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A B S T R A C T

Jupiter’s Equatorial Zone (EZ) is characterized by atmospheric dynamics influenced by strong zonal jets.
Initially, we perform a linear stability analysis of two-layer geostrophic flows to explore the growth and
evolution of instabilities associated with equatorial jets. Stability diagrams reveal that the most unstable
baroclinic modes shift to lower wavenumbers with increasing zonal velocities, indicating sensitivity to the
strength of the zonal wind. We show notable differences in phase velocities between barotropic and baroclinic
jets. Phase portraits of the dynamic structures of various wave types, including barotropic and baroclinic Kelvin
waves, Yanai waves, Rossby waves, and inertia-gravity waves, are illustrated in this analysis. Subsequently, we
employ a two-layer moist convective Rotating Shallow Water (2mcRSW) model to investigate the nonlinear
interactions between ammonia-driven convective processes in the shallow upper atmosphere and large-scale
atmospheric features in Jupiter’s EZ. We analyze the evolution of nonlinear instabilities in moist-convective
flows by perturbing a background zonal velocity field with the most unstable mode. Findings include the
amplification of cyclonic and anticyclonic vortices driven by moist convection at the boundaries of the zonal
jets and the suppression of convective vortices in equatorial bright zones. This study underscores the role
of moist convection in generating upper atmosphere cloud clusters and lightning patterns, as well as the
chevron-shaped pattern observed on the poleward side of the zonal jets. Finally, we propose a novel mechanism
for the formation of Y-shaped structures on Jupiter, driven by equatorial modons coupled with convectively
baroclinic Kelvin waves (CCBCKWs). This mechanism suggests that Y-shaped structures result from large-scale
localized heating in a diabatic environment, which, upon reaching a critical threshold of negative pressure
or positive buoyancy anomaly, generates a hybrid structure. This hybrid structure consists of a quasi equatorial
modon, a coherent dipolar structure, coupled with a CCBCKW that propagates eastward in a self-sustaining
and self-propelled manner. Initially, the hybrid moves steadily eastward; however, the larger phase speed
of the CCBCKW eventually leads to its detachment from the quasi equatorial modon. The lifetime of this
coupled structure varies from interseasonal to seasonal timescales. Moist convection is a necessary condition
for triggering the eastward-propagating structure.

Key Points:
(1) Stability Analysis Insights: The study reveals the most unstable modes, dispersion relation, and

their phase portraits in Jupiter’s Equatorial Zone, with distinct patterns observed in barotropic and baroclinic
stability analyses.

(2) Moist Convection Effects: Nonlinear simulations show that moist convection amplifies cyclonic and
anticyclonic vortices, significantly impacting large-scale circulations in the vicinity of zonal jets and the
poleward drift of emerged vortices.

(3) Y-shaped Cloud Formation: Y-shaped cloud structures on Jupiter are explained by the equatorial
adjustment of a large-scale localized warm pool in a diabatic environment, which leads to a hybrid structure
of baroclinic modons and Kelvin waves, with an interseasonal to seasonal lifetime.
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1. Introduction

This study investigates the linear and nonlinear instabilities trig-
gered by synoptic-scale equatorial disturbances under idealized dia-
batic and adiabatic conditions within the Equatorial Zone (EZ). In
this context, the EZ refers to Jupiter’s equatorial region, encompassing
he two fast-rotating eastward zonal jets located north and south of
he equator. Using the two-layer moist convective Rotating Shallow

ater (2mcRSW) model (Zeitlin, 2018), we explore the interactions
between ammonia-driven convective processes and large-scale atmo-
pheric dynamics in Jupiter’s equatorial region. Historically, early ther-
odynamic models of Jupiter’s atmosphere predicted the existence

f three primary cloud decks above the 8 bar level, composed of
H3, NH4SH, and H2O, from highest to lowest altitudes (Lewis, 1969;

Weidenschilling and Lewis, 1973). Jupiter’s atmospheric zonal flows
xtend to a depth of approximately 4% of the planet’s radius (Kaspi
t al., 2020). The 2mcRSW model used in this study represents only the

upper convective cloud layers, where ammonia condensation (as both
solid and aqueous solution) plays a key role in Jupiter’s atmosphere, a
hydrogen–helium gas giant. For the ammonia-driven convective layers
occurring at pressures below 1 bar, the model remains relatively shal-
low compared to Jupiter’s equatorial length scale, making the shallow

ater model particularly effective for capturing the dynamics in this
region. In some shallow atmospheric models, Jupiter’s fluid circulations
re typically resolved within the outermost weather layers, extending

from the visible cloud deck to several bars, or even tens of bars
elow (e.g. Showman, 2007; Schneider and Liu, 2009; Young et al.,

2019).
Moist convection plays a crucial role in driving large-scale at-

ospheric dynamics on Jupiter by providing significant kinetic en-
rgy (Gierasch et al., 2000; Ingersoll et al., 2000). This convective

mechanism provides sufficient energy to sustain and drive atmospheric
ddies. Observations of Jovian lightning further support the existence

of vigorous moist convection within the planet’s atmosphere (e.g.
Gibbard et al., 1995; Yair et al., 1995; Banfield et al., 1998; Little
et al., 1999; Gierasch et al., 2000). Juno’s microwave radiometer
(MWR) revealed latitudinal variability in ammonia concentration, with
upiter’s equatorial region (0◦ N to 5◦N) systematically darker, in-
icating a high, vertically uniform ammonia abundance, while other
atitudes show lower and more variable concentrations (Li et al.,

2017; Mousis et al., 2019; Guillot et al., 2020a). Ammonia increases
with depth, reaching equatorial levels only below 30 bar (Bolton
et al., 2017; Li et al., 2017). Early studies estimated that the water
bundance in Jupiter’s atmosphere would not exceed approximately

five times the solar value (Guillot, 1995). However, subsequent moist
convective models demonstrated that convective storms could form
even with water abundances as low as 0.2 times the solar value (Hueso
nd Sánchez-Lavega, 2001). More recently, moist simulations with
upiter-DYNAMICO (Boissinot et al., 2024), assuming tropospheric
ater abundances of 3 and 5 solar abundances (SA), show improved
greement with Jupiter’s observed dynamics, particularly the well-
efined super-rotating equatorial jet and stable mid-latitude jets. The
 SA case closely matches observed jet magnitudes, consistent with
uno’s reported atmospheric water abundance of 3 ±2 SA (Li et al.,

2020). Water vapor and ammonia, though less complex than some
tratospheric species on Jupiter, have significantly higher molar masses

than the predominant hydrogen–helium atmosphere, in contrast to
Earth, where water vapor is lighter than nitrogen–oxygen (Atreya
et al., 1999; Giles et al., 2021). This difference introduces the virtual-
emperature effect, where the presence of these heavier gases increases
he density of air parcels compared to a hydrogen–helium parcel,
hereby influencing buoyancy (Li and Ingersoll, 2015; Li et al., 2017).

It is essential to distinguish this from the latent-heating effect, which
relates to thermal energy changes during phase transitions like conden-
sation (Emanuel, 1994). While both processes are crucial to Jupiter’s
atmospheric dynamics, the virtual-temperature effect affects density
2 
and buoyancy, whereas latent heating drives thermal and convective
esponses (Iñurrigarro et al., 2020). Additionally, the presence of dise-

quilibrium species such as phosphine (PH3) and carbon monoxide (CO)
indicates complex atmospheric processes, reflecting vertical mixing and
photochemical reactions that further influence the planet’s atmospheric
behavior (Wang et al., 2016; Grassi et al., 2020).

Numerical simulations suggest that deep convection on Jupiter is
rimarily triggered by water condensation occurring at pressure levels

ranging from approximately 5 bar to 500 mbar (Del Genio and McGrat-
tan, 1990; Hueso and Sánchez-Lavega, 2001). At the upper altitudes
of these convective plumes, where the pressure is a few hundred
millibars, condensates such as NH3, H2S, and water are likely to form.
In contrast, at pressures exceeding 3 bar, water becomes the dominant
condensate (Banfield et al., 1998; Gierasch et al., 2000). Global climate

odel (GCM) simulations using Jupiter-DYNAMICO indicate weaker
convective activity in the equatorial regions compared to mid- to high
latitudes, consistent with lightning observations (Boissinot et al., 2024).
t is also possible that during strong storms on Jupiter, ammonia vapor

dissolves into lofted water ice at pressures between 1.1 and 1.5 bar,
forming a low-temperature liquid mixture of ammonia and water.
This process facilitates the formation of ammonia-rich mushballs that
transport ammonia to deeper layers of the atmosphere (Becker et al.,
2020; Guillot et al., 2020b).

Jupiter’s Equatorial Zone (EZ) is characterized by robust zonal
jets situated at the interfaces between its alternating dark and bright
latitudinal bands, known respectively as belts and zones, with zonal
speeds differing by up to 100 m/s (Tollefson et al., 2017). These jets
form a prominent feature of Jupiter’s atmospheric dynamics, with at
least six alternating east–west zonal jet streams observable in each
hemisphere (Ingersoll, 1990; Porco et al., 2003). The zonal wind profile
within the EZ has been extensively documented, revealing dynam-
ics that influence the broader atmospheric circulation (e.g. Limaye,
1986; Garcıa-Melendo and Sánchez-Lavega, 2001; Porco et al., 2003;
Barrado-Izagirre et al., 2013). The zonal wind profile on Jupiter ex-
ibits significant variation with depth. Data from the Juno mission
evealed that the zonal jets extend down to depths of approximately
000 km below the cloud tops (Kaspi et al., 2018; Read, 2024), al-

though this interpretation has been challenged by Kong et al. (2018).
verall, the zonal winds gradually decay with increasing depth (despite
ossible enhancement in the outermost layers, as measured by the
alileo probe), largely due to the fluid’s compressibility (Kaspi et al.,

2009), increasing atmospheric density, and potential effects of Ohmic
dissipation at these depths, where electrical conductivity begins to
rise significantly (around 1 S/m) (Liu et al., 2008). This dissipation is
linked to the planet’s magnetic field and is believed to contribute to the
damping of zonal flows at greater depths (Liu et al., 2008). The zonal

inds show less variation at shallow depths, where they remain strong,
specially in the equatorial region, but the jets become weaker with
epth as the flows are constrained by the planetary magnetic field and

internal dynamics. This depth corresponds to where Jupiter’s observed
cloud-level flows transition into deeper atmospheric layers (Kaspi et al.,
2018, 2020). Duer et al. (2020) investigate a broad spectrum of possible
interior zonal flow profiles, both latitudinally and vertically. Their
findings indicate that, while deviations from the cloud-level zonal wind
tructure are theoretically possible, significant departures from the
bserved cloud-level flow are statistically improbable.

The EZ has been the site of several extreme episodes of cloud-
clearing and 5-μm brightening at the equator, tracking the evolution of
a cloud-free band south of the equator and the emergence of narrow,
bright festoons from the hot spots (Antuñano et al., 2018). Accord-
ing to Antuñano et al. (2018), these disturbances lasted from 1 to
1.5 years, with formation timescales of under one month and dissi-
pation timescales of less than four months. The southern hemisphere
displays distinct cloud morphology; for example, in the vicinity of
≈ 7.5◦S, a strong southern equatorial jet is accompanied by small,
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periodic chevron-like features with unique cloud morphologies (Simon-
Miller et al., 2012). These disturbances include repetitive chevron-
haped dark spots and transient large anticyclonic systems, collec-
ively referred to as the South Equatorial Disturbance (SED) (Sánchez-

Lavega and Montero, 1985). The observed differences in cloud mor-
hology between the northern and southern EZ during these distur-
ances may be attributed to ammonia asymmetry, which is elevated
n the EZ(N) compared to the EZ(S) (Achterberg et al., 2006; de Pater

et al., 2016; Fletcher et al., 2016; Li et al., 2017). This supports the
otion that plumes, festoons, and hot spots are connected to a Rossby

wave in the NEB, where ammonia uplift feeds the cloudy and 5-μm-
dark plumes, while subsidence depletes aerosols and gases from the hot
spots and festoons (Cosentino et al., 2017; de Pater et al., 2016; Fletcher
t al., 2016). During disturbances, the wave pattern extends southward
hrough the equator, influencing the disturbed EZ(S) between 1◦ and
◦S at both cloud and 1–4 bar levels. This suggests that the wave
attern may be consistently present across the EZ, potentially obscured
y thick ammonia clouds at higher altitudes until an EZ disturbance
ccurs or intensifying during such events (Antuñano et al., 2018).

Indeed, the present study investigates the dynamics of Y-shaped
tructures in Jupiter’s EZ. Legarreta et al. (2016) identified two Y-
haped cloud formations in the EZ, which moved eastward at 20–

40 m/s and persisted for 60–90 days. These features were shallow,
located between the upper equatorial hazes and the main cloud deck.
Through numerical simulations using shallow water models, they sug-
gested that the structures were driven by Kelvin and Rossby waves, akin
to Earth’s equatorial dynamics. However, our findings reveal a different
dynamical mechanism in the EZ. Large-scale, localized ammonia con-
vection in Jupiter’s upper layers generates a self-propagating and self-
sustaining Y-shaped structure, referred to as a hybrid formation. This
hybrid structure consists of an eastward-propagating quasi-barotropic
coherent dipole coupled with a baroclinic Kelvin wave exhibiting a
higher phase speed. The persistence of this coupling extends across
inter-seasonal to seasonal timescales.

The structure of this manuscript is as follows: Section 2 provides
a detailed description of the 2mcRSW model, including its assump-
tions, governing equations, linear wave spectrum, and boundary con-
ditions, with an emphasis on its applicability to Jupiter’s equatorial
atmosphere. Section 3 presents a linear stability analysis, identifying
conditions under which synoptic-scale disturbances in the Equatorial
Zone (EZ) can grow, and exploring parameters such as atmospheric
vertical structure, zonal jet strength, and stability diagrams. Building
on the linear analysis, Section 4 examines the nonlinear evolution of
dentified instabilities through numerical simulations, showing how
hese disturbances develop and contribute to the formation of large-
cale features in Jupiter’s atmosphere. The interaction between moist
onvection and zonal jets is identified as a key driver of the ob-

served dynamics. The results are contextualized within the broader
framework of Jupiter’s atmospheric dynamics, comparing findings with
observational data and previous theoretical studies. We also discuss
the implications for understanding equatorial disturbances on Jupiter,
address the limitations of the current model, and suggest potential
future research directions. Finally, Section 5 summarizes the main
findings, emphasizing the results of linear stability analysis, the role of
moist convection in the nonlinear evolution of the most unstable mode,
and synoptic-scale Y-shaped disturbances in Jupiter’s EZ.

2. The 2mcRSW model and its linear wave spectrum

In this study, we utilize two thin upper atmospheric layers within
he framework of the 2mcRSW model. Historically, Rotating Shallow

ater (RSW) models have been employed to investigate various aspects
f Jupiter’s atmosphere across multiple contexts (Dowling, 1994). For
nstance, the dynamics of solitary vortices have been examined in
arlier works (Williams and Yamagata, 1984; Williams and Wilson,

1988), while Dowling and Ingersoll (1989) developed a two-layer
 e

3 
model specifically to analyze the Great Red Spot, assuming that the
motions in the deeper layers are predominantly zonal and steady.
Additionally, Thomson (2020) explored the influence of deep jets on
Jupiter’s weather layer using a 1.5-layer RSW model. More recently,
the impacts of polar moist convective events on Jupiter’s atmosphere
ave been studied with a single-layer RSW model (Hyder et al., 2022).

Layer models and level models represent two distinct methods for
capturing the vertical structure of the atmosphere and oceans. Level
models, which integrate thermodynamics easily, often exhibit reduced
accuracy, especially in cases involving strong vertical gradients or rapid
evolution of dynamics at high vertical modes. This is primarily due
to their continuous density stratification and fixed depth finite differ-
encing, which can lead to inaccuracies in such scenarios (Ripa, 1993).
n contrast, layer models employ a piecewise constant density profile,
llowing for the variation of interface depths with both position and
ime, thus enhancing accuracy at finer scales. This approach ensures
he maintenance of a physically valid stratification, which is crucial for
ccurately representing the equations of motion. A prominent example
f this distinction is found in the Laplace tidal equations (Proudman,

1942; Cartwright, 1978), which can be effectively modeled using a
one-layer rotating shallow water (RSW) model, but do not have an
equivalent level model representation (Ripa, 1993).

We emphasize that the simplified 2mcRSW model adheres to a
minimal parameterization philosophy, capturing the full nonlinearity
of hydrodynamic processes and the essential features of moist baro-
clinic instability development (Lambaerts et al., 2012). However, the
mcRSW model in this study not only does not represent the entire
epth of Jupiter’s atmosphere but also simplifies the vertical structure
f fluids by assuming only two layers with a sharp interface, neglecting
radual density transitions and vertical mixing. This limits its ability
o capture the full complexity of internal waves, higher-order baro-
linic modes, and vertical shear, as internal waves typically propagate
hrough continuously stratified fluids and do not adequately respond
o vertically propagating oscillations (see also Lindzen et al., 1968).
n contrast, more complex models, such as Jupiter-DYNAMICO, range

from a bottom pressure level of 10 bar at the base to 9 mbar at
the top, while the thermal plume model successfully captures subgrid-
scale convection (Boissinot et al., 2024). Another model capable of
simulating the formation of moist convective storms from water con-
densation at deep pressure levels is the Explicit Planetary hybrid-
sentropic Coordinate (EPIC) General Circulation Model (GCM) (Sankar

and Palotai, 2022). This model solves the primitive equations on an
oblate spheroid (Dowling et al., 1998, 2006) using a hybrid vertical
coordinate system (Konor and Arakawa, 1997) and incorporates bulk
cloud microphysics parameterization (Palotai and Dowling, 2008).

The numerical scheme of the 2mcRSW model employed in this study
is based on Bouchut (2007), utilizing a well-balanced, second-order
inite volume approach for a two-dimensional shallow water model
hat accounts for Coriolis forces, topographic effects, and source/sink
erms. This scheme accurately resolves inertia-gravity waves, including
he formation of fronts (shocks) and precipitation boundaries, while
aintaining balanced states. Key physical and mathematical features

f the model – such as hyperbolicity, characteristic equations, finite
elaxation time, front propagation and Rankine–Hugoniot conditions,
he nature and speed of weak and strong discontinuities, parameter

selection, and gravity current dynamics – have been investigated in
both the one-layer model (Bouchut et al., 2009) and the two-layer
version (Lambaerts et al., 2011b), including studies on internal wave
scattering at stationary moisture fronts. This model has been frequently
alidated and used to investigate the instability of jets and vortices on
arth (e.g. Lambaerts et al., 2011a, 2012; Lahaye and Zeitlin, 2012a,b;

Ribstein et al., 2014; Lahaye and Zeitlin, 2016; Gouzien et al., 2017;
Rostami and Zeitlin, 2017, 2019a,b, 2020, 2022a,b) and on other plan-
ets, including investigations into Saturn’s north polar hexagon (Rostami
t al., 2017) and the evolution of Mars’ annular polar vortex (Rostami
t al., 2018). In recent years, an improved version of the mcRSW model



M. Rostami et al. Icarus 429 (2025) 116414 
Fig. 1. Schematic of the two-layer moist-convective Rotating Shallow Water (2mcRSW)
model, illustrating the ammonia-driven convective layer. This model captures the
dynamics of ammonia condensation and convection within Jupiter’s atmosphere,
occurring at pressures below 1 bar.

has been developed, which, unlike classical RSW models, incorporates
vaporization, temperature variation, and precipitable substances. This
advancement has been thoroughly analyzed in terms of its conservation
laws and general properties (Rostami and Zeitlin, 2018; Kurganov et al.,
2020; Rostami et al., 2022, 2024b). The dynamical core of the moist-
convective Thermal Rotating Shallow Water (mcTRSW) model has been
implemented using a flux globalization-based, well-balanced, path-
conservative central-upwind scheme (Cao et al., 2024) in a conceptual
manner, and with pseudo-spectral spin-weighted spherical harmonics
using the Dedalus (Vasil et al., 2019) algorithm in the Aeolus 2.0
atmosphere model, which has intermediate complexity (Rostami et al.,
2024a).

The two-layer configuration of the 2mcRSW model was utilized in
this study (Fig. 1). The 2mcRSW model is derived by vertically averag-
ing the hydrostatic primitive equations, utilizing isobaric pseudo-height
as the vertical coordinate (Hoskins and Bretherton, 1972). This ap-
proach allows for a self-consistent treatment of moisture, condensation,
and the associated latent heat release by combining vertical averaging
between isobaric surfaces with Lagrangian conservation of the lin-
earized equivalent potential temperature (Lambaerts et al., 2011a). The
governing equations of the 2mcRSW model describe a two-layer system,
where the lower layer accounts for latent heat release from ammonia
condensation. In contrast, the upper layer remains far from saturation
and is characterized by a rigid lid at the upper material surface (Fig. 1).
The equations are formulated as follows:

𝜕𝑡𝒗1 + (𝒗1 ⋅ 𝛁)𝒗1 + 𝑓 (𝑦) 𝒛̂ × 𝒗1 = −𝑔𝛁(ℎ1 + ℎ2), (2.1a)

𝜕𝑡𝒗2 + (𝒗2 ⋅ 𝛁)𝒗2 + 𝑓 (𝑦) 𝒛̂ × 𝒗2 = −𝑔𝛁(ℎ1 + 𝑠ℎ2) +
𝒗1 − 𝒗2
ℎ2

𝛾 𝐶, (2.1b)

𝜕𝑡ℎ1 + 𝛁 ⋅ (ℎ1𝒗1) = −𝛾 𝐶, (2.1c)

𝜕𝑡ℎ2 + 𝛁 ⋅ (ℎ2𝒗2) = +𝛾 𝐶, (2.1d)

𝜕𝑡𝑄 + 𝛁 ⋅ (𝑄𝒗1) = −𝐶 + 𝐸, (2.1e)

In these equations, 𝒗𝑖 = (𝑢𝑖, 𝑣𝑖) denotes the horizontal velocity
field in layer 𝑖 = 1, 2 (numbered from the bottom), while 𝑓 (𝑦) is the
Coriolis parameter, defined as 𝛽 𝑦 on the equatorial beta-plane. The
unit vector 𝒛̂ represents the vertical direction, and ℎ𝑖 are the layer
thicknesses, with equilibrium values 𝐻𝑖. The stratification parameter
𝑠 = 𝜃2∕𝜃1 > 1 describes the ratio of potential temperatures between
the layers, with 𝑔 representing gravitational acceleration. Without the
underlined terms, Eqs. (2.1) correspond to the standard non-dissipative
two-layer shallow-water model as described in Zeitlin (2018), with an
additional passive scalar 𝑄, representing the bulk ammonia content in
the lower layer. This scalar is conserved under dry conditions, meaning
no diabatic processes are involved. The underlined terms introduce the
4 
key processes of condensation and evaporation. The lowest material
surface of the two-layer model (2mcRSW) is situated at approximately
1 bar (Fig. 1). In this context, the condensation term 𝐶 encapsulates
the latent heat release (𝛾 𝐶) associated with ammonia phase transition.
Positive values of 𝐶 enhance low-pressure anomalies within the con-
densing lower layer, resulting in localized warming. Conversely, this
process induces high-pressure anomalies in the upper layer, translating
to a cooling effect. While 𝐶 serves as a condensation sink, 𝐸 functions
as the bulk source of the condensable substance, which, in this case,
is ammonia, within the moisture Eq. (2.1e). This convective flux also
leads to Rayleigh drag in Eq. (2.1b), whose distribution across layers
is not uniquely defined, as discussed in Rostami and Zeitlin (2018).
In this study, we use the simplified formulation by Lambaerts et al.
(2011a), which, when ℎ2 ≫ ℎ1, reduces to the single-layer mcRSW
model introduced in the Introduction. The condensation process is
parameterized using a relaxation method, where the condensation rate
𝐶 is defined as:

𝐶 = 𝑄 −𝑄𝑠

𝜏
(𝑄 −𝑄𝑠), (2.2)

where  is the Heaviside step function. 𝐸 is modeled by the bulk
formula:

𝐸 = 𝛼
|𝒗1|
|𝒗𝑚𝑎𝑥|

(𝑄𝑠 −𝑄)(𝑄𝑠 −𝑄), (2.3)

where |𝒗𝑚𝑎𝑥| represents the maximum velocity in the lower layer, and
𝛼 is an adjustable coefficient. The condensation parameterization in
(2.2) follows the Betts–Miller type (Betts and Miller, 1986), commonly
used in general circulation models, while the evaporation parameteri-
zation in (2.3) is standard for ocean–atmosphere exchanges (Katsaros,
2001), with a normalization by the maximum velocity for simplicity.
Notably, the term 𝐸 in the model functions exclusively as a source
of condensable substance; even when adopting the formulation (𝑄𝑠 −
𝑄)(𝑄𝑠 − 𝑄) with an initial uniform distribution of ammonia, the
qualitative characteristics of the moist-convective outcomes remain
similar. Ammonia is treated as a tracer field, facilitating the application
of Betts–Miller type schemes that utilize analogous principles of latent
heat release and phase change found on Earth. The fundamental physics
of condensation applies to both environments, despite the differing
condensates (ammonia versus water vapor). In a diabatic environment,
condensation 𝐶 in the 2mcRSW model primarily occurs in convergent
zones, as elaborated in the linear long-wave spectrum discussed in
Appendix A. Conversely, when the condensable substance is the pri-
mary gas, such as carbon dioxide deposition on Mars, condensation
takes place at locations where pressure exceeds a threshold necessary
for deposition (cf. Rostami et al., 2018). The saturation value 𝑄𝑠 is typ-
ically pressure-dependent, following the Clausius–Clapeyron relation,
though it is assumed constant in this study for simplicity, as described
in Bouchut et al. (2009). Additional processes, such as momentum dis-
sipation due to bottom-layer friction, could be incorporated, and more
complex boundary layer parameterizations are available, as in Schecter
and Dunkerton (2009). However, these are omitted to maintain the
model’s simplicity. Radiative relaxation could also be included but is
not considered in this study to focus on moist convection’s role in
driving atmospheric dynamics.

We select a scale height, defined as the height over which at-
mospheric pressure decreases by a factor of 𝑒, of 𝐻0 = 27, 000m,
representing the ammonia-driven convective layer. A scale height of
27 km in Jupiter’s atmosphere, defined by 𝐻0 = 𝑅 ⋅  ∕𝑔, where
𝑅 is the specific gas constant, corresponds to a temperature ( ) of
approximately 179 K (or about −100 ◦C), including the convection and
condensation of ammonia in the upper atmosphere. It is noteworthy
that water vapor condenses into ice particles at approximately the 5-
bar level, occurring about 50 km below the 1-bar level, while ammonia
condensation occurs between 0.8 and 0.5 bar, and even as low as
0.2 bar in the EZ (Li et al., 2017; Guillot et al., 2020a). In the model
setting, 𝛼 = 0.15, 𝑄𝑠 = 0.88, 𝑄 = 𝑄𝑠 − 0.01, and 𝜏 = 90𝛥𝑡, where
𝑖
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𝛥𝑡 is the time step of the numerical scheme, selected to satisfy the
CFL condition with 𝛥𝑡 = 10−3𝑇 , where 𝑇 = 𝐿𝑑∕𝑐 represents the
characteristic timescale (see also scale Eq. (3.1)).

Assuming adiabatic stable stratification of the consecutive layers,
ith material surfaces 𝑧0, 𝑧1, and 𝑧2, we have:

𝜃𝑖+1 = 𝜃(𝑧𝑖) + 
𝑐𝑝
𝑄(𝑧𝑖) ≈ 𝜃𝑖 +


𝑐𝑝

(2.4)

Moist-convective fluxes are presented by vertical velocity 𝑊
through the upper boundary of the lower layer, expressed as 𝑊 =
𝛾 𝐶, where 𝛾 = ∕

[

𝑐𝑝
(

𝜃𝑖+1 − 𝜃𝑖
)]

≈ 1∕𝑄(𝑧𝑖) > 0. In this context 
denotes the latent heat of condensation and 𝑐𝑝 refers to the specific
heat capacity of the condensable substance at constant pressure. The
parameter 𝛾 is set to 1 because it is incorporated into 𝛾 𝐶 in the 2mcRSW
model, allowing it to be absorbed into the timescale parameter 𝜏.

The conservation laws of the standard RSW model are modified in
the presence of condensation and related convection. Although mass
nd bulk humidity are not conserved in the lower layer, their combi-
ation, defined as 𝑚1 = (ℎ1−𝛾 𝑄) > 0, corresponds to the moist enthalpy
n this simplified model and is locally conserved in the absence of
vaporation 𝐸:

𝜕𝑡𝑚1 + ∇ ⋅ (𝑚1𝒗1) = 0. (2.5)

This demonstrates the consistency of the model despite its sim-
licity. The potential vorticity (PV) equations for each layer, in the
resence of condensation and with no evaporation (𝐸 = 0), are given

by:

(𝜕𝑡 + 𝒗1 ⋅ ∇)𝑞1 = 𝑞1
𝛾 𝐶
ℎ1
, (2.6)

(𝜕𝑡 + 𝒗2 ⋅ ∇)𝑞2 = −𝑞2
𝛾 𝐶
ℎ2

+ 𝒛̂
ℎ2

⋅
[

∇ ×
(

𝒗1 − 𝒗2
ℎ2

𝛾 𝐶
)]

. (2.7)

Here, 𝜁𝑖 = 𝒛̂ ⋅ (∇ × 𝒗𝑖) = 𝜕𝑥𝑣𝑖 − 𝜕𝑦𝑢𝑖 (𝑖 = 1, 2) represents the
relative vorticity, while 𝑞𝑖 = (𝜁𝑖 + 𝑓 )∕ℎ𝑖 denotes the PV for each layer.
Consequently, the PV in each layer is not a Lagrangian invariant in
egions experiencing precipitation. In the absence of evaporation, the

conservation of moist enthalpy in the lower layer allows us to derive a
ew Lagrangian invariant, specifically the moist PV:

(𝜕𝑡 + 𝒗1 ⋅ ∇)
𝜁1 + 𝑓
𝑚1

= 0. (2.8)

It is important to note that evaporation induces forcing in the sys-
tem, thereby disrupting the conservation of moist enthalpy and moist
PV. Caution should be exercised in numerical simulations that include
vaporation, as the moist enthalpy must remain positive throughout to
nsure thermodynamic stability. The dry energy of the system is given

by:

 = ∬ 𝑑 𝑥 𝑑 𝑦 (𝑒1 + 𝑒2
)

, (2.9)

where the energy densities of the layers are defined as:

𝑒1 =
1
2
ℎ1𝑣

2
1 +

1
2
𝑔 ℎ21, (2.10)

𝑒2 =
1
2
ℎ2𝑣

2
2 + 𝑔 ℎ1ℎ2 +

1
2
𝑠𝑔 ℎ22. (2.11)

Assuming no energy exchanges occur through the boundaries, we
obtain:

𝜕𝑡 = −∫ 𝛾 𝐶
[

𝑔 ℎ2(1 − 𝑠) + 1
2
(𝒗1 − 𝒗2)2

]

𝑑 𝑥 𝑑 𝑦. (2.12)

The first term in this equation corresponds to the generation of
potential energy (for stable stratifications) due to upward convective
fluxes, while the second term reflects the dissipation of kinetic energy
due to Rayleigh drag. Although the horizontal momentum of individual
layers is not conserved due to convective mass exchanges, the total
momentum of the two-layer system remains conserved. Fig. 2 compares
the left-hand side (LHS) and right-hand side (RHS) of Eq. (2.12). The
LHS represents the numerically computed variation in total energy,
5 
Fig. 2. Rate of change of total energy (Eq. (2.12)) in a moist-convective environment,
with the black line representing the LHS and the magenta line the RHS of the equation,
howing the evolution of the most unstable mode (see Sections 3 and 4).

accounting for the effects of evaporation, while the RHS corresponds
o the theoretical prediction that excludes evaporation. This analysis

pertains to the simulation of the instability evolution associated with
the most unstable mode (see Fig. 5) in a moist-convective environ-
ment. Notably, the evaporation source term 𝐸 influences both the
conservation laws and the total energy. In the absence of evaporation,
moist enthalpy in the lower layer remains conserved, whereas with
evaporation present, moist enthalpy is directly affected:

𝜕𝑡𝑚1 + ∇ ⋅ (𝑚1𝒗1) = −𝛾 𝐸 , 𝑚1 > 0. (2.13)

The mean water vapor content in the fluid column, 𝑄∕ℎ1, is simi-
arly affected by the evaporation source 𝐸:

(𝜕𝑡 + 𝒗1 ⋅ ∇)
𝑄
ℎ1

= − 𝑚1

ℎ12
+ 𝐸
ℎ1
. (2.14)

In this context, the moist potential vorticity (PV) is also not
agrangian-invariant due to the source term from evaporation:

(𝜕𝑡 + 𝒗1 ⋅ ∇)
𝜁1 + 𝑓
𝑚1

= − 𝜁1 + 𝑓
𝑚1

2
𝛾 𝐸 . (2.15)

3. Linear stability analysis: Barotropic and baroclinic results

We introduce the unperturbed thicknesses of the layers, denoted by
𝑖 for 𝑖 = 1, 2, and the unperturbed total thickness, which corresponds

o the scale height, 𝐻0 = 𝐻1(𝑦) +𝐻2(𝑦). The following scaling relations
re applied to the independent and dependent variables in the dry
ersion of the model:

(𝑥, 𝑦) ∼ 𝐿𝑑 ≡
(𝑔 𝐻0)1∕4

𝛽1∕2
, 𝑡 ∼ (𝛽 𝐿𝑑 )−1,

(𝑢, 𝑣) ∼ 𝛽 𝐿2
𝑑

(

=
√

𝑔 𝐻0 = 𝑐
)

, (ℎ, 𝑏) ∼ 𝐻0, (3.1)

where 𝐿𝑑 represents the horizontal length scale. In the model config-
uration, 𝐿𝑑 ≈ 12, 747 km, which corresponds to a latitude change of
approximately 10.45◦ from the equator, 𝑐 =

√

𝑔 𝐻0 ≈ 818𝑚𝑠−1, and
≈ 4h 32m. The region on Jupiter where the Coriolis parameter 𝑓0

is smaller than the 𝛽 parameter exists at latitudes where |𝜙| < 20◦,
which is also the region characterized by nearly liner variation in the

parameter with respect to 𝑦. The dimensionless dry equations on the
𝛽-plane are given by:

𝜕 𝑢 + 𝑢 𝜕 𝑢 + 𝑣 𝜕 𝑢 − 𝑦𝑣 = −𝜕 (ℎ + 𝑠𝑖−1ℎ ), (3.2a)
𝑡 𝑖 𝑖 𝑥 𝑖 𝑖 𝑦 𝑖 𝑖 𝑥 1 2
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𝜕𝑡𝑣𝑖 + 𝑢𝑖𝜕𝑥𝑣𝑖 + 𝑣𝑖𝜕𝑦𝑣𝑖 + 𝑦𝑢𝑖 = −𝜕𝑦(ℎ1 + 𝑠𝑖−1ℎ2), (3.2b)

𝜕𝑡ℎ𝑖 + 𝜕𝑥
[

ℎ𝑖 − (2 − 𝑖)𝑏] 𝑢𝑖 + 𝜕𝑦
[

ℎ𝑖 − (2 − 𝑖)𝑏] 𝑣𝑖 = 0, 𝑖 = 1, 2. (3.2c)

It is evident that, in the absence of nontrivial topography (i.e., 𝑏 =
const), any zonal jet with 𝑢𝑖 = 𝑈𝑖(𝑦), ℎ𝑖 = 𝐻𝑖(𝑦), 𝑣𝑖 = 0 represents a
stationary solution. Observational data indicate that zonal flows are
approximately in geostrophic balance, associated with latitudinal tem-
perature variations between zones and belts, where zones are typically
warmer than belts (Ingersoll and Cuzzi, 1969). It is important to note
hat the ridges and troughs associated with Jupiter’s deeper abyssal jets
epresent nontrivial dynamic topography, which has a first-order effect
n Jupiter’s tropospheric dynamics. This influence is exerted through
he stretching vorticity in the potential vorticity field (Read, 2024). In
eostrophic equilibrium, the relationship is given by:

𝑦𝑈𝑖 = −𝜕𝑦(𝐻1 + 𝑠𝑖−1𝐻2) (3.3)

We derived analytical curve fits for the mean zonal winds, averaged
rom IOPW observations in 2011 (Barrado-Izagirre et al., 2013), to

obtain the corresponding 𝐻𝑖 for each layer. An advantage of ana-
lytical curve fitting is its ability to filter out spurious eigenmodes.
The latitudinal extent of zone/belt boundaries can vary, occasionally
receding or extending beyond the jet cores (Simon et al., 1998). While
our analytical curves are symmetric about the equator, most observa-
tional studies report slight asymmetries in zonal winds (cf. Limaye,
1986; Simon, 1999; Porco et al., 2003). We restrict the simulations
o symmetric zonal winds to preserve an idealized configuration and
educe the emergence of Yanai and inertio-gravity wave instabilities
ssociated with asymmetry. García-Melendo et al. (2011) analyzed

Jupiter’s equatorial region and found significant longitudinal variations
in the 6◦N eastward jet’s intensity, reaching up to 60 m/s, observed in
both Cassini and HST data. These variations were attributed to Rossby
wave activity rather than vertical wind shears. Once this variability was
ccounted for, the equatorial jet exhibited a symmetric structure about
he equator, with peaks (≈140–150 m/s) at 6◦N and 6◦S at similar
ressure levels, despite localized asymmetries at 6◦N.

If 𝑏 = 0, as will be considered below, we obtain non-zero velocities
𝑈1 and 𝑈2 with shear, such that the upper layer exhibits a larger
amplitude than the lower one. Consistent with the traditional perspec-
tive (Hess and Panofsky, 1951; Ingersoll and Cuzzi, 1969), we assume
that the amplitude of the deep atmosphere’s zonal velocity is weaker
han that of the upper layer (Fig. 7).

We introduce small perturbations to all variables, denoted by
primes, relative to the upper and lower layer jets:

𝑢𝑖 = 𝑈𝑖(𝑦) + 𝑢′𝑖 ,
𝑣𝑖 = 𝑣′𝑖 ,

ℎ𝑖 = 𝐻𝑖(𝑦) + 𝜂′𝑖 ,

and linearize the Eqs. (3.2) with 𝑏 ≡ 0 about the stationary solution.
Dropping the primes, we obtain:

𝜕𝑡𝑢𝑖 + 𝑈𝑖(𝑦)𝜕𝑥𝑢𝑖 + 𝑣𝑖𝜕𝑦𝑈𝑖(𝑦) − 𝑦𝑣𝑖 + 𝜕𝑥(𝜂1 + 𝑠𝑖−1𝜂2) = 0, (3.4a)

𝜕𝑡𝑣𝑖 + 𝑈𝑖(𝑦)𝜕𝑥𝑣𝑖 + 𝑦𝑢𝑖 + 𝜕𝑦(𝜂1 + 𝑠𝑖−1𝜂2) = 0, (3.4b)

𝜕𝑡𝜂𝑖 + 𝑈𝑖𝜕𝑥𝜂𝑖 +𝐻𝑖𝜕𝑥𝑢𝑖 + 𝑣𝑖𝜕𝑦𝐻𝑖 +𝐻𝑖𝜕𝑦𝑣𝑖 = 0. (3.4c)

We seek harmonic solutions to (3.4) in the form:

(𝑢𝑖, 𝑣𝑖, 𝜂𝑖) = Re
[

(𝑢̃𝑖, 𝑖 ̃𝑣𝑖, ̃𝜂𝑖)𝑒𝑖(𝑘𝑥−𝜔𝑡)
]

Complex eigenfrequencies 𝜔 = 𝜔𝑅 + 𝑖𝜔𝐼 with a positive imaginary
omponent (𝜔𝐼 > 0) correspond to instabilities characterized by a linear
rowth rate 𝜎 = 𝜔𝐼 . The resulting eigenproblem is:
𝐿
[

𝑢 𝑣 𝜂 𝑢 𝑣 𝜂
]T = 𝜔

[

𝑢 𝑣 𝜂 𝑢 𝑣 𝜂
]T ,
1 1 1 2 2 2 1 1 1 2 2 2

6 
[

𝑢1 𝑣1 𝜂1 𝑢2 𝑣2 𝜂2
]T ≡

⎡

⎢

⎢

⎢

⎢

⎢

⎢

⎣

𝑢1
𝑣1
𝜂1
𝑢2
𝑣2
𝜂2

⎤

⎥

⎥

⎥

⎥

⎥

⎥

⎦

, (3.5)

𝐿 =

⎡

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎣

𝑘𝑈1(𝑦) 𝑈 ′
1(𝑦) − 𝑦 𝑘 0 0 𝑘

−𝑦 𝑘𝑈1(𝑦) −𝐷 0 0 −𝐷
𝑘𝐻1 𝐻 ′

1(𝑦) +𝐻1(𝑦)𝐷 0 0 0 0
0 0 𝑘 𝑘𝑈2(𝑦) 𝑈 ′

2(𝑦) − 𝑦 𝑠𝑘
0 0 −𝐷 −𝑦 𝑘𝑈2(𝑦) −𝑠𝐷
0 0 0 𝑘𝐻2(𝑦) 𝐻 ′

2(𝑦) +𝐻2(𝑦)𝐷 𝑘𝑈2(𝑦)

⎤

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎦

,

(3.6)

where 𝐷 denotes the operator of differentiation with respect to 𝑦,
which will be discretized as the Chebyshev differentiation matrix, and
the prime denotes the derivative of the corresponding functions with
respect to their argument 𝑦.

Fig. 3 illustrates the relationship between the zonally averaged
elocity and the corresponding pressure anomalies, interpreted within a
ne-layer geostrophic balanced state. The pressure anomalies depicted
re relative to a zonal mean state, with the best analytical curve fit
epresenting a barotropic pressure anomaly deviated by approximately
% from the rest state. The corresponding thickness variations 𝐻(𝑦) for
ach zonal velocity profile 𝑈 (𝑦) are calculated using Eq. (3.3).

The analytical curves 1 and 2, depicted in Fig. 3 as the solid black
and dashed red lines, represent the best fits of the background mean
flow in the absence of disturbances. These curves are highly stable,
exhibiting minimal changes even under slight perturbations. Although
these curves fall within the margin of error, the other analytical curves
have been intentionally exaggerated to investigate the effects of higher
onal winds on their linear instability growth rates. For the best-fit
urves, linear instability growth corresponds to zonal wavenumbers 4
o 7. However, under stronger zonal winds, as shown in Fig. 3, the

most unstable modes shift to lower wavenumbers, specifically 4 and
5, as shown in Fig. 4. The phase velocities of both the first and second
nstable modes exhibit a descending trend up to zonal wavenumber 4,
fter which they ascend. Since the phase velocity shows a consistent

behavior across the rows, it suggests a systematic behavior of the
jet’s dynamics as represented by the different analytical curves. Fig. 5
illustrates the pressure fields for the most unstable mode (left panel)
nd the second most unstable mode (right panel) on the equatorial 𝛽-
lane, as determined from the barotropic configuration derived from
he optimal Analytical Curve fit. The left panel depicts a symmetric
ressure pattern similar to Rossby waves, featuring alternating high
nd low-pressure regions symmetrically aligned with the jet axis. In
ontrast, the right panel exhibits an asymmetric pressure field. The
rrows in both panels represent the velocity fields, which clarify the
ynamics of these unstable modes. The resemblance to Rossby waves
mphasizes the underlying mechanisms driving these instabilities. To
urther investigate the most unstable mode and assess the consistency
f these results for enhanced zonal jet velocities, we applied a similar
tability analysis for Analytical Curve 4 (see Fig. 3) with higher reso-

lution (see Fig. 6) for the barotropic structure. The analysis indicates
that strong jet conditions also reveal the most unstable mode as Rossby
waves, particularly near the latitude of the zonal jet.

Fig. 7 shows the zonally averaged velocities and corresponding
pressure anomalies within a two-layer geostrophic balanced state. The
upper layer exhibits higher velocity amplitudes and a positive pressure
anomaly near the equator, while the lower layer shows a negative
anomaly. These pressure anomalies, relative to a zonal mean state, are
represented by the best analytical curve fit, highlighting a baroclinic
pressure deviation from the rest state.
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Fig. 3. Analytically defined profiles of zonal velocity 𝑈 (𝑦) (left panel), based on the averaged mean zonal winds from IOPW observations in 2011 (Barrado-Izagirre et al., 2013),
and the corresponding thickness deviations 𝐻(𝑦) with Chebyshev nodes (right panel), aligned with the analytic velocity profiles, are shown for a one-layer geostrophic balanced
adjustment.
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The stability diagrams for the baroclinic configuration (Fig. 8)
eveal that the most unstable modes for the best-fit background mean

flows correspond to zonal wavenumbers 4 to 6. However, as zonal
elocities are increased, the most unstable mode shifts to a lower
avenumber, specifically 𝑘 = 4. This indicates a sensitivity of the

nstability characteristics to the strength of the zonal wind. The stability
iagrams for the baroclinic structures, where the mean zonal velocity
n the lower layer is 70% of that in the upper layer, are presented in

Fig. 8. Adding shear velocity to the system increases the growth rate
f instability. In the baroclinic configuration, similar to the barotropic
ase, we observe a shift of the most unstable modes to lower wavenum-
ers under stronger disturbances, as shown in Fig. 8. A comparison

between the barotropic and baroclinic stability diagrams highlights a
otable difference: the phase velocity of the unstable modes in the

baroclinic scenario is lower than in the barotropic case. Fig. 9 illustrates
the geostrophic streamfunctions of the most unstable mode in the
baroclinic scenario. Geostrophic streamfunctions from both barotropic
and baroclinic linear stability analyses reveal a sequence of cyclonic
and anticyclonic rotation patterns for the most unstable modes (Figs. 5
and 9). In the presence of diabatic processes, the cyclonic component
is expected to become more intense during the nonlinear saturation of
instability. Specifically, in the two-layer configuration, the intensifica-
tion of cyclonic components in the lower layer is accompanied by a
corresponding intensification of anticyclonic components in the upper
layer, as discussed in Section 4.

Fig. 10 presents the dispersion relations of most equatorial waves
orresponding to the best curve fit, highlighting their propagation char-

acteristics across different dynamic regimes. These include barotropic
and baroclinic Kelvin waves, which are eastward-propagating and non-
ispersive, with the barotropic mode exhibiting a higher phase speed;
ossby waves, which typically propagate westward due to potential
orticity conservation; Mixed Rossby-Gravity (Yanai) waves, which
ombine characteristics of both Rossby and gravity waves; and Inertia-

Gravity waves, influenced by the balance between Coriolis and pressure
forces.

Fig. 11 presents the phase portraits of the geostrophic stream func-
ions for the dominant low-frequency stable modes on the equatorial
7 
𝛽-plane, as derived from the optimal Analytical Curve fit (see Fig. 7).
he figure depicts three distinct phase portraits of inertial gravity waves
IGWs). The first through third rows illustrate these IGWs at progres-
ively lower frequencies, ranging from highest to lowest. Additionally,
he fourth row showcases an off-equatorial Rossby wave, which is
nfluenced by external shear forces.

On Jupiter, the phase portraits of baroclinic Kelvin waves (BCKWs)
nd Yanai waves exhibit distinctive dynamical structures that reflect
he interplay between the planet’s rapid rotation and its strongly strat-
fied troposphere. The BCKWs, characterized by eastward propagation
ith minimal meridional displacement, typically exhibit phase lines

hat are nearly zonally aligned, indicative of a robust zonal jet and
 non-dispersive wave nature with a high intrinsic phase speed. In
ontrast, Yanai waves, which represent a hybrid mode combining char-
cteristics of both Rossby and inertia-gravity waves, display phase
ortraits with significant meridional curvature, resulting in a diagonal
hase line orientation relative to the equator, highlighting the influence
f the Coriolis effect and planetary vorticity gradients. In Fig. 12, these

phase portraits are depicted for the dominant low-frequency stable
modes on the equatorial 𝛽-plane, derived from the optimal Analytical
Curve fit (refer to Fig. 7). The upper layer, represented by [𝜓2 =
𝜂1+𝑠𝜂2], and the lower layer, represented by [𝜓1 = 𝜂1+𝜂2], facilitate the
examination of wave dynamics across different stratified atmospheric
layers. The top row illustrates the phase portrait of BCKWs, where the
phase lines align predominantly along the zonal direction, consistent
with their high Rossby number and fast wave speed. The bottom row
isplays the phase portrait of the Yanai wave, characterized by a more
omplex structure due to the coupling between Rossby wave dynamics

and inertia-gravity wave propagation. Both wave modes are computed
for a zonal wavenumber of 𝑘 = 4, and the associated velocity field,
ndicated by vectors, elucidates the dynamical interactions within these
tratified atmospheric layers.

4. Evolution of nonlinear instabilities in moist-convective flows

We initialize the model using the background zonal velocity field
derived from the optimal Analytical Curve fit, which represents the
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Fig. 4. Stability diagrams of the barotropic layer easterly jet corresponding to the analytical curves shown in Fig. 3 on the 𝛽-plane. The diagrams illustrate phase velocity (left
panel) and growth rate (right panel) as functions of the zonal wavenumber 𝑘. The first and second unstable modes are indicated by black and white circles, respectively. The
ows, from top to bottom, correspond to Analytical Curves 2 to 4. The 𝑦-axis range of the right panels is adjusted for better visibility. Analytical Curve 1 has not been shown due
o its similarity to Analytical Curve 2 and negligible differences.
equilibrium state of Jupiter’s atmosphere, and introduce a small pertur-
bation in the form of the most unstable mode with a non-dimensional
mplitude for wavenumber 𝑘 = 4. This perturbation is designed to

emulate the onset of instability within a stratified, rotating fluid under
moist-convective conditions. Key results are summarized below:
8 
(1) Intensification of Cyclonic Vortices in the Convective Layer
The results reveal the nonlinear amplification of the unstable
mode, leading to the horizontal growth, elongation, and intensi-
fication of vortical structures. Specifically, the simulations show
the formation of cyclonic vortices in the lower atmospheric layer
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Fig. 5. Pressure fields for symmetric (left panel) and asymmetric (right panel) modes, corresponding to the barotropic configuration of the most unstable and second unstable
modes on the equatorial 𝛽-plane, as derived from the optimal Analytical Curve fit. The color maps illustrate the pressure fields, while the arrows represent the velocity fields
associated with these unstable modes.
and anticyclonic vortices in the upper layer, both driven by the
release of latent heat through moist convection (Fig. 13).
The first signs of condensation, detectable at visual wavelengths,
emerge within the simulation after a few Jovian days. This
is consistent with the expected timescale for convective pro-
cesses to significantly influence large-scale circulation patterns.
As kinetic energy in the lower layer increases, a corresponding
intensification of the upper layer vortices is observed, further re-
inforcing the critical role of moist convection as a primary mech-
anism for converting heat flow into kinetic energy in Jupiter’s
atmosphere (Gierasch et al., 2000). In this context, moist con-
vection in Jupiter’s atmosphere functions analogously to tropical
storms on Earth, driving key circulations within Jovian vortices.

(2) Belt Inhibition of Convective Vortices
Fig. 13 illustrates the development of low-pressure anomalies
in the convectively driven lower layer as the unstable mode
intensifies, while anticyclonic ovals emerge in the upper layer.
These convective vortices are located away from the latitude
of the maximum zonal jet, specifically where |𝑦| > 0.7𝐿𝑑 . The
meridional extension of instabilities also predominantly occurs
in these regions. The positioning of convective areas within the
belts supports the argument of a net rising motion in these
regions due to moist convection (Ingersoll et al., 2000). The
patterns of condensation and vorticity (Fig. 14) closely resemble
observational images, which also show an absence of similar
convective storms in the bright zones (e.g., Porco et al., 2003).
The presence of complex vorticity and the strong connection
between visible cloud tops and Jupiter’s convective interior
has long been discussed in the literature (e.g., Smith et al.,
1979; Ingersoll et al., 2000; Ingersoll, 2002). However, to the
best of our knowledge, the nonlinear evolution of the most
unstable mode-based on classical linear stability analysis rela-
tive to balanced zonal velocity—in an idealized shallow water
moist-convective model has not been previously explored.

(3) Patches of Synoptic and Mesoscale High White Cloud Clus-
ters
The condensation patterns in Fig. 14 reveal large-scale conden-
sation regions on the order of 0.1𝐿𝑑 , located at low latitudes on
the poleward side of each eastward jet |𝑦| > 0.7𝐿𝑑 . These patches
are associated with upwelling and moist convection, which may
also be influenced by vertical shear velocity. These localized
areas manifest in Jupiter’s atmosphere as lightning and high
white cloud clusters. Such optically thick white cloud clusters
have been observed in data from the Galileo spacecraft (Banfield
et al., 1998; Little et al., 1999; Gierasch et al., 2000), as well as
9 
in high-resolution narrow-angle photographs captured by Voy-
ager 1 in February 1979 (Hueso and Sánchez-Lavega, 2001).
Nevertheless, simulated convective activity is weaker in low-
latitude regions compared to mid to high latitudes (Boissinot
et al., 2024), as indicated by lightning observations. The Juno
microwave radiometer has mapped the meridional distribution
of lightning signatures associated with convective storms, reveal-
ing that these storms are both more intense and more frequent
between latitudes of 30◦ and 70◦ relative to the equator (Brown
et al., 2018).

(4) Intensification of Shear Zonal Velocity During Active Con-
vection
The nonlinear evolution of instability in a moist-convective en-
vironment results in a significant intensification of shear zonal
velocity. This intensification manifests as an eastward (upper
layer) and westward (lower layer) acceleration outside the equa-
torial zone (EZ), specifically for latitudes |𝑦| > (0.75𝐿𝑑 ≈ 7.5◦),
where 𝑦 represents the latitude (Fig. 15). Within the inner EZ,
|𝑦| < 0.75𝐿𝑑 , the zonal velocity intensification occurs in the
opposite direction.
In the dry case, the zonal velocity intensification is two orders
of magnitude smaller, rendering it negligible. For a quantitative
perspective, assuming a scale height of 27 k m, the length scale
𝐿𝑑 is approximately 10.44◦, and the velocity scale 𝛽 𝐿2

𝑑 is about
820 ms−1.
Fig. 15 illustrates that the nonlinear evolution of zonal ve-
locity associated with the most unstable mode alters its sign
at approximately 0.7𝐿𝑑 (around 7.3◦ Lat). These characteristics
resemble the observed chevron-shaped oscillations, with an av-
erage chevron tip latitude of 7.5◦S, although variability is ob-
served among individual chevrons (Simon-Miller et al., 2012).
Time series movies from Cassini images further demonstrate
that the chevrons oscillate in latitude over both longitude and
time (Simon-Miller et al., 2012).
Our linear stability analysis supports the explanation that the
chevron-shaped patterns arise from the interaction between
westward-propagating Rossby waves on the poleward side of
the maximum zonal jet and eastward-propagating Kelvin waves,
which dominate on the equatorward side between the two
maximum zonal jets. The higher phase speed of the latter facil-
itates the formation of distinct chevron-shaped wave structures
through their interacting dynamics. Additionally, Yanai waves
and low- to mid-frequency inertio-gravity waves act as sec-
ondary unstable modes, influencing the equatorial zone between
the two maximum zonal winds (see Figs. 11 and 12). The
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Fig. 6. Growth rates and phase speeds of the barotropic unstable modes as functions of the zonal wavenumber 𝑘 for curve 4 of the background flow (see Fig. 3). Upper panels:
Growth rates and phase speeds as functions of 𝑘. Middle panels: Phase portrait of the most unstable mode at 𝑘 = 4.5, highlighting its dominant characteristics and spatial structure.
Lower panels: Phase portrait of the second peak unstable mode at 𝑘 = 1.2, illustrating the phase alignment and features of the secondary instability.
nonlinear evolution (Fig. 14) further shows that the sign change
of zonal velocity associated with the most unstable mode aligns
with the latitudinal position of the most active sequence of
relative vorticities.

(5) Poleward Drift of the Emerged Instability
In the absence of higher latitude jets, our simulations reveal
a smooth meridional propagation of the emergent instability
under diabatic conditions (Fig. 16). Observations of both Jupiter
and Saturn provide little or no evidence of latitudinal drift in
the extratropical zonal jets on decadal timescales (Read, 2024).
Unlike observational studies, which show relatively stable zonal
10 
jets in Jupiter’s atmosphere, simulations often depict latitu-
dinal migrations of zonal jets. These migrations, which were
simulated under potentially diverse physical assumptions and
numerical schemes, are characterized by either equatorward
shifts (Williams, 2003; Young et al., 2019) or poleward dis-
placements (Chemke and Kaspi, 2015). Poleward-drifting jets
have also been observed in simulations of deep convection in
spherical shells (e.g., Rotvig, 2007; Guervilly and Cardin, 2017).
Similarly, some laboratory experiments incorporating a topo-
graphic 𝛽-effect have reproduced drifting jets (Smith et al.,
2014), whereas jets formed in quasi-geostrophic models on a
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Fig. 7. Profiles of zonal velocity 𝑈𝑖(𝑦), 𝑖 = 1, 2 for the upper (solid line) and lower (dashed line) layers, with the upper layer corresponding to Analytical Curve 2 in Fig. 3 (left
panel). The right panel shows the corresponding thickness deviations 𝐻1(𝑦) and 𝐻2(𝑦), along with Chebyshev nodes, based on the analytic velocity curves.
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uniform 𝛽-plane did not exhibit the same drift behavior (Jones
et al., 2003).
Our results suggest a strong coupling between the kinetic energy
of upper-layer anticyclones and lower-layer cyclones. As the
lower-layer cyclones tend to drift poleward, the upper-layer
anticyclones follow. This is clearly depicted in Fig. 16, which
shows the Hovmöller diagram of kinetic energy for the initial-
ized perturbation along 𝑋 = 0, revealing poleward drifts in both
the lower (right panel) and upper (left panel) layers.
A key factor influencing the stationary, meandering, or drifting
behavior of zonal jets is the variation in the background poten-
tial vorticity (PV) gradient across individual jets. For instance,
Saturn’s north polar vortex flattens the PV gradient within the
hexagonal jet (Rostami et al., 2017). Indeed, the substantial
variations in the effective background PV gradient with latitude,
both on Jupiter and other similar planets, may hint at coupling
with deep, stationary features such as tidal forces, which could
anchor upper-level jets and prevent their drift (Tyler, 2022;
Read, 2024). Thus, one possible explanation for the poleward
drift of the zonal jets observed in this study is a limitation of
the model, which does not include higher-latitude jets that could
potentially influence the jet dynamics.

(6) Co-location of Lightning, Convection, and Instability
Galileo observations of lightning on Jupiter (Little et al., 1999)
provide valuable insights into the dynamics of Jupiter’s atmo-
sphere. The images show that lightning storms in the equatorial
region occur at latitudes approximately 5◦–10◦, which corre-
spond to the latitudes of emerged instability and condensation
in our simulation (e.g., Figs. 9, 14). This alignment supports
the hypothesis that Jupiter’s lightning tends to occur within
the most unstable regions where the vorticity gradient changes
sign. The Galileo images also confirm localized updrafts near
Jovian lightning, reinforcing this connection. Additionally, stud-
ies based on Voyager 1 and 2 images indicate that barotropic
stability is violated around 10◦ latitude (Ingersoll et al., 1981).
Nevertheless, Jovian lightning predominantly occurs at higher
latitudes rather than near the equator (Brown et al., 2018).
This was confirmed through the detection of rapid whistlers and
Jupiter-dispersed pulses, which were primarily observed at mid
to high latitudes (Kolmašová et al., 2023).
The observed rarity of lightning in the southern hemisphere at
equivalent latitudes, compared to our symmetric model con-
figuration, may be attributed to an asymmetric distribution of
11 
condensates in the lower troposphere. Borucki and Williams
(1986) reported that the origin of Voyager 1’s flashes is at a
depth of 5 bars, where water clouds are present. Numerical mod-
els of convective clouds suggest that this vertical extent could
reach up to the 2-bar pressure level in the atmosphere (Yair
et al., 1995). According to Juno’s measurements of odd gravity
harmonics (J3, J5, J7, J9), Jupiter’s gravity field exhibits sig-
nificant asymmetric features. These harmonics reveal a direct
connection between the planet’s north–south asymmetry and
deep atmospheric flows, with J3 sensitive at depths below 3000
km and J5 constraining flows up to 3500 km. The findings
indicate that this asymmetry arises from deep winds extend-
ing thousands of kilometers beneath the cloud layer, differing
from surface observations, and that notable deviations in the
meridional profile of zonal winds are unlikely to align with the
gravity data (Duer et al., 2020). Our conceptual model does not
estimate the lifetime of Jovian lightning storms, as it includes
a continuous source of humidity in the lower layer that is not
based on empirical data.

5. Dynamics of the equatorial Y-shaped structure

In this section, we present a novel explanation for the Y-shaped,
astward-propagating cloud structures observed between September
nd December 2012 in ground-based and Hubble Space Telescope
HST) images. These structures are aligned along the equator and are
entered at latitudes between approximately 5◦ and 10◦. They are
ertically confined between the upper equatorial hazes and the main
loud deck (Legarreta et al., 2016). These Y-shaped clouds extend

zonally for about 15◦ (approximately 18,000 km) and meridionally for
around 5◦ (approximately 6,000 km), with an eastward propagation
speed of 20–40m/s relative to Jupiter’s mean flow (Legarreta et al.,
2016). Legarreta et al. (2016) performed numerical simulations with
Gaussian disturbances initialized along the equator, which replicated
the well-known Matsuno–Gill mechanism. This mechanism generates
astward-propagating Kelvin waves and westward-propagating Rossby
aves. In the simulations using the one-layer RSW model by Legarreta

et al. (2016), with or without background zonal flow, the resulting
structure forms a disjointed configuration. The symmetric lobes of the
Rossby waves propagate westward relative to the excitation source and
detach from the initial structure, while the Kelvin waves continue to
propagate eastward.
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Fig. 8. Stability diagrams of the baroclinic easterly jet corresponding to the analytical curves shown in Fig. 7 on the 𝛽-plane, represented in terms of phase velocity (left panel)
and growth rate (right panel) as functions of the zonal wavenumber 𝑘. The first and second unstable modes are indicated by black and white circles, respectively. The rows, from
top to bottom, correspond to Analytical Curves 2 to 4. The 𝑦-axis range of the right panels is adjusted for better visibility. Analytical Curve 1 has not been shown due to its
imilarity to Analytical Curve 2 and negligible differences.
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The alternative explanation in this study is grounded in recent ad-
ances in the understanding of Equatorial Modons and the localized ad-

justment of negative pressure anomalies in the lower troposphere over
warm pools in moist convective environments (Rostami et al., 2022).
A modon is defined as a form-preserving, uniformly translating, hori-
zontally localized, nonlinear solution to the inviscid quasigeostrophic
quations. Recent studies (Rostami and Zeitlin, 2019a,b, 2020, 2021;

Zhao et al., 2021) have provided insights into equatorial systems that
propagate slowly eastward, suggesting that these Y-shaped structures
12 
may be generated in a self-sustained and self-propelled manner. This
mechanism involves large-scale localized heating in the lower tropo-
phere over warm pools, leading to the formation of a hybrid structure.
his hybrid structure consists of a baroclinic equatorial modon coupled
ith a convectively driven, detaching baroclinic Kelvin wave that
ersists on an interseasonal timescale. A similar conceptual framework
as been applied to understand Madden–Julian Oscillation (MJO)-like
henomena on Earth’s equator, lending further support to our proposed
echanism (Rostami and Zeitlin, 2020; Rostami et al., 2022).
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Fig. 9. Geostrophic streamfunctions of the most unstable mode on the equatorial 𝛽-plane, shown for the upper layer [𝜓2 = 𝜂1 + 𝑠𝜂2] (left panel) and the lower layer [𝜓1 = 𝜂1 + 𝜂2]
(right panel). The velocity field is represented by arrows.
Fig. 10. Dispersion relations for configurations corresponding to the optimal Analytical
Curve fit, illustrating the wave propagation characteristics across different dynamic
regimes. The figure includes the following abbreviations: BTKW (Barotropic Kelvin
Wave), BCKW (Baroclinic Kelvin Wave), MRGW (Mixed Rossby-Gravity or Yanai Wave),
IGW (Inertia-Gravity Wave), and RW (Rossby Wave).

We introduce an equatorial disturbance as a negative pressure
anomaly in the lower layer pressure field using an alpha-Gaussian
profile. For details on the initialization of the equatorial disturbance in
Jupiter’s atmosphere, including parameter settings and profile specifics,
please refer to Appendix B. Fig. 17 illustrates the equatorial adjustment
13 
of a symmetric negative thickness anomaly, representing a pressure dis-
turbance, in both dry and moist-convective environments without any
background zonal velocity. An asymmetric perturbation would induce
the emergence of Yanai waves as the system responds to the initial
depression. At the onset of geostrophic adjustment, a quasi-isotropic
inflow converges toward the equatorial center of the anomaly, with
wind intrusion from extratropical regions observed in large-scale distur-
bances. The initial stages feature the emission of fast, short-wavelength
inertia-gravity waves, followed by cyclonic circulation on both sides of
the equator, driven by the Coriolis force. In moist-convective environ-
ments, these cyclones intensify, evolving into a quasi-equatorial modon.
Subsequently, a weaker vorticity dipole of opposite sign emerges and
attaches to the eastern edge of the primary dipole, forming a zonally
asymmetrical quadrupole. Simultaneously, a weaker quadrupole of
opposite sign develops in the upper layer, causing the entire system
to gradually drift eastward. In cases of weaker moist convection, the
cyclones propagate westward as Rossby waves. A key distinction be-
tween dry and moist-convective environments lies in the timing of the
long-wave convectively coupled baroclinic Kelvin wave (CCBKW) de-
tachment from the dipolar structure. In dry conditions, this detachment
occurs much earlier, whereas in moist-convective settings, the detach-
ment is delayed due to interseasonal variability, resulting in a Y-shaped
equatorial structure. The dry case response aligns with Gill’s mecha-
nism (Gill, 1980), characterized by Rossby-wave emission to the west
and Kelvin wave (KW) emission to the east of the localized anomaly.
However, Fig. 17 also reveals a tipping point where an eastward-
propagating dipolar structure emerges when the pressure anomaly
reaches a critical threshold (𝛥𝜂1∕𝐻 ≈ 0.07) in moist-convective envi-
ronments. Achieving a similar modon in a barotropic structure requires
a greater pressure anomaly (Rostami and Zeitlin, 2019b), as latent
heat release intensifies the self-sustained negative pressure anomaly.
In weak convective scenarios, Gill’s mechanism typically governs the
response, leading to the transient formation of a Y-shaped pattern. In
contrast, strong convective scenarios, characterized by significant low-
pressure or high potential temperature anomalies, result in the develop-
ment of a more persistent Y-shaped structure, consistent with the theory
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Fig. 11. Phase portrait of the geostrophic stream functions for the dominant low-frequency stable modes on the equatorial 𝛽-plane, corresponding to the optimal Analytical Curve
fit (Fig. 7). The upper layer is represented by 𝜓2 = 𝜂1 + 𝑠𝜂2 (left panel) and the lower layer by 𝜓1 = 𝜂1 + 𝜂2 (right panel). The velocity field is indicated by arrows. The displayed
modes are inertial gravity waves (IGWs) for 𝑘 = −4. The first through third rows depict these waves at the highest to lowest frequencies, respectively. The fourth row illustrates
the off-equatorial Rossby wave influenced by the external shear.
of MJO-like patterns on Earth proposed by Rostami et al. (2022). Both
transient and sustained Y-shaped configurations have been documented
in observational studies (Rogers, 1995; Legarreta et al., 2016). The
transition from Rossby waves to a dipolar or quasi-equatorial modon
occurs early in the adjustment process, with baroclinic configurations
14 
requiring a lower amplitude of pressure anomaly than barotropic struc-
tures (Rostami and Zeitlin, 2019a). The fusion of the dipole with the
CCBKW, leading to the formation of a quadruple structure (Fig. 18),
is a purely baroclinic effect. Condensation slows the CCBKW while
enhancing the dipolar gyres, enabling eastward propagation akin to
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Fig. 12. Phase portraits of the geostrophic stream-functions for the dominant low-frequency stable modes on the equatorial 𝛽-plane corresponding to Analytical Curve 2 (Fig. 7).
The left panel represents the upper layer [𝜓2 = 𝜂1 + 𝑠𝜂2], and the right panel represents the lower layer [𝜓1 = 𝜂1 + 𝜂2]. The velocity field is depicted with arrows. The modes shown
include baroclinic Kelvin waves (top row) and baroclinic Yanai waves (bottom row), both for a wavenumber of 𝑘 = 4.

Fig. 13. Nonlinear evolution of pressure isopleths under diabatic conditions: The left and right panels display the perturbation in the lower and upper atmospheric layers,
respectively, at times 𝑇 = 20, 40, 60, 80 [1∕𝛽 𝐿𝑑 ] (from top to bottom). The simulations are initialized with a small fraction of the full periodic unstable mode, featuring a non-
dimensional amplitude for 𝑘 = 4.
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Fig. 14. Upper row: Tracer field of condensation (contours) and velocity field (arrows) in the upper layer (left panel), alongside the evolution of the relative vorticity (color) for
the most unstable mode under diabatic conditions, with the corresponding velocity field indicated by arrows (right panel). Time 𝑇 = 20, 40, 60, 80 [1∕𝛽 𝐿𝑑 ] is shown from top to
bottom. The simulations are initialized with a small fraction of the full periodic unstable mode, featuring a non-dimensional amplitude for 𝑘 = 4. Lower row: The same diagnostics
are presented for the lower layer. Note that the colorbars differ for better visibility.
an equatorial modon. Although the CCBKW maintains a higher phase
velocity than the vortex pair, once the dipolar structure is established,
it can sustain eastward propagation even in dry conditions, albeit with
reduced speed due to dissipation and baroclinicity.

Fig. 19 illustrates the evolution of a persistent and coherent struc-
ture characterized by the coupling of a Kelvin wave with a dipole.
The central region of this hybrid structure, positioned between the
dipole and the CCBKW, constitutes the most convergent zone, which
is identified as the primary condensation area, particularly during the
initial stages (cf., see condensation patterns in Fig. 19). To the east
and west of the hybrid center, regions of dense and depleted tracer
fields are also discernible. The presence of low-level westerlies and
easterlies in the western and eastern sectors of the hybrid structure
further delineates the convective zone. Our analysis suggests that a
16 
reduction in the intensity of moist convection induces a gap between
the dipolar structure and the CCBKW, which is subsequently occu-
pied by weak westerlies. In such instances, the detachment process
is accompanied by a distinct double rainband structure. One of these
rainbands propagates in tandem with the CCBKW, with its phase speed
corresponding to that typical of CCBKWs. It is noteworthy that, in
this iteration of the mcTRSW model, condensation is equivalent to
precipitation and represents large-scale deep convection. At approxi-
mately 𝑡 ≈ 35 [1∕𝛽 𝐿𝑑 ], the Kelvin wave begins to detach; however,
it does not fully separate, with a significant portion of the wave
remaining and interacting with the dipole. The dipole maintains its
coherence and continues eastward propagation, though at a dimin-
ishing speed, and eventually ceases at 𝑡 ≈ 85 [1∕𝛽 𝐿𝑑 ]. Over time,
the dipole’s barotropic component intensifies and enlarges, reflecting
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Fig. 15. Comparison of the nonlinear evolution of zonal velocity between the upper
(solid line) and lower layer (dashed line) driven by the growth of the most unstable
mode in a moist-convective environment. The plot shows the difference [U𝑖(𝑦) − U𝑖0(𝑦)],
veraged over 30 Jovian days, with both the 𝑥- and 𝑦-axes converted to dimensional

units for clarity.

a trend towards barotropization. This transformation is influenced by
nteractions with inertia-gravity waves and Kelvin waves, as depicted

in Fig. 20. The figure also shows a westward-propagating Rossby wave-
like tail and an associated drying zone trailing behind the dipole.

espite its extended lifespan, this structure is categorized as a transient
ather than a true modon due to its evolution through interactions with
ther wave modes and its barotropization. The figure highlights The
hase speed of the baroclinic Kelvin wave is notably slower than that of
he barotropic Kelvin wave. One of the key processes that significantly
estabilizes the eastward propagation and contributes to the genesis of
yclones in the later stages is the collision of circumnavigated CCBKW
ith the eastward-propagating system. This interaction is clearly de-
icted in the Hovmöller diagram (Fig. 20). Such destabilization not only

reduces the overall duration of eastward propagation but also triggers
 series of smaller-scale, short-lived convective events. These events
ften result in the formation of westward-propagating cloud clusters. As
hese smaller convective envelopes increase in number during the later

stages, some of them may merge, eventually forming tropical cyclones
off the equator.

To investigate the effects of background zonal velocity, we exam-
ned the equatorial adjustment of large-scale localized negative and
ositive pressure anomalies in the presence of zonal jets, as depicted
n Figs. 21 and 22. In both scenarios, a zonally elongated convective

zone emerges at approximately 7.5◦ latitude in both hemispheres,
here the most unstable modes grow due to slight deviations from

he geostrophic balance state. In the case of the positive anomaly,
the distribution of instability off the equator near 7.5◦ latitude is
much more zonally broadened than in the negative anomaly scenario.
This difference appears to stem from the stronger Rossby wave emer-
ence during the adjustment of the positive anomaly. The configuration
ith the initial negative pressure anomaly persists with its negative

equatorial center over a longer timescale compared to its positive
counterpart. Fig. 23 demonstrates that following the departure of the
17 
barotropic Kelvin wave (BTKW), the divergence patterns for simula-
tions initialized with negative and positive pressure anomalies diverge
ignificantly. The negative anomaly generates an equatorial conver-
ence zone west of the convergent wings, whereas the positive anomaly

produces a convergence zone east of the off-equatorial wings. It takes
about two Jovian weeks for the barotropic Kelvin wave to circumnavi-
gate Jupiter’s periphery and interact with the emerging structures. Each
passage generates secondary vortices off the equator for the negative
isturbance configuration. Fig. 24, which depicts the pressure anomaly

in the lower layer, illustrates a train of low-pressure systems near
7.5◦ latitude, accompanied by condensation zones. These low-pressure
systems are represented by slowly eastward-propagating tilted lines in
the Hovmöller diagram panels.

As previously mentioned, baroclinic and barotropic equatorial
aves are anticipated as outcomes of the atmospheric adjustment
rocesses simulated by the 2mcRSW model. Following Rostami and

Zeitlin (2020), Appendix A reviews the linear long-wave spectrum of a
two-layer reduced gravity shallow water (2RSW) system, both with and
without moisture effects. The analysis begins by linearizing the moist
system under the assumption of immediate relaxation of condensation.
This assumption, relevant to tropical regions where relaxation times are
short compared to the evolution times of large-scale systems, allows
for a more straightforward examination of the wave spectrum. We
utilize long-wave scaling to derive simplified equations for the zonal
and meridional velocities, as well as for layer thickness perturbations.

y applying linear transformations, the system is diagonalized, leading
to expressions for the phase velocities of both barotropic and baroclinic
modes. The analysis shows that the spectrum consists of fast barotropic
Kelvin waves and slower baroclinic Kelvin and Rossby waves. The
barotropic Kelvin waves propagate eastward with phase velocities at
least three times greater than the westward-propagating baroclinic
Kelvin and Rossby waves.

Some notable distinctions between the mechanism presented in this
study and that of Legarreta et al. (2016) are outlined below:

(1) The mechanism proposed in this work is fundamentally modon-
based, distinct from the Rossby–Kelvin-based structure described
by Legarreta et al. (2016). This distinction underscores dynami-
cal differences between the two approaches.

(2) In the one-layer RSW model proposed by Legarreta et al. (2016),
equatorial disturbances lead to the formation of symmetric
Rossby lobes that propagate westward relative to the disturbance
source. These lobes detach over time, while Kelvin waves prop-
agate eastward. Our mechanism exhibits similar behavior un-
der dry adiabatic conditions. However, in the moist-convective
regime, once a critical threshold of negative pressure anomaly
is surpassed, a coherent dipolar structure–distinct from the Y-
shaped structure–emerges and propagates eastward. This dipolar
entity, termed the equatorial modon, is robust, self-sustaining,
and maintains its form during propagation, even under dry
adiabatic conditions (Rostami and Zeitlin, 2019b).

(3) Moist convection is essential for initiating the eastward propa-
gation in the modon-based mechanism, while in the framework
proposed by Legarreta et al. (2016), moist-convective processes
do not appear to be a critical factor for the wave dynamics.

(4) The equatorial modon has an exact linear solution in terms of
leading-order velocity, referred to as the asymptotic modon (see
Fig. 25). Once initialized, this structure inherently propagates
eastward, distinguishing itself from Rossby waves, which ex-
hibit westward propagation. A detailed analytic solution of the
asymptotic modon’s structure can be found in Appendix C.

(5) In the two-layer RSW model of Legarreta et al. (2016), a back-
ground zonal wind is consistently included in their simulations.
In contrast, our experiments demonstrate that eastward prop-
agating systems can be generated both with and without an
imposed background velocity field.
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Fig. 16. Left panel: Hovmöller diagram of the kinetic energy of the growing perturbation along 𝑋 = 0 for the upper (left panel) and lower (right panel) layers under moist
convection in the lower layer. The simulations are initialized with a small fraction of the full periodic unstable modes, with a small non-dimensional amplitude for 𝑘 = 4. The
vertical axis represents latitude, with 𝑌 = 0 indicating the equator.
Fig. 17. Left panel: Initial stages of equatorial adjustment of a negative pressure anomaly in the lower layer, depicted through the evolution of baroclinic velocity (arrows) and

𝜂𝑏𝑐 (contours) in a moist-convective environment at times 𝑡 = 0.5, 5, 10, 20 [1∕𝛽 𝐿𝑑 ]. Right panel: The same diagnostic for the dry case.
6. Summary, discussion, and conclusions

This study analyzes the interaction between ammonia-driven moist
convection in the shallow upper atmosphere and large-scale dynam-
ics in Jupiter’s Equatorial Zone using an idealized two-layer moist
convective Rotating Shallow Water (2mcRSW) model.

We investigated the stability properties of a two-layer jet configu-
ration in a geostrophically balanced state, examining both barotropic
and baroclinic scenarios. The barotropic stability analysis revealed
that the mean zonal velocity profiles and thickness deviations could
be represented by analytical curves, with the most unstable modes
typically corresponding to zonal wavenumbers 4 to 7. As zonal winds
intensified, the most unstable modes shifted to lower wavenumbers.
The pressure fields of the most unstable modes display symmetric
patterns resembling Rossby waves at the poleward edges of the zonal
jets. This behavior remained consistent with stronger jet velocities.
18 
The most unstable modes in the baroclinic configuration also corre-
sponded to zonal wavenumbers 4 to 6, with a trend towards lower
wavenumbers as zonal velocities increased. The presence of shear
between the two layers enhanced the instability growth rates. The
unstable modes displayed cyclonic and anticyclonic rotation patterns
in their geostrophic streamfunctions, with intensified cyclonic compo-
nents in the lower layer and corresponding anticyclonic components in
the upper layer. A comparison between the barotropic and baroclinic
analyses indicated that baroclinic instability exhibited lower phase
velocities compared to the barotropic case. Stability diagrams for baro-
clinic structures demonstrated that instability trends shifted to lower
wavenumbers with increased disturbances, mirroring the barotropic
findings. Dispersion relations revealed various equatorial waves, in-
cluding barotropic and baroclinic Kelvin waves, Rossby waves, Mixed
Rossby-Gravity waves, and Inertia-Gravity waves, each with distinct
propagation characteristics across different dynamic regimes.



M. Rostami et al.

Fig. 18. Nonlinear evolution of equatorial adjustment at the initial stages, triggered by a negative pressure anomaly in the lower layer, depicted through relative vorticity in the
lower (left panel), upper (middle panel), and baroclinic (right panel) layers in a moist-convective environment at times 𝑡 = 0.5, 5, 10, 20 [1∕𝛽 𝐿𝑑 ] (from top to bottom).

Fig. 19. First row: Late stages of the eastward-propagating hybrid structure, as depicted by the baroclinic pressure anomaly (colors) and baroclinic velocity (arrows), at times
𝑡 = 35, 85 [1∕𝛽 𝐿𝑑 ] in moist-convective environments, shown from left to right. Second row: Corresponding condensation patterns. Third row: Distribution of humidity (colors) in the
lower layer, along with the corresponding velocity field (arrows). Lower row: Divergence in the lower layer. The initial conditions and parameter values are consistent with those
in Fig. 17. (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)

Icarus 429 (2025) 116414 
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Fig. 20. Hovmöller diagrams illustrating the zonal velocity components: baroclinic (left panel) and barotropic (right panel). White arrows denote the eastward propagation of the
dipole, while red arrows indicate the movement of the baroclinic Kelvin wave. The initial conditions are identical to those in Fig. 17. (For interpretation of the references to color
in this figure legend, the reader is referred to the web version of this article.)
Fig. 21. First row: Evolution of the depression in the lower (left panel) and upper (right panel) layers, with corresponding velocity fields indicated by arrows. Second row: Baroclinic
anomaly of the disturbance (left panel) with its velocity field (arrows) and associated condensation patterns (right panel). Times 𝑡 = 1, 10, 20, 30, 40 [1∕𝛽 𝐿𝑑 ] are shown sequentially
from top to bottom in all panels. All initial conditions are in the presence of a mean flow in a moist-convective environment.
The nonlinear simulations, initiated with a background zonal ve-
locity profile and a small perturbation at wavenumber 𝑘 = 4, offer
critical insights into the dynamics of moist-convective flows in Jupiter’s
atmosphere. The growth of the unstable mode leads to the intensifica-
tion of vortical structures, with cyclonic vortices forming in the lower
20 
layer and anticyclonic vortices in the upper layer. Moist convection
drives condensation, increasing kinetic energy in the lower layer and
supporting the hypothesis of net rising motion in the belts. Conden-
sation patterns highlight both large-scale regions and localized moist
convective patches driven by shear velocity, manifesting as lightning
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Fig. 22. Diagnostics analogous to those in Fig. 21, but for a positive anomaly disturbance.
Fig. 23. Comparison of the divergence field for simulations with initial negative (left panel) and positive (right panel) pressure anomaly disturbances in the lower layer, along
with the corresponding velocity fields depicted as arrows, at time 10 [1∕𝛽 𝐿𝑑 ]. Both initial conditions are set in the presence of mean flow within a moist-convective environment.
and high white cloud clusters, though Jovian lightning predominantly
occurs at higher latitudes.

The simulations further demonstrate a significant intensification
of vertical shear zonal velocity during active convection, more pro-
nounced in the moist-convective environment compared to the dry
case. Additionally, a smooth poleward drift of emerged instabilities
under diabatic conditions is observed, diverging from observational
data as discussed in Section 4. The dynamics suggest a strong linkage
between the kinetic energy of upper-layer anticyclones and lower-
layer cyclones, with the latter driving the poleward motion of the
former. The alignment between simulated lightning, convection, and
21 
instability strongly indicates that Jovian lightning likely occurs in the
most unstable regions.

We have provided a novel explanation for the formation of the
Y-shaped cloud structures observed near Jupiter’s equator. Legarreta
et al. (2016)’s interpretation of these eastward-propagating features
was based on the Matsuno–Gill mechanism, which requires a back-
ground zonal wind. However, we propose that these structures re-
sult from the interaction between a baroclinic equatorial modon and
convectively driven Kelvin waves within a moist-convective environ-
ment. A modon, in this context, refers to a coherent bipolar structure
with eastward propagation. Our simulations reveal that when localized
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Fig. 24. First row: Comparison of the Hovmöller diagram of pressure anomalies in the lower layer at the equator for negative (left panel) and positive (right panel) disturbances.
Second row: Baroclinic pressure anomalies for the negative (left panel) and positive (right panel) disturbances. Both initial conditions are set in the presence of mean flow within
a moist-convective environment.
Fig. 25. Streamlines and velocity field of an asymptotic modon (left panel) alongside its relative vorticity (right panel) with 𝑈 = 0.1. The dashed circle indicates the separatrix
with a radius of 𝑎 = 0.5.
large-scale heating occurs in Jupiter’s moist-convective environment,
it triggers an equatorial adjustment process that produces a baroclinic
equatorial modon. This modon, coupled with a detaching convectively
coupled baroclinic Kelvin wave (CCBCKW), forms a hybrid structure
that bears a resemblance to the Y-shaped cloud formations observed.
In moist-convective environments, the coupling between the modon
and the CCBCKW is more persistent, leading to a longer-lasting Y-
shaped structure. In contrast, in drier environments, the CCBCKW
22 
detaches earlier, resulting in a shorter-lived formation. Additionally,
the study demonstrates that the background zonal velocity influences
the development and morphology of these structures. The presence of
zonal jets alters the location and intensity of equatorial convergence
zones, thereby affecting the interaction between pressure anomalies
and CCBCKW. This interaction can give rise to secondary vortices and
short-lived convective events, occasionally leading to the formation of
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Icarus 429 (2025) 116414 
tropical cyclones. In this mechanism, a background zonal wind is not a
ecessary condition for the formation of the Y-shaped structure.

Concerning the recurrent generation of Y-shaped structures, which
has not been explicitly demonstrated in this study, we anticipate a

echanism similar to that proposed by Rostami et al. (2022). Specif-
cally, when a CCBKW, after circumnavigating the Equator, interacts
ith a new large-scale positive buoyancy anomaly or negative pressure

anomaly, this interaction can trigger the recurrent generation of a
ew eastward-propagating hybrid structure. The intensity and extent

of the diabatic processes associated with the coupled structures in
each episode – and consequently, the degree of CCBKW deceleration
– vary. Therefore, it is unsurprising that the Y-shaped structure in this
mechanism is not a regular periodic oscillation but rather an episodic
weather event.
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Appendix A. Linear long-wave spectrum

As discussed extensively in the literature, e.g., (Zeitlin, 2018), in
the dry two-layer reduced gravity shallow water (2RSW) system, the
spectrum of linear waves exhibits a duplication of each wave mode,
characterized by corresponding barotropic and baroclinic modes. In
the moist system described by Eq. (2.1), the condensation 𝐶 is a
onlinear function of the specific humidity 𝑄. However, in the limit
f immediate relaxation – relevant to the tropics where the relaxation
ime is typically on the order of a few hours for deep convection, which
s short compared to the characteristic evolution times of large-scale
ystems – Eq. (2.1e) simplifies in the absence of evaporation to:

𝜏 → 0 ⇒ 𝐶 → −𝑄𝑠𝛁 ⋅ 𝒗, (A.1)

which permits a straightforward linearization of the system. The con-
cept of immediate relaxation, and the simplification (A.1) it enables,
is rooted in the work of Gill (1982). The mathematical properties of
the resulting linearized system were thoroughly analyzed by Lambaerts
t al. (2011b). To derive the wave spectrum, we adopt the long-wave
caling introduced by Le Sommer et al. (2004) and adapt it to our
wo-layer system. Note that this scaling is different from that used in
he numerical simulations discussed earlier. We introduce a meridional
23 
scale 𝐿 and a small aspect ratio 𝛿 (meridional to zonal), and also a slow
time-scale 𝑇 :

𝑦 ∼ 𝐿, 𝑥 ∼ 𝛿−1𝐿, 𝑡 ∼ 𝑇 = (𝛿 𝛽 𝐿)−1, 𝛿 ≪ 1. (A.2)

The velocity is scaled as:

𝑢𝑖 ∼ 𝑈 , 𝑣𝑖 ∼ 𝛿 𝑈 , (A.3)

and we introduce nonlinearity parameters governing deviations 𝜂𝑖 from
their equilibrium values:

ℎ𝑖 = 𝐻𝑖(1 + 𝜆𝑖𝜂𝑖). (no summation over i) (A.4)

We assume a parameter regime where nonlinearity and Rossby
number are of the same order:

𝜆1 ∼ 𝜆2 ∼ 𝜖 = 𝑈
𝛽 𝐿2

,
𝑔 𝐻

(𝛽 𝐿2)2
∼ 1. (A.5)

Here, 𝜖 represents the equatorial Rossby number. With this scaling,
and under the hypothesis of immediate relaxation (A.1), the Eqs. (2.1)
are simplified to:
⎧

⎪

⎪

⎨

⎪

⎪

⎩

𝜕𝑡𝑢𝑖 + 𝜖(𝒗𝑖 ⋅ 𝛁)𝑢𝑖 − 𝑦𝑣𝑖 = −𝜕𝑥(𝜂1 + 𝑠𝑖−1𝑑 𝜂2) + (𝜖2)

𝛿2[𝜕𝑡𝑣𝑖 + 𝜖(𝒗𝑖 ⋅ 𝛁)𝑣𝑖] + 𝑦𝑢𝑖 = −𝜕𝑦(𝜂1 + 𝑠𝑖−1𝑑 𝜂2) + (𝛿 𝜖 , 𝜖2)
𝜕𝑡𝜂𝑖 +

[

1 + (−1)𝑖 𝛾 𝑄𝑠𝐻𝑖

]

𝛁 ⋅ 𝒗𝑖 + 𝜖𝛁 ⋅ (𝜂𝑖𝒗𝑖) = 0 + (𝛿 𝜖 , 𝜖2),
(A.6)

where 𝑖 = 1, 2. The parameters 𝛾 𝑄𝑠∕𝐻𝑖 characterize convective activity.
We introduce 𝜅 = 𝛾 𝑄𝑠∕𝐻1 for convenience. Here, 𝑑 = 𝐻2∕𝐻1 denotes
the ratio of non-perturbed layer thicknesses. We separate the equations
or zonal and meridional velocity components and thickness perturba-
ions, omitting higher-order terms. Assuming 𝜖 ∼ 𝛿2, we obtain the
inearized system:
⎧

⎪

⎪

⎨

⎪

⎪

⎩

𝜕𝑡𝑢𝑖 − 𝑦𝑣𝑖 = −𝜕𝑥(𝜂1 + 𝑠𝑖−1𝑑 𝜂2)
+𝑦𝑢𝑖 = −𝜕𝑦(𝜂1 + 𝑠𝑖−1𝑑 𝜂2)
𝜕𝑡𝜂𝑖 +

[

1 + (−1)𝑖 𝛾 𝑄𝑠𝐻𝑖

]

𝛁 ⋅ 𝒗𝑖 = 0.
(A.7)

A linear transformation of the form:

𝒗± = 𝒗1 + 𝐴±𝒗2, 𝜂± = 𝜂1 + 𝐵±𝜂2 (A.8)

can diagonalize the system (A.7):
⎧

⎪

⎨

⎪

⎩

𝜕𝑡𝑢± − 𝑦𝑣± + 𝑎±𝜕𝑥𝜂± = 0,
𝜕𝑡𝑣± + 𝑦𝑢± + 𝑎±𝜕𝑦𝜂± = 0,
𝜕𝑡𝜂± + 𝑏±𝛁 ⋅ 𝒗± = 0,

(A.9)

where:

𝑎± = 1 + 𝐴±, 𝑏± = 1 − 𝜅 (A.10)

By comparing Eqs. (A.7) and (A.9), we find:

𝐵± =
𝑑(1 + 𝑠𝐴±)
1 + 𝐴±

, 𝐴± =
𝐵±(1 + 𝜅

𝑑 )

1 − 𝜅 (A.11)

In the absence of moist convection, 𝐵± ≡ 𝐴±, and 1 −𝜅 represents the
on-dimensional moist enthalpy, which must remain positive. Solving
hese algebraic equations yields:

𝐴± =
(𝜎 𝑠 − 1)

2
±

√

(𝜎 𝑠 − 1)2
4

+ 𝜎 (A.12)

where 𝜎 = (𝑑 + 𝜅)∕(1 − 𝜅). Without moist convection, 𝜎 ≡ 𝑑, indicating
that moist convection effectively increases the ratio 𝑑 by reducing
𝐻1. The value of 𝐵± is determined from the first Eq. in (A.11). For
𝑠− 1 = 𝛥 ≪ 1, which is the scenario considered here, 𝐴+ = 𝑑+(𝛥) and
𝐴− = −1 + (𝛥) in the dry configuration. The baroclinic component is
pproximately the difference between the upper and lower layers. The
hase velocity squared is given by:

𝑐2± =

(

(𝜎 𝑠 + 1)
±

√

(𝜎 𝑠 − 1)2
+ 𝜎

)

(1 − 𝜅) (A.13)

2 4
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It is important to note that for statically stable configurations with
 > 1, the product 𝑎±𝑏± is positive, and the system is hyperbolic if

the linearized moist enthalpy 𝑀 = 𝐻1 − 𝛾 𝑄𝑠 is positive. The sub-
script −(+) corresponds to the baroclinic (barotropic) mode. As shown
y Lambaerts et al. (2011b), moist baroclinic modes are always slower
han their dry counterparts. In cases of weak stratification, where 𝑠 is
lose to one, 𝐴± and 𝐵± are close to −1, and thickness ratios are on the
rder of 1.

Following the demonstration in Le Sommer et al. (2004) (also
ee Zeitlin (2018), ch. 5), it can be shown that the general solution
f the system (A.9) for both barotropic and baroclinic modes includes

a mean zonal flow, which we will not address further, and equato-
rial Kelvin waves with a meridional structure 𝜙0(𝑦∕

√

𝑐±), propagating
eastward with phase velocity:

𝑐± =
√

𝑎±𝑏± (A.14)

and equatorial Rossby waves with meridional structure 𝜙𝑛(𝑦∕
√

𝑐±),
propagating westward with phase velocities:

𝑐𝑛 =
𝑐±

2𝑛 + 1 , 𝑛 = 1, 2,… (A.15)

Here, 𝜙𝑛 are Gauss–Hermite (parabolic cylinder) functions that
describe the meridional structure of waves on the equatorial beta-plane.

In summary, the spectrum of long linear waves in the model com-
prises fast barotropic Kelvin waves and slow baroclinic Kelvin and

ossby waves. The former propagate eastward with phase velocities at
least three times greater than the latter, which propagate westward.

Appendix B. Initialization of the equatorial disturbance

The initial pressure distributions in the layers, denoted as ℎ𝑖 =
𝑖(𝑥, 𝑦), were derived using the alpha-Gaussian profile centered at the

quator, following Rostami and Zeitlin (2017). This profile is partic-
larly advantageous as it allows precise control over both the spatial
xtent and the steepness of the distribution. While the sensitivity of the

adjustment process to these parameters has been documented (Rostami
nd Zeitlin, 2019b), a detailed exploration of this sensitivity lies beyond
he scope of the present work.

The normalized, axisymmetric alpha-Gaussian thickness distribution
s expressed as:

𝐻𝑖(𝑟, 𝜎) = 1 + 𝜆𝑖
21∕𝜎
𝜎

𝛤
( 1
𝜎
+ 1

2

)

𝐺
( 𝑟𝜎

2
, 1
𝜎
+ 1

2

)

, (B.1)

where 𝑟 =
√

𝑥2 + 𝑦2, 𝐺(𝑟, 𝑏) = [

1∕𝛤 (𝑏)
]

∫ 𝑏𝑟 𝑒
−𝑡 𝑡𝑏−1 𝑑 𝑡, and 𝛤 is the

gamma function. The parameters 𝜆𝑖 and 𝜎 define the amplitude and
steepness of the pressure anomaly, with the maximum anomaly 𝛥𝐻∕𝐻0,
where 𝐻0 is the unperturbed total depth, being dependent on both.
Although 𝜆𝑖 can be positive or negative, this study focuses on negative
pressure perturbations within the lower layer only. By stretching the
zonal coordinate 𝑥 → 𝑎−1 𝑥 in 𝐻𝑖(𝑥, 𝑦), a perturbation with a zonal-
to-meridional aspect ratio 𝑎 is obtained. The amplitude, steepness, and
aspect ratio of the initial perturbation are adjustable parameters, with
steepness fixed at 𝜎 = 3 in this study.

The zonal extent of the anomaly in the simulations presented here
s approximately 4𝐿𝑑 , where 𝐿𝑑 is the horizontal length scale, defined

by 𝐿2
𝑑 =

√

𝑔 𝐻0∕𝛽, with 𝐻0 = 𝐻1 + 𝐻2. The non-dimensional layer
hicknesses were chosen as 𝐻1 = 0.35 and 𝐻2 = 0.65. Numerical
imulations were conducted using the finite-volume method of Bouchut

and Zeitlin (2010) on a 500 × 500 regular grid over a domain of
1𝐿𝑑 × 12𝐿𝑑 on the equatorial beta-plane. The zonal extent of the

domain corresponds to the circumference of the equator, with periodic
boundary conditions applied in this direction. The exaggerated merid-
ional extent allows for the efficient implementation of sponge boundary
conditions, which absorb short and fast inertia-gravity waves generated
during the adjustment process.
24 
Appendix C. Summary of the analytic solution of the asymptotic
modon’s structure

We recall that the equation governing the stream function of the
quatorial modon is derived from the RSW equations in the equatorial
eta-plane under the assumption of negligible dissipation:
⎧

⎪

⎨

⎪

⎩

𝜕𝑡𝐯 + 𝐯 ⋅ 𝛁𝐯 + 𝛽 𝑦 𝐤̂ ∧ 𝐯 + 𝑔𝛁ℎ = 0,

𝜕𝑡ℎ + 𝛁 ⋅ (𝐯ℎ) = 0,
(C.1)

where ∇ = (𝜕𝑥, 𝜕𝑦), 𝐯 = (𝑢, 𝑣), with 𝑢 and 𝑣 representing the zonal and
meridional components of velocity, respectively. Here, ℎ denotes the
eopotential height, 𝛽 signifies the meridional gradient of the Coriolis

parameter, and 𝐤̂ is the unit vector in the vertical direction. A small
pressure perturbation (𝜆 → 0) can be incorporated into the equations
through the parameter 𝜆: ℎ = 𝐻(1 + 𝜆𝜂), where 𝐻 represents the
unperturbed geopotential height. The characteristic spatial, velocity,
and temporal scales are given by (𝑥, 𝑦) ∼ 𝐿, (𝑢, 𝑣) ∼ 𝑉 , 𝑡 ∼ 𝐿∕𝑉 .
Assuming that the characteristic velocity is significantly smaller than
the phase velocity of the barotropic Kelvin waves, 𝑐 =

√

𝑔 𝐻 , such that
𝑉 ≪ √

𝑔 𝐻 and (𝑔 𝐻 𝜆)∕𝑉 2 = (1), we find that the non-dimensional
equations take the following form:

𝜕𝑡𝐯 + 𝐯 ⋅ 𝛁𝐯 + 𝛽 𝑦 𝐤̂ ∧ 𝐯 + 𝛁𝜂 = 0. (C.2)

𝜆
(

𝜕𝑡𝜂 + 𝐯 ⋅ 𝛁𝜂
)

+ (1 + 𝜆𝜂)𝛁 ⋅ 𝐯 = 0. (C.3)

Here, 𝛽 = (𝛽 𝐿2)∕𝑉 , and 𝐯 = 𝐯0+𝜆𝐯1+⋯. In the leading order in 𝜆, the
q. (C.3) leads to ∇ ⋅ 𝐯0 = 0, indicating that the flow is non-divergent.
onsequently, we express the velocities as 𝑢0 = −𝜕𝑦𝜓 , and 𝑣0 = 𝜕𝑥𝜓 .

The stream function can be derived through cross-differentiation of the
zonal and meridional momentum equations:

∇2𝜓𝑡 +  (𝜓 ,∇2𝜓) + 𝛽 𝜓𝑥 = 0, (C.4)

where  denotes the Jacobian operator. The modon solutions are
obtained under the assumption of steady motion characterized by a
constant zonal velocity 𝑈 . This is achieved by positing a linear rela-
tionship between the absolute vorticity and the stream function in the
o-moving frame, yielding an inhomogeneous Helmholtz equation. This

equation is solved via separation of variables in polar coordinates, uti-
izing Bessel functions. The solution is first derived in the outer domain

under the decay condition and subsequently in the inner domain, with
matching conditions applied across a circle of a specified radius 𝑎 in
the plane. The solution is expressed as:
⎧

⎪

⎨

⎪

⎩

𝜓ext = − 𝑈 𝑎
𝐾1(𝑝𝑎)

𝐾1(𝑝𝑟) sin 𝜃 , 𝑟 > 𝑎,

𝜓int =
[

𝑈 𝑝2
𝜈2𝐽1(𝜈 𝑎)𝐽1(𝜈 𝑟) −

𝑟
𝜈2
(1 + 𝑈 + 𝑈 𝜈2)

]

sin 𝜃 , 𝑟 < 𝑎.
(C.5)

In this expression, 𝐽1 and 𝐾1 denote the ordinary and modified
Bessel functions of order one, respectively. The parameter 𝑝 is real, with
𝑝2 = 𝛽∕𝑈 . The condition 𝑈 > 0 indicates that the motion is directed
eastward. For each pair (𝑎, 𝑝), a series of eigenvalues 𝜈 arises from
he matching conditions, with the lowest eigenvalue corresponding

to a dipolar structure, termed the asymptotic modon. The subsequent
eigenvalue yields a quadrupolar solution known as the shielded modon,
and further eigenvalues correspond to multipolar vortices characterized
by pronounced velocity shears within the core, which exhibit increased
sensitivity to dissipation. Centering the solution within the equatorial
eta-plane results in a cyclonic pair. The streamlines of the asymptotic
odon, as determined by Eqs. (C.5), are illustrated in Fig. 25.

Data availability

Data will be made available on request.
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