, particularly in the context of evolving cli-
mate conditions. To refine the sea surface evaporation
scheme and the associated saturation vapor pressure,
we introduce an unknown adjustable scaling factor,
denoted as α, into the Clausius–Clapeyron equation
(Equation 7a). This empirical factor quantifies deviations
from the idealized Clausius–Clapeyron scaling, account-
ing for complexities inherent in real-world atmospheric
and oceanic systems. These deviations arise from
non-idealities such as boundary layer turbulence, vertical
mixing, variability in latent heat release, and other ther-
modynamic constraints. The value of α, acting as the
exponent of T in the Clausius–Clapeyron equation, is
then determined by optimizing the empirical fit between
model results and observational data. In our numerical
experiments, α<1 ≈ 0:6�0:7ð Þ.

ROSTAMI ET AL. 3 of 13
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In our proposed methodology, the source of humidity
is a function of three variables, each representing a dis-
tinct regime: vaporization due to the heating force, as a
function of the lower layer temperature, T1

(Equation 7a); vaporization due to the wind force, as a
function of the normalized zonal wind velocity, un1
(Equation 7b); and free convection (Equation 7c). The
latter becomes predominant in scenarios where the for-
mer forces are negligible or absent. The humidity source
can thus be expressed as follows:

Pvap T1ð Þ¼ P0 exp
�ΔHvap

Rv

1
Tα
1
� 1
Tα
0

� �� �
, ð7aÞ

Pvap jun1 j
� �¼ exp

un1
�� ��α1v
α2v

 !
, ð7bÞ

Fr:Conv:¼AF Qs�q1ð Þ, if jun1 j� 1andb1 � bmax
1

� �
,

ð7cÞ

Svapor T1, u
n
1

�� ��,q1� �¼ H Qs�q1ð Þ ATbPvap T1ð Þ
	

þAubPvap un1
�� ��� �þFr:Conv:



,

ð7dÞ

where Svapor denotes the humidity source, contingent
upon the normalized value of Pvap in relation to its maxi-
mum, while AT is an adjustable coefficient. P0 is a refer-
ence vapor pressure, ΔHvap symbolizes the enthalpy
change during vaporization, which may be temperature-
dependent. T0 stands as a reference temperature.bPvap jun1 j

� �¼Pvap jun1 j
� �

=Max Pvap jun1 j
� �� �

represents the
normalized value of water vapor pressure due to wind-
induced work of zonal velocity in the lower layer, scaled

relative to its maximum value. The empirical function in
Equation (7b) also includes adjustable scaling factors, α1v
and α2v, which require calibration in relation to real-
world observations and the corresponding lower layer
thickness in the mcTRSW model. Generally, the rate of
increase in evaporation with respect to wind velocity is
less pronounced compared to the rate of increase with
respect to temperature (Figure 1). In this study, the
values α1v ¼ 1:2 and α2v ¼ 0:7 have been employed a
trend consistent with findings from various laboratory
Wirangga et al. (2023) and field observations Penman
(1948). The adjustable scaling factor α introduces a modi-
fication that enables the application of the equation in
the context of ocean–atmosphere interactions. Figure 1
illustrates how different scaling factors cause deviations
in vapor pressure concerning temperature. The term
Fr:Conv:, where AF is an adjustable coefficient, denotes
the phenomenon of free convection occurring over the
water body, independent of zonal wind and buoyancy
anomaly in the lower layer, in cases where both of them
are negligible with respect to the leading order
magnitude.

Equation (7d) utilizes a normalized approach, ensur-
ing vapor pressure independence from specific parameter
values, like P0 and Pvap. This emphasizes trends over
absolute values, enhancing generalizability across diverse
conditions. The normalized form facilitates consistent
comparisons of vapor pressure variations concerning
temperature, accounting for the scaling factor α. The
equation's versatility is augmented by the adjustable tun-
ing parameter AT, providing a means to fit the model to
observational or experimental data. This approach gener-
alizes vapor pressure behavior with respect to tempera-
ture in ocean–atmosphere interactions, mitigating
sensitivity to precise values of P0 and ΔHvap. q1 denotes

FIGURE 1 Exploring the influence of various scaling factors on sea surface vapor pressure and comparing with the Clausius–Clapeyron
equation.
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the actual moisture content, and Qs signifies the satura-
tion moisture value. The Heaviside step function
H Qs�q1ð Þ ensures that vaporization occurs only when
the actual moisture content is lower than the saturation
threshold. Employing a rapid escalation function,bPvap T1ð Þ, enables the capture of the nonlinear reaction of
sea surface evaporation to (potential-)temperature varia-
tions. As a result, the zonally-averaged distribution of
total precipitation demonstrates pronounced sharpness at

latitudes adjacent to areas marked by maximum buoy-
ancy anomalies or potential temperature, such as the
equatorial zone.

The function Pvap jun1 j
� �

acts as a source of water
vapor humidity, albeit with a reduced coefficient, thereby
extending its influence over land areas. The decision to
solely incorporate zonal velocity in this parameterization
is rooted in the pronounced impact of westerlies, which
facilitate moisture transport from western water bodies to
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FIGURE 2 Zonally-averaged distributions of potential temperature at various pressure levels are presented for the monthly averages of

March, June, September, and December for the year 1980. Thin dashed curves represent the ERA5 data. Thick black solid and dashed lines

depict vertically integrated values for the lower and upper layers, respectively, which are used as input to the model. The upper layer

includes levels at 450 and 250 mbar, while the lower layer encompasses levels at 650, 800, 900, and 1000 mbar.
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FIGURE 3 Zonal velocity averages at different pressure levels are presented for the monthly averages of March, June, September, and

December for the year 1980. Thin dashed curves represent the ERA5 data. Thick black solid and dashed lines depict vertically integrated

values for the lower and upper layers, respectively, which are utilized as input to the model. The upper layer includes levels at 450 and

250 mbar, while the lower layer encompasses levels at 650, 800, 900, and 1000 mbar.
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eastern regions across land masses. This rationale aligns
with the prevailing philosophy underlying westerlies-
dominated climate regimes in mid-latitudes (Huang
et al., 2015). Hence, it is unsurprising that regions
experiencing a damping of zonal velocity also exhibit a
notable reduction in total precipitation. This relationship
is further elucidated through a comparison of Figure 3
with Figure 5. Additionally, data utilized for evaluating
the bulk aerodynamic scheme (see Section 3) indicates
that only a minute fraction of cloud liquid water content
(≈ 7%) is observed at altitudes exceeding 450mbar. In
this scheme, precipitation predominantly occurs in con-
vergent zones rather than directly at the source of humid-
ity. Observational studies provide further support to these
dynamics, illustrating how moisture flows can indeed
augment precipitation, as evidenced by their impact on
the Tibetan Plateau (Jiang et al., 2023), and Arid Central
Asia (ACA), where anomalous westerly winds contribute

to increased water vapor influx (Huang et al., 2013, 2015;
Wei et al., 2017).

3 | ASSESSMENT AND
VALIDATION OF THE SCHEME

We employ Aeolus 2.0, a pseudo-spectral mcTRSW model
(Rostami, Petri, et al., 2024; Rostami, Severino, 2024,
Rostami et al., 2022), to evaluate the bulk aerodynamic
scheme (Section 2). The dynamical core of the two-layer
version of Aeolus 2.0 is summarized in Appendix A. Sim-
ulations were conducted for key months—March, June,
September, and December—corresponding to the sol-
stices and equinoxes. The model is initialized using
ERA5 data from the year 1980. ERA5 is a comprehensive
atmospheric reanalysis dataset produced by the
European Centre for Medium-Range Weather Forecasts

FIGURE 4 The Kolmogorov–Smirnov (KS) statistic compares the empirical cumulative distribution functions of the monthly averages

for March, June, September, and December of the year 1980 between the Aeolus 2.0 model and ERA5 data. Total precipitation is presented

in (m month�1).
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(ECMWF), providing high-quality global atmospheric
information covering a wide range of variables (Hersbach
et al., 2020). Reanalysis datasets like ERA5 are generated
by combining historical observations with numerical
weather prediction models to create consistent records of
past weather and climate conditions. Figures 2 and 3 pre-
sent the zonally-averaged distribution of initial potential
temperature fields and velocity fields used as the initial
condition for the corresponding months. Notably, while
the model inherently provides the spatial distribution of
water vapor at the initial stage, it undergoes a temporal
evolution process known as ageostrophic adjustment.
This adjustment period is essential for the model to attain
equilibrium and accurately represent the spatial distribu-
tion of water vapor throughout the simulation period.
The lack of such initialization may potentially lead to a
compromised evaluation of the impact of advection
within the model. This strategic initiation ensures the

expeditious capture of angular momentum advection by
meridional circulations right from the model's inception.
The Kolmogorov–Smirnov (KS) statistic (Massey, 1951)
(Figure 4) presents that the distributions of total precipi-
tation of Aeolus 2.0 and ERA5 data are very similar, and
any observed differences can be attributed to random
sampling variability rather than a systematic difference
in the underlying distributions.

Figure 5 portrays a comparative analysis of zonally-
averaged total precipitation for monthly averages in
March, June, September, and December, juxtaposing data
from the Aeolus 2.0 model with that from the ERA5
dataset.

In each of the four distinct time spans, a prominent
concentration of total precipitation is discernible in the
equatorial zone, accompanied by a secondary peak in
zonally-averaged precipitation near the peak of the zonal
wind. These discernible patterns can be attributed to

FIGURE 5 Comparison of zonally-averaged total precipitation for monthly averages in March, June, September, and December of the

year 1980 between the Aeolus 2.0 model and ERA5 data. Total precipitation is presented in (m month�1). Gray areas depict two distinctive

regimes of mid-latitudinal and equatorial zones, which are under wind-induced and heat-induced regimes, providing sources of water vapor

in the proposed bulk aerodynamic scheme.
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distinct atmospheric regimes delineated by the equation
for water vapor sources (Equation 7d), yielding two
prominent zonally-distributed bands of elevated water
vapor pressure: one situated within latitudinal belts char-
acterized by high buoyancy anomalies around the equa-
torial zone, and the other positioned over regions marked
by high zonal velocity winds. Exponential function of
Pvap jun1 j

� �
(Equation 7b) and nonlinear function of

Pvap T1ð Þ (Equation 7a) helps to distinct between two
major drivers of heating and wind power, which is con-
sistent with real world. The intermediate regions sand-
wiched between these two bands exhibit variable
precipitation characteristics, characterized by localized
zones of reduced precipitation where condensation pro-
cesses are triggered by convergent zones induced by
advected water vapors or the emergence of water vapor
from free convection phenomena.

The validation procedure has primarily focused on
reconciling precipitation data from the Aeolus 2.0 model
with marine regions. However, it is imperative to

recognize that, unlike the Southern hemisphere, the
Northern hemisphere encompasses vast terrestrial land-
masses that significantly exceed the extent of oceanic sur-
faces. This spatial incongruity underscores the necessity
for a nuanced and contextually informed approach in cal-
ibrating precipitation estimates over terrestrial land-
masses. The current scheme, in its simplified version,
does not incorporate factors influencing land surface
evaporation, including evapotranspiration and vegetation
cover. The alignment observed in the Kernel Density
Estimation (KDE) outcomes of monthly precipitation
averages obtained from both the Aeolus 2.0 model and
ERA5 observational data serves as a benchmark for vali-
dating the model's bulk aerodynamic scheme (Figure 6).

4 | CONCLUSION

In this study, we introduced and evaluated a novel bulk
aerodynamic scheme for estimating sea surface evaporation

FIGURE 6 The Kernel Density Estimation (KDE) with Scott's Rule Bandwidth compares the density functions of the monthly averages

for March, June, September, and December of the year 1980 between the Aeolus 2.0 model and ERA5 data. Total precipitation is measured

in (m month�1).
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flux implemented within the mcTRSW dynamical core of
the Aeolus 2.0 model. The scheme's performance was
assessed across four distinct seasons, encompassing the
summer solstice, winter solstice, and two equinoxes. This
approach aimed to capture various seasonal regimes and
solar geometries, ensuring a robust examination of its effi-
cacy under diverse climatological conditions.

The novel bulk aerodynamic scheme builds upon foun-
dational principles established in the historical context of
fluid dynamics and meteorology. At its core, the scheme
leverages the bulk aerodynamic method to estimate air-sea
fluxes, particularly focusing on turbulent heat and mois-
ture exchange. Departing from conventional approaches,
our scheme introduces a modified formulation for estimat-
ing sea surface evaporation flux, accounting for the influ-
ence of three primary regimes or forces: the heating force,
the zonal wind force, and free convection. By incorporat-
ing these regimes, the proposed scheme provides a repre-
sentation of the interactions between the atmosphere and
the ocean. The scheme utilizes exponential functions of
the potential temperature and velocity field of the atmo-
sphere in the lower troposphere. The equilibrium vapor
pressure, crucial for estimating evaporation, is determined
through a modified version of the Clausius–Clapeyron
equation, augmented by an adjustable scaling factor to
account for ocean–atmosphere interactions. Additionally,
the scheme incorporates the effects of wind velocity on
evaporation, recognizing the significant role of wind forc-
ing in facilitating moisture transport from oceanic regions
to land masses. Our model initialization process utilized
ERA5 reanalysis data from 1980, providing high-quality
global atmospheric information to initialize the model
fields. This strategic initialization ensured the accurate
representation of atmospheric conditions at the model's
inception, facilitating the expeditious capture of angular
momentum advection by meridional circulations. The vali-
dation procedure involved comparing the model outputs
with observational data, particularly focusing on reconcil-
ing precipitation data over marine regions. The alignment
observed in the KDE outcomes of monthly precipitation
averages between the Aeolus 2.0 model and ERA5 data
served as a benchmark for validating the bulk aerody-
namic scheme. The comparative analysis of zonally-
averaged total precipitation revealed prominent concentra-
tions in the equatorial zone and near the peak of zonal
wind, consistent with distinct atmospheric regimes dic-
tated by water vapor sources. However, it is essential to
acknowledge the limitations of the current scheme, partic-
ularly its simplified representation of land surface pro-
cesses. Unlike marine regions, terrestrial landmasses pose
challenges due to factors such as evapotranspiration and
vegetation cover, which are not fully accounted for in the
model's formulation.

Future research will focus on refining the scheme to
incorporate land surface processes and enhance accuracy
by coupling Aeolus 2.0 with the Potsdam Earth Model
(POEM) land (Drüke et al., 2021) and ice sheet (Kreuzer
et al., 2021) components.
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APPENDIX A: MODEL DESCRIPTION

Following Rostami et al. (2022), the governing equations
for the two-layer mcTRSW model are formulated as
follows:

∂tþv1 �=ð Þv1þ f bz�v1 ¼� =p1h i, ð8aÞ

∂ tþv2 �=ð Þv2þ f bz�v2 ¼� =p2h i�1� γ

b2h2
v2�v1ð Þ C�Dð Þ,

ð8bÞ

∂ th1þ= � h1v1ð Þ¼ 1
b1

1� γð Þ �CþDð Þ� 1� γ
� �

1
� �

,

ð8cÞ

∂ th2þ= � h2v2ð Þ¼ 1
b2

1� γð Þ þC�Dð Þ� 1� γ
� �

2
� �

,

ð8dÞ

∂tb1þv1 �=b1 ¼ 1
h1

þC�μEð Þþ1½ �, ð8eÞ

∂ tb2þv2 �=b2 ¼ 1
h2

�CþDð Þþ2½ �, ð8fÞ

∂tq1þ= � q1v1ð Þ¼�CþE, ð8gÞ

∂ tq2þ= � q2v1ð Þ¼þC�D: ð8hÞ

The Lagrangian derivative, denoted by ∂=∂tþvi �=,
shows the temporal evolution of quantities along the trajec-
tory of fluid parcels. The presence of convective mass flux
induces a Stokes drag, as expressed in Equation (8b), which
arises from the vertical averaging of horizontal momentum
equations with convective vertical velocity across thematerial
interface. Here, bi represents the layer-averaged buoyancy,
defined as gθi=θs, where θi is the mean horizontal poten-
tial temperature in layer i, g is the gravitational accelera-
tion, and θs is the surface-level potential temperature.
The indices i¼ 1,2 correspond to the lower and
upper layers, respectively. vi ¼ ui,við Þ denotes the
horizontal velocity vector, and =pih i¼=~pi� ~hi=bi repre-
sents the vertically-averaged pressure gradient. The Cor-
iolis parameter is f , and bz is a unit vector in the vertical
direction. The quantities ~p1, ~p2, ~h1, and ~h2 are defined as:
~p1 ¼ hbþh1þh2ð Þb1, ~p2 ¼ h1b1þ hbþh2ð Þb2, ~h1 ¼ hbþ
1=2ð Þh1þh2, ~h2 ¼ hbþ 1=2ð Þh2, where h1, h2, and hb are
the thicknesses of the lower layer, upper layer, and bot-
tom topography, respectively.

C represents the rate of condensation, q1 denotes the
actual moisture content, and Qs signifies the saturation
moisture value. The Heaviside step function H q1�Qsð Þ
ensures that condensation occurs only when the actual
moisture content surpasses the saturation threshold.
Mathematically, C is expressed as:

C¼ q1�Qs

τc
H q1�Qsð Þ: ð9Þ

E ¼Svapor is sea surface evaporation according to
Equation (7d) which acts as a cooling effect on the right-
hand side of db1=dt. Condensed water persists in the
atmosphere as clouds, and precipitation occurs only
when water droplets reach a critical size. Precipitable
water, represented by Equation (10), has been incorpo-
rated into the model as an advected quantity denoted
by W :

∂tWiþ= � Wivið Þ¼þCi�Vi�P: ð10Þ

This includes a source term due to condensation and
a sink term due to vaporization (V ) for each layer. The
precipitation sink, P, is introduced through a relaxation
process with relaxation time τp when the bulk of precipi-
table water in the atmospheric column reaches a critical
amount:

P¼W 1�W cr

τp
H W 1�W crð Þ: ð11Þ

The model incorporates two external forcings affect-
ing i. First, insolation and its associated radiative trans-
fer are accounted for using the rapid radiative transfer
model (RRTM) (Iacono et al., 2000; Mlawer et al., 1997).
Second, a thermal Newtonian cooling term,
� hibi�HiBið Þ=τr, is included, where τr denotes the relax-
ation time, and Hi and Bi signify the thickness and buoy-
ancy at the rest state, respectively.

In the mass equations, D represents the downdraft
from the upper layer to the lower one. The terms
� C�Dð Þ on the right-hand side of Equation (4) account
for both adiabatic convective effects (see Equations 8c
and 8d) and the terms �CþDð Þ, þC�Eð Þ, which repre-
sent diabatic nonconvective effects (see Equations 8e and
8f) acting on each layer. The coefficients γ modulate the
strength of these convective fluxes. When γ¼ 1, external
forcing and latent heat release from condensation
increase the mean potential temperature of the fluid
layer, rather than venting convective plumes through the
upper boundary, thus yielding a fully diabatic, noncon-
vective model similar to traditional approaches
(Warneford & Dellar, 2013). Although the coefficients γ
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and γ could vary between layers, we assume them to be
uniform for simplicity.

The schematic representation of a spin-weighted
spherical harmonic transform for shallow water equa-
tions and the nondimensionalization process are

discussed in Rostami et al. (2022); Rostami, Petri, et al.
(2024). The Aeolus 2.0 model parameters used in our
simulations are available in the ZENODO repository at
https://doi.org/10.5281/zenodo.10054154.
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