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Abstract. The prediction of fatigue in materials and structures is usu-
ally based on experimental Wohler curves, relating the number of cycles
to failure to the amplitude of the applied cyclic loading. Those curves
show some scattering due notably to the variability of the microstruc-
ture. Predicting fatigue lifetime can thus be seen as a statistical problem
that depends on microstructural descriptors. This paper paves the way
to a probabilistic approach for quantitatively linking crystallographic
and morphological texture data to fatigue lifetime prediction. In more
detail, a simplified mesoscopic model is constructed for calculating the
evolution of an elastic-plastic polycrystal with a prescribed texture. That
model is limited to high cycle fatigue, corresponding to cyclic loadings
of sufficiently low amplitude for plasticity to be mainly confined to few
well-separated grains. The model obtained takes details of the texture
into account, i.e. the distribution, shape and orientation of the individual
grains. It relies on analytical formula and is mesh-free. A comparison with
full-field finite element simulation shows that the proposed model leads
to satisfactory results in regard to its complexity. In the case of cyclic
loading, we show that the model presented leads to a direct method
for calculating the asymptotic values of the plastic slips (and cumulated
plastic slips) reached in each grain when the number of cycles grows to
infinity. We show how that direct approach can be used for upscaling a lo-
cal failure criterion to the mesoscopic scale and performing probabilistic
analysis.

Keywords: High cycle fatigue · Mesoscopic model · Crystal plasticity·
Incremental energy minimization · Direct method.

1 Introduction

It is commonly accepted that fatigue in polycrystals is related to plastic mech-
anisms occurring at the grain scale. Plastic flow initiates in few critical grains
having the least favorable orientations with respect to the applied loading. For
small loading amplitudes, plasticity remains confined in those grains but persis-
tent slip bands may appear after a large number of cycles, leading to the possible
initiation of a crack. Based on that interpretation, the fatigue life of a polycrystal
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could in principle be predicted from the elastic-plastic evolution of its constitu-
tive grains. Some work in that direction can notably be found in [1] using full-field
simulations. For such problems, direct methods bypassing the incremental sim-
ulation over a large number of cycles are of interest. A possible approach is to
use shakedown theory. In classical plasticity, Melan and Koiter theorems deliver
bounds on the set of loadings for which there is elastic shakedown, i.e. the plas-
tic dissipation is bounded on the time interval [0,+∞). In more intuitive terms,
shakedown means that the medium behaves elastically in the large time limit.
Those theorems have been extended to several types of nonlinear behaviors [17–
19, 24, 8, 20, 21] and can be used to bound the shakedown domain of a polycrystal
with a given microstructure. Since shakedown is beneficial for fatigue, loadings
within the shakedown domain are expected to correspond to high-cycle fatigue.
A recent illustration of that approach can be found in [15]. However, although
shakedown is a requisite for high-cycle fatigue, it does not guarantee an infinite
lifetime. Indeed, the number of cycles to failure depends on the asymptotic state
of stress reached in the polycrystal, which shakedown theory only provides lim-
ited information about. Sects 2–4 of this paper report on a simplified numerical
method for a fast evaluation of the plastic slips in elastic-plastic 2D polycrystals.
That method is based on incremental variational principles, which have proved
to be a fruitful approach in many applications [9, 10, 2, 16, 26, 22, 25]. Starting
from elastic-plastic constitutive equations detailed in Sect. 2, the incremental
evolution problem is turned into an energy minimization problem over the space
of admissible displacement fields and plastic slip fields (Sect. 3). An approxi-
mate solution can be obtained by restricting the minimization to a well-chosen
finite dimensional subspace, in the spirit of Galerkin’s methods. In the present
case, we restrict the energy minimization to plastic strain fields that are uniform
per grain. For an isotropic elasticity tensor, the incremental problem reduces to
a linear complementarity problem. That problem can further be simplified by
neglecting the elastic interaction between plastifying grains and assuming that
only one plastic slip system is activated in each grain. Such assumptions are ex-
pected to be representative of small loadings corresponding to high-cycle fatigue.
In that case, the incremental problem can be solved analytically as detailed in
Sect. 4. The increment of plastic slip in grain j is obtained as an explicit function
of the material parameters, loading parameters and a localization tensor Sj that
is entirely determined from the geometry of the grain and the elastic moduli.
For an ellipsoidal grain, the tensor Sj corresponds to the Eshelby tensor [5, 14].
The validity of the model presented is briefly discussed in Sect. 5 by comparison
with full-field finite element simulations. The approach presented allows one to
estimate the step-by-step evolution of plastic slips for a given loading history. In
Sect. 6 we focus on cyclic loadings and show that the approach presented leads to
a direct method for calculating the asymptotic values taken by the state variables
in each grain as the number of cycles grows to infinity. That method is direct
in the sense that it gives the asymptotic state without resorting to step-by-step
calculation. The direct approach of Sect. 6 is used in Sect. 7 for upscaling a local
(microscopic) fatigue criterion to the mesoscopic scale of a polycrystal: starting
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from a crack initiation criterion at the grain level, we use the asymptotic for-
mulas of the shakedown state to express the fatigue criterion at the mesoscopic
level. The mathematical structure of the obtained fatigue criterion is compared
with well-established fatigue criteria (Dang Van, Crossland, Sines). In Sect. 8
we show how the model presented can be used in a probabilistic setting.

2 Constitutive laws

2.1 Single crystal

First consider a single crystal modeled in the framework of crystalline plasticity
at small strains: considering N slip systems (ni, ti)1≤i≤N , the local strain ε is
decomposed as

ε = C−1 : σ +

N∑
i=1

γiτ
0
i (1)

where

τ 0
i =

1

2
(ni ⊗ ti + ti ⊗ ni) (2)

and (γi,ni, ti) are respectively the plastic slip, the normal to the slip plane and
the slip direction for slip system i. In (1), σ is the stress and C is the elasticity
tensor (assumed to be isotropic in the following). We recall that the strain ε
is related to the displacement u by the relation ε = (∇u +∇Tu)/2. Adopting
the framework of generalized standard materials [6], the plasticity flow rule is
determined from the free energy Ψ and the dissipation potential Φ, which are
respectively chosen as

Ψ =
1

2
(ε−

N∑
i=1

γiτ
0
i ) : C : (ε−

N∑
i=1

γiτ
0
i ) +

1

2
ξX

N∑
i=1

γ2i (3)

Φ =

N∑
i=1

(τc + ξηi)|γ̇i| (4)

where

ηi =

∫ t

0

|γ̇i|dt

is the accumulated plastic slip, τc > 0 is the critical shear stress, ξX ≥ 0 is the
linear hardening modulus and ξ ≥ 0 is the isotropic hardening modulus. The
flow rule reads as

σ : τ 0
i − ξXγi

= τc + ξηi if γ̇i > 0
= −τc − ξηi if γ̇i < 0
∈ [−τc − ξηi, τc + ξηi] if γ̇i = 0

(5)
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2.2 Polycrystal

Now consider a polycrystalline Representative Volume Element (RVE) consti-
tuted of M grains occupying the disjoint subdomains Ω1, · · · , ΩM . The crys-
talline orientation in grain j is characterized by a rotation Rj relative to the
reference crystal, so that the constitutive equations in grain j are obtained by
replacing τ 0

i with τ j
i = TRjτ 0

iR
j in (1) and (5), i.e. for x ∈ Ωj we have the

relations

ε = C−1 : σ +

N∑
i=1

γiτ
j
i (6)

σ : τ j
i − ξXγi

= τc + ξηi if γ̇i > 0,
= −τc − ξηi if γ̇i < 0,
∈ [−τc − ξηi, τc + ξηi] if γ̇i = 0.

(7)

We note than in the more general situation where the elasticity tensor C is
not isotropic, the term C in (6) should be replaced with a rotated elasticity
tensor depending on Rj . The RVE is submitted to traction force σ̄(t) ·n on its
boundary, where σ̄(t) can be interpreted as the mesoscopic stress at time t. We
consider a proportional loading of the form

σ̄(t) = f(t)σ0 (8)

where σ0 is independent of time. Assuming quasistatic evolutions, the stress
field needs to satisfy the equilibrium equations

divσ = 0 in Ω, σ · n = σ̄ · n on ∂Ω (9)

where Ω = ∪M
j=1Ω

j is the domain occupied by the RVE. To simplify the presen-
tation, the same critical shear stress τc and hardening moduli are used for all
the grains.

3 Incremental energy minimization

For solving the evolution problem defined by Eqs (6), (7) and (9), a common
approach is to resort to time-discretization: the evolution is calculated in a time
marching approach, using an incremental problem for estimating the state vari-
able (ε,σ, γi, ηi) at time t0+δt (δt > 0), assuming their values (ε0,σ0, γ0i , η

0
i ) to

be known. Adopting the backward Euler scheme, the corresponding incremental
problem reads as

divσ = 0 in Ω, σ · n = σ̄ · n on ∂Ω

ε = C−1 : σ +

N∑
i=1

γiτ
j
i in Ωj

σ : τ j
i − ξXγi

= τc + ξηi if γi > γ0i
= −τc − ξηi if γi < γ0i
∈ [−τc − ξηiτc + ξηi] if γi = γ0i

in Ωj ,

(10)
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with ηi = η0i + |γi−γ0i |. A variational formulation is attached to the incremental
problem (10). Setting γ = (γ1, · · · , γN ), it can be verified indeed that the dis-
placement field u and plastic slips field γ in (10) are solution to the minimization
problem

inf
u,γ

F (11)

where

F =

M∑
j=1

∫
Ωj

Ψ jdΩ+

N∑
i=1

∫
Ω

(τc+ξη
0
i +

1

2
ξ |γi−γ0i |)|γi−γ0i |dΩ−

∫
∂Ω

(σ̄ ·n) ·udS

and Ψ j is the free energy in grain j, defined by replacing τ 0
j with τ i

j in (3).

Observing that
∫
∂Ω

(σ̄.n).udS =
∫
Ω
σ̄ : εdΩ, we can rewrite F as

F =

M∑
j=1

∫
Ωj

1

2
(ε−

N∑
i=1

γiτ
j
i ) : C : (ε−

N∑
i=1

γiτ
j
i )dΩ +

1

2
ξX

∫
Ω

N∑
i=1

γ2i dΩ

+

n∑
i=1

∫
Ω

(τc + ξη0i +
1

2
ξ |γi − γ0i |)|γi − γ0i |dΩ −

∫
Ω

σ̄ : εdΩ

In general, problem (10) or (11) needs to be solved numerically, using e.g. the
finite element method. Following [23], we note that problem (11) is mathemati-
cally equivalent to a linear complementarity problem. Dedicated numerical algo-
rithms are available for such problems [3]. In the following we introduce a series
of simplifying assumptions that allow us to solve (10) in a semi-analytical form.
Those assumptions are expected to be relevant for small loadings corresponding
to the regime of high-cycle fatigue.

4 Simplified problem

4.1 Piecewise-constant plastic slips

We restrict the minimization in (11) to plastic slips that are uniform in each
grain. That assumption notably allows one to make some progress on the min-
imization of (11) with respect to u. For a given γ (uniform per grain), observe
indeed that

inf
u
F =

1

2
ξX

∫
Ω

N∑
i=1

γ2i dΩ +

N∑
i=1

∫
Ω

(τc + ξη0i +
1

2
ξ |γi − γ0i |)|γi − γ0i |dΩ

+
1

2

M∑
j=1

|Ωj |τ j : C : τ j +W

where

W = inf
u

1

2

∫
Ω

ε : C : εdΩ −
M∑
j=1

∫
Ωj

ε : C : τ jdΩ −
∫
Ω

σ̄ : εdΩ (12)
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and τ j =
∑N

i=1 γiτ
j
i . Let χ

j be the characteristic function of Ωj , i.e. χj(x) = 1
if x ∈ Ωj and χj(x) = 0 otherwise. Setting τ (x) = C−1 : σ̄ +

∑
j χ

j(x)τ j , we
obtain

W = inf
u

1

2

∫
Ω

ε : C : εdΩ −
∫
Ω

ε : C : τdΩ. (13)

The solution u∗ to the minimization problem (13) satisfies the stationarity con-
dition ∫

Ω

ε∗ : C : εdΩ =

∫
Ω

τ : C : εdΩ (14)

for any compatible strain field ε. Using (14) with ε = ε∗ gives
∫
Ω
ε∗ : C :

ε∗dΩ =
∫
Ω
τ : C : ε∗dΩ so that

W = −1

2

∫
Ω

τ : C : ε∗dΩ. (15)

Choosing ε =
∫
Ω
(ε∗ − τ )dΩ in (14) gives

∫
Ω
ε∗dΩ =

∫
Ω
τdΩ = |Ω|C−1 :

σ̄ +
∑

j |Ωj |τ j so that∫
Ω

τ : C : ε∗dΩ = σ̄ :

∫
Ω

ε∗dΩ +
∑
j

τ j : C :

(∫
Ωj

ε∗dΩ

)
= |Ω|σ̄ : C−1 : σ̄ +

∑
j

|Ωj |σ̄ : τ j +
∑
j

τ j : C :

(∫
Ωj

ε∗dΩ

)
.

(16)
Note that u∗ is a solution to the linear elasticity problem

σ∗ = C : (ε∗ − τ j) in Ωj ,
ε∗ = (∇u∗ +∇Tu∗)/2,
divσ∗ = 0 in Ω,
σ∗ · n = σ̄ · n on ∂Ω.

(17)

The superposition principle implies that

ε∗ = C−1 : σ̄ +
∑
j

εj (18)

where εj is the strain field corresponding to the solution of the single inclusion
problem (defined for any given j = 1, · · · ,M)

σ = C : (εj − τ j) in Ωj ,
σ = C : εj in Ω −Ωj ,
εj = (∇uj +∇Tuj)/2,
divσ = 0 in Ω,
σ · n = 0 on ∂Ω.

(19)

Problem (19) is linear in τ j so that εj(x) can be written as

εj(x) = Sj(x) : τ j (20)
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where the fourth-order tensor Sj does not depend on τ j and is entirely deter-
mined from Ω, Ωj and C. It follows that∫

Ωj

ε∗dΩ = |Ωj |

(
C−1 : σ̄ +

∑
k

Sjk : τ k

)
(21)

where

Sjk =
1

|Ωj |

∫
Ωj

Sk(x)dΩ. (22)

For j ̸= k, the tensor Sjk in (22) captures the elastic interaction between grains
j and k. The norm of that tensor is expected to decrease with the distance
between grains j and k. Substituting (21) in (16) we finally arrive at

W = −1

2
|Ω|σ̄ : C−1 : σ̄ −

∑
j

|Ωj |σ̄ : τ j −
∑
j,k

1

2
|Ωj |τ j : C : Sjk : τ k. (23)

Dropping the constant term |Ω|σ̄ : C−1 : σ̄/2, minimization problem (11) thus
reduces to

infγ −
M∑
j=1

|Ωj |σ̄ : τ j −
M∑

j,k=1

1

2
|Ωj |τ j : C : Sjk : τ k +

1

2

M∑
j=1

|Ωj |τ j : C : τ j

+
1

2
ξX

∫
Ω

N∑
i=1

γ2i dΩ +

N∑
i=1

∫
Ω

(τc + ξη0i +
1

2
ξ |γi − γ0i |)|γi − γ0i |dΩ.

(24)

4.2 Critical grains

Consider an initial state (t = 0) in which γ = 0. In the general case of a non-
proportional loading, several slip systems may be successively activated in each
grain depending on the direction of σ̄(t). However, for a proportional loading as
considered in (8), only one slip system is expected to be activated in each grain
(at least for small loading level f(t)). That slip system I(j) corresponds to the
maximum resolved shear stress in each grain, i.e.

I(j) = argmax1≤i≤N |σ0 : τ j
i |.

Assuming that only slip system I(j) is activated in grain j and denoting by
γj (resp. ηj) the corresponding plastic slip (resp. cumulated plastic slip), (24)
becomes

inf
γ

−
∑
j

|Ωj |σ̄ : τ j −
∑
j,k

1

2
|Ωj |τ j : C : Sjk : τ k +

1

2

∑
j

|Ωj |τ j : C : τ j

+
1

2
ξX

M∑
j=1

|Ωj |(γj)2 +
M∑
j=1

|Ωj |(τ0c +
1

2
ξ |γj − γj,0|)|γj − γj,0|

(25)
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where γj,0 and ηj,0 are the plastic slip and the accumulated plastic slip in grain
j at time t0. The updated critical shear stress τ0c in (25) is defined by τ0c =
τc + ξηj,0. All the grains remains elastic if the loading level f(t) in (8) is such
that |f(t)σ0 : τ j

I(j)| ≤ τc for all j, i.e. the elastic limit is

τc

supj |σ0 : τ j
I(j)|

.

For loading levels slightly above that elastic limit, plastic flow is expected to be
limited to few critical grains characterized by the highest value of the resolved
shear stress |σ0 : τ j

I(j)|. Without loss of generality, we can assume that those

critical grains are grains 1, · · · ,m. We assume that the critical grains are far
away from one another, so that their elastic interaction is negligible. In that
case, (24) reduces to

inf
γ

−
m∑
j=1

|Ωj |σ̄ : τ j −
m∑
j=1

1

2
|Ωj |τ j : C : Sjj : τ j +

1

2

m∑
j=1

|Ωj |τ j : C : τ j

+
1

2
ξX

n∑
j=1

|Ωj |(γj)2 +
m∑
j=1

|Ωj |(τ0c +
1

2
ξ |γj − γj,0|)|γj − γj,0|

(26)

where we recall that τ j = γjτ j
I(j). Setting

αj = τ j
I(j) : C : (I − Sjj) : τ j

I(j), β
j = σ̄ : τ j

I(j) + ξγj,0, (27)

and
α̃j = αj + ξ + ξX ,

the local optimality condition in (26) reads as

βj − α̃jγj

∈ [−τ0c , τ0c ] if γj = γj,0

= τ0c if γj > γj,0

= −τ0c if γj < γj,0

which yields

γj =


γj,0 if |βj − α̃jγj,0| ≤ τ0c ,
βj − τ0c
α̃j

if βj − α̃jγj,0 > τ0c ,

βj + τ0c
α̃j

if βj − α̃jγj,0 < τ0c .

(28)

for j = 1, · · · ,m. The aforementioned assumptions thus allow one to obtain
a closed form solution to the incremental problem of elastic-plastic evolutions
in a polycrystal. We can observe in (28) that the plastic slips γ1, · · · , γm are
determined independently from one another, i.e. there is no coupling between the
plastifying grains. This results from the fact that the elastic interaction between
grains has been neglected. Apart from loading and material parameters, the
plastic slip in (28) depend on the shape and the crystalline orientation of the
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grain through the scalars αj and βj in (27). In more detail, the tensor Sjj is
determined from the shape of grain j whereas the crystalline orientation plays a
role through the selection of the active slip system I(j) and the corresponding
strain τ j

I(j).

5 Illustration

5.1 Mesoscopic model construction

A 2D polycrystalline RVE of 500 grains is generated randomly using Neper -a
generation and meshing software package based on the Voronoi-Laguerre tessel-
lation. The obtained tessellation is shown in Fig. 1a. The implementation of the
formula (28) requires the evaluation of the fourth-order tensor Sj for each grain.
Note that problem (19) defining the tensor Sj is formally similar to Eshelby’s
inclusion problem. However, the irregularity of the grain geometries ruins any
hope of solving (19) analytically. Rather than evaluating Sj numerically (which
could be done using finite element calculations), we choose to approximate each
grain into an ellipsoid, as shown in Fig. 1b . That strategy allows Eshelby’s ex-
plicit solution [5, 14] to be used for Sj . The approximation of each grain into
an ellipsoid can be performed using the maximum volume inscribed ellipsoid
optimization algorithm in Matlab [27] as well as a modeling system for convex
optimizations (CVX Matlab package).

Fig. 1: (a) A 500-grain tessellation generated by Neper and (b) its approximated
geometry in Matlab.

Regarding slip systems, the face-centered cubic lattive (FCC) is one of the
most common crystalline structures in metals (Fig. 2a). In that case, there are 12
slip systems defined according to the Thompson tetrahedron. In the 2D setting
considered in this paper, we use 6 slip systems defined according to an equilateral
triangle shown in Fig. 2b. The inclination angle Θj shown in Fig. 2b is the Euler
angle describing the crystallographic orientation of grain j. The vectors (ni, ti)
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defining the 6 slip systems in the reference single crystal take the form
ni =

(
− sin(ϕi)
cos(ϕi)

)
, where ϕi ∈ {0◦, 60◦, 120◦}

ti =

(
cos(miϕi)
sin(miϕi)

)
, where mi ∈ {−1, 1}

(29)

At this point, all the ingredients are in place for using the simplified model

(fcc)

(j)

qj

t

n

i

i

Fig. 2: (a) The FCC crystalline structure. (b) Slip system in grain j of a 2D
polycrystal.

presented in Sect. 4: In a first stage, the active slip system and the best fitting
ellipsoid are calculated in each grain, which allows one to evaluate the parameters
(αj , βj) in (27). Subsequently, the plastic slip in each grain is updated at each
time step via formula (28).

5.2 Finite element model construction

In order to validate the solution procedure presented in Sect. 4, Finite Element
(FE) simulations have been performed in Freefem++ [7], importing the tessel-
lation shown in Fig. 1a into a 1× 1 square domain that was finely meshed. That
unit square was embedded into a coarsely meshed 2 × 2 square serving as an
elastic matrix for reducing border effects (Fig. 4a). Material and loading param-
eters are reported in Table 1. The tensor σ0 is set to (u1 ⊗ u2 + u2 ⊗ u1)/2
(pure shear). The plastic slip at each Gauss point is calculating using Lemke’s
algorithm [3] for solving the linear complementarity problem arising from (11).
In Fig. 4a are shown the plastic slips as calculated by the finite element method
after the first half-cycle. An average plastic slip per grain has been extracted
from the FE simulations and compared with the results obtained from the for-
mula (28). The relative error between those two values has been calculated for
each grain and is shown in Fig. 4b as a function of the average plastic slip com-
puted in Freefem++. The average relative error is 4.46% (4.28% when restricted
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E
(GPa)

ν fa

(MPa)
fm

(MPa)
ζ/µ
(MPa−1)

τ0
c

(MPa)

210 0.3 101 0 1615.38 100

Table 1: Material and loading parameters

to the critical grains with the highest plastic slips as shown in Fig. 4b) with a
maximum of approximately 13% (7% when restricted to critical grains). A finer
meshing density reduces the average error on critical grains to 3.79%. That er-
ror is partly due to the nonuniformity of the plastic slip within each grain, the
elastic interaction between plastifying grains and the irregularity of the grain
geometries, all of which are not taken into account in the simplified method.

IsoValue
-2.52648e-06
1.26324e-06
3.78972e-06
6.3162e-06
8.84268e-06
1.13692e-05
1.38956e-05
1.64221e-05
1.89486e-05
2.14751e-05
2.40016e-05
2.6528e-05
2.90545e-05
3.1581e-05
3.41075e-05
3.6634e-05
3.91604e-05
4.16869e-05
4.42134e-05
5.05296e-05

(a) FE results for the plastic slip field
in the polycrystal

0 0.5 1 1.5 2 2.5 3 3.5 4
.

p
#10-5

0

2

4

6

8

10

12

14

E
rr

or
 in

 %

Critical grains

(b) Model error as a function of the
plastic slip (FE value)

Fig. 3: Validation of the mesoscopic model.

6 Direct approach for cyclic loadings

The simplified method presented in Sect. 4 allows one to estimate the step-by-
step evolution of plastic slips for a given loading history. In this Section, we
consider a cyclic loading and are interested in the asymptotic state reached by
the polycrystal as the number of cycles grows to infinity. As detailed in the
following, we show that asymptotic values of the plastic slips (and cumulated
plastic slips) in each grain can be obtained directly, i.e without carrying out
step-by-step calculations. Since there is no coupling between grains in (28), we
first note that critical grains can studied independently from one another. Hence,
from now on we simplify the notations by dropping the superscript j in (28) and
consider a single critical grain. The active slip system is denoted by (n, t). We
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have

γ =


γ0 if |β − α̃γ0| ≤ τ0c
β − τ0c
α̃

if β − α̃γ0 > τ0c

β + τ0c
α̃

if β − α̃γ0 < τ0c

(30)

where
α = τ : C : (I − S) : τ , β = σ̄ : τ + ξγ0, (31)

and

τ =
1

2
(t⊗ n+ n⊗ t), α̃ = α+ ξ + ξX .

We consider a cyclic loading of the form (8) where f(t) alternates between a
minimum value fmin and a maximum value fmax. To fix ideas, we assume that
f(0) = f(T ) = fmin and f(T/2) = fmax where T is the period of the loading.
The function f is monotonically increasing (resp. decreasing) on the time interval
[0, T/2] (resp. [T/2, T ]) and the plastic slip γ is expected to have a similar be-
havior. This motivates calculating the evolution of γ by solving the incremental
problem (28) on each of the half-cycles [nT, nT +T/2] and [nT +T/2, (n+1)T ].
We denote by γn (resp. γn+ 1

2
) the value of γ at time nT (resp nT + T/2). Sim-

ilarly we denote by τc,n (resp. τc,n+ 1
2
) the value of the updated critical shear

stress τc at time nT (resp nT + T/2). We obtain

γn+ 1
2
=

γn if |βn+ 1
2
− α̃γn| ≤ τc,n

βn+ 1
2
− τc,n

α̃
if βn+ 1

2
− α̃γn > τc,n

(32)

where βn+ 1
2
= fmaxσ

0 : τ + ξγn, and

γn+1 =

γn+ 1
2

if |βn+1 − α̃γn+ 1
2
| ≤ τc,n+ 1

2

βn+1 + τc,n+ 1
2

α̃
if βn+1 − α̃γn+ 1

2
< τc,n+ 1

2

(33)

where βn+1 = fminσ
0 : τ + ξγn+ 1

2
. Formulas (32) and (33) give a recurrence

relation for calculating the sequence of plastic slips γ1, γ2, · · · . Let us consider
the case where shakedown occurs, i.e. the plastic slip converge towards a time-
independent value γ∞ as time tends to infinity. Taking the limit n → ∞ in
(32)-(33) and assuming plastic flow on each half-cycle, we obtain the relations

γ∞ =
fmaxσ

0 : τ + ξγ∞ − τc,∞
α̃

γ∞ =
fminσ

0 : τ + ξγ∞ + τc,∞
α̃

(34)

where τc,∞ = τc + ξη∞ and η∞ =

∞∑
n=0

(|γn+1 − γn+ 1
2
| + |γn+ 1

2
− γn|) is the

asymptotic value of the cumulated plastic slip. It follows that

γ∞ = σ0 : τ
fmax + fmin

2(α+ ξX)
, τc,∞ = σ0 : τ

fmax − fmin

2
(35)
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from which we obtain the value of η∞ as

η∞ =
1

ξ
(
fmax − fmin

2
σ0 : τ − τc). (36)

The obtained expressions for γ∞ and η∞ can be rewritten in a more compact
fashion as

γ∞ =
σm
nt

α+ ξX
, η∞ =

σa
nt − τc
ξ

(37)

where

σm
nt =

fmax + fmin

2
σ0 : τ , σa

nt =
fmax − fmin

2
σ0 : τ (38)

are respectively the mean value and the amplitude of the resolved macroscopic
stress f(t)σ0 : τ . Formula (37) shows that there is a simple relation between
the loading parameters and the plastic state variables in the shakedown state.
However, there are some restrictions on the loading parameters for that formula
to apply. We have indeed

|γ∞| = |
∞∑

n=0

(γn+1−γn+ 1
2
)+(γn+ 1

2
−γn)| ≤

∞∑
n=0

|γn+1−γn+ 1
2
|+|γn+ 1

2
−γn| = η∞

which implies that (37) holds only if

|σm
nt|

α+ ξX
≤ σa

nt − τc
ξ

. (39)

When the loading parameters (σm
nt, σ

a
nt) do not satisfy that condition, shakedown

is found to occur after a finite number of cycles. There is no direct formula for
estimating the shakedown state in that case.

Expressions (37) for the asymptotic state are verified through a comparison
with a step-by-step simulation of a 100-grain randomly generated tessellation
submitted to a cyclic shear. In Fig. 4a is shown the plastic slip γNc as a function
of Nc, as calculated from (30). The cumulated slip ηNc is shown in Fig. 4b. Those
values correspond to the grain that plastifies first in the tessellation. The material
and loading parameters used are reported in Table 2. The values γ∞ and η∞
given by (37) are shown as red lines in Fig. 4. As expected, (γNc, ηNc) converge
towards γ∞ and η∞ asNc → ∞. ForNc > 1.1 106, the relative difference between
γNc and γ∞ is smaller than 1% .

E
(GPa)

ν fa

(MPa)
fm

(MPa)
ζ
(MPa−1)

τ0
c

(MPa)

210 0.3 101 50 5.10−2 90

Table 2: Material and loading parameters

Formulas (37) gives a direct approach for estimating the asymptotic state in
each grain of the polycrystal. This is valuable for fatigue analysis and proba-
bilistic studies, as illustrated in the next Sections.
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Fig. 4: Asymptotic state in a critical grain.

7 Mesoscopic fatigue criterion

Experimental observations show that fatigue cracks usually appear in persistent
slip bands inside critical grains. Motivated by such observations, we consider
that a fatigue crack may initiate in a given critical grain if X ≥ b where

X = sup
t
σnt(t) + aσnn(t) (40)

and (a, b) are (positive) material parameters. In (40), σnt(t) and σnn(t) are
defined as

σnt(t) = n · σ(t) · t, σnn(t) = n · σ(t) · n

where n is the normal to the active slip plane, t is the direction of the slip and
σ(t) is the local stress in the shakedown state. Correspondingly, fatigue life is
infinite if

X ≤ b. (41)

A condition similar to (41) is considered in Dang Van’s fatigue criterion [4] and is
also related to damage indicators proposed by [13]. In the original construction
of Dang Van’s fatigue criterion, the purely elastic stress in critical grains is
approximated using Lin-Taylor’s approximation and the stabilized plastic strain
is estimated using a heuristic ansatz. The approach presented allows one to
improve on those assumptions. In more detail, when shakedown is reached in a
critical grain, the local stress takes the form

σ(t) = σ̄(t)− γ∞C : (I − S) : τ .

Recalling that C is isotropic (with Lame coefficients (λ, µ)) and noting that
n · t = 0, we have

σnt(t) = f(t)σ0
nt − γ∞α, σnn(t) = f(t)σ0

nn − γ∞α
′ (42)
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where α is defined as in (31) and

−α′ = λ tr(S : τ ) + 2µn⊗ n : S : τ . (43)

In (42), we have set σ0
nt = n · σ0 · t and σ0

nn = n · σ0 · n. Using expression (37)
for γ∞ yields

σnt(t) + aσnn(t) = f(t)(σ0
nt + aσ0

nn)− (α+ aα′)
σm
nt

α+ ξX
.

The value of f(t) reaching the maximum of the expression above is either fmax

or fmin, depending on the sign of σ0
nt + aσ0

nn. Setting

σm
nn =

fmax + fmin

2
σ0
nn, σ

a
nn =

fmax − fmin

2
σ0
nn, (44)

we arrive at X = sup{X+, X−} where

X± = σm
nt + aσm

nn ± (σa
nt + aσa

nn)− (α+ aα′)
σm
nt

α+ ξX
. (45)

In the case ξX = 0 (which we consider in the following), the expression above
simplifies as

X± = aσm
nn ± (σa

nt + aσa
nn)− a

α′

α
σm
nt. (46)

7.1 Influence of the grain shape

The quantity X = sup{X+, X−} drives the fatigue life of critical grains. For
a given loading, X depends on the shape of critical grains through the ratio
α′/α where α and α′ are defined in (31) and (43) respectively. That ratio can
be interpreted as a geometric amplification factor of the mean resolved shear
stress σm

nt. Evaluating α
′/α requires evaluating the tensor S introduced in (20),

which can only be done numerically in general. A notable exception is the case
of ellipsoidal grains, for which S coincides with the Eshelby tensor. Let r ≤ 1 be
the aspect ratio of the ellipsoidal grain and let x be the angle between the long
axis of the grain and the direction n of the slip plane. Some calculations based
on the expression of the Eshelby tensor leads to

−α′

α
=

2(1− r)(1 + r + (1− r) cos 2x) sin 2x

(1 + r)2 − (1− r)2 cos 4x
. (47)

Interestingly, the ratio −α′/α is found to be independent of the elastic moduli.
It is plotted in Fig. 5(left) as a function of the angle x, for several values of the
aspect ratio r. In the limit case r = 1 (circular inclusion), α′/α is equal to 0. In
the limit case r = 0 (flat grains), we obtain −α′/α = cotanx which may take
any value in R depending on the angle x. We have in particular −α′/α = +∞
when x = 0, i.e. when the normal to slip plane is parallel to the (flat) grain.
More generally, for a given aspect ratio r, it can easily be seen that −α′/α is
π−periodic and covers an interval of the form [−M(r),M(r)] as x varies between
0 and π. The function M(r) is plotted in Fig. 5(right) and can be interpreted as
a maximum amplification factor of σm

nt in the fatigue life indicator X.
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Fig. 5: Geometric amplification factor capturing the influence of the grain shape
(orientation x, aspect ratio r) on the fatigue indicator.

7.2 Influence of the crystalline orientation

For a given aspect ratio r, we consider the worst situation where the angle x
gives the largest value of |α′/α| in which case

X± = aσm
nn ± (σa

nt + aσa
nn) + aM(r)|σm

nt|.

Let (u1,u2) be eigenvectors of σ0, so that σ0 = λ1u1 ⊗ u1 + λ2u2 ⊗ u2 with
λ1 ≤ λ2. The orientation θ of the active slip system depends on the crystalline
orientation and can be parameterized by the angle θ such that n = cos θu1 +
sin θu2 and t = − sin θu1 + cos θu2. We have

X+ = a(fm + fa)(λ2 + (λ1 − λ2)(cos θ)
2) + fa(λ2 − λ1) sin θ cos θ

+aM(r)|fm|(λ2 − λ1)| sin θ cos θ|
(48)

where

fm =
fmax + fmin

2
, fa =

fmax − fmin

2
.

The most critical value of X+ is obtained by maximization with respect to θ.
That maximization can be performed in closed form (details omitted) yielding

sup
θ
X+ = a(fm+fa)

λ1 + λ2
2

+
1

2
(λ2−λ1)

√
(fa + aM(r)|fm|)2 + a2(fm + fa)2.

A similar calculation gives

sup
θ
X− = a(fm−fa)λ1 + λ2

2
+
1

2
(λ2−λ1)

√
(fa + aM(r)|fm|)2 + a2(fm − fa)2.

Hence, if

a(fm±fa)λ1 + λ2
2

+
1

2
(λ2−λ1)

√
(fa + aM(r)|fm|)2 + a2(fm ± fa)2 ≤ b (49)
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then a critical grain of aspect ratio r satisfies the infinite lifetime condition,
whatever its geometric or crystalline orientation. Now consider a polycrystal
made of ellipsoidal grains with varying aspect ratios in a given interval [r0, r1].
Observing that the left-hand side of (49) is increasing with M(r) and noting
from Fig. 5(right) that M is decreasing with r, we obtain that the condition

a(fm±fa)λ1 + λ2
2

+
1

2
(λ2−λ1)

√
(fa + aM(r0)|fm|)2 + a2(fm ± fa)2 ≤ b (50)

ensures that all critical grains satisfy the infinite lifetime condition, whatever
their orientation (both geometric and crystalline) and whatever the exact value of
their aspect ratios. Condition (50) can thus be interpreted as an infinite lifetime
condition for the polycrystal. It is expected to be representative of polycrystals
that contains many grains covering almost all possible orientations. In that case,
there is indeed a high probability that there exists a critical grain close to the
worst orientation, thus achieving the value maxX in (50). For a RVE with few
grains or a with special texture, condition (50) is expected to be conservative.
More details on such issues are provided in Sect. 8.

In condition (50), the only parameters related to the shape of the grains is
the scalarM(r0). The most favorable situation corresponds to circular inclusions
(r0 = 1), in which case M(r0) = 0 and (50) reduces to

a(fm ± fa)
λ1 + λ2

2
+

1

2
(λ2 − λ1)

√
(fa)2 + a2(fm ± fa)2 ≤ b. (51)

Eq. (51) is expressed only in terms of macroscopic loading parameters. It can
be interpreted as an upscaled version of the local expression (41) used in indi-
vidual grains. It is interesting to compare (50) with 2D versions of widely used
macroscopic fatigue criteria such as Crossland’s, Sines’ or Dang Van’s criterion.
For the loading considered, the infinite lifetime condition obtained from a 2D
version of Dang Van’s criterion takes the form

a(fm ± fa)
λ1 + λ2

2
+

1

2
(λ2 − λ1)f

a ≤ b. (52)

There is a close resemblance between (52) and (50), especially in the case of
circular grains. In particular, the term in λ1+λ2

2 is the same. Condition (51) can
be observed to be more conservative than (52) because the multiplying factor
of λ2−λ1

2 is larger. The infinite lifetime condition obtained from Crossland’s and
Sines’ criteria in 2D read respectively as

a(fm
λ1 + λ2

2
+ fa|λ1 + λ2

2
|) + 1

2
(λ2 − λ1)f

a ≤ b (53)

afm
λ1 + λ2

2
+

1

2
(λ2 − λ1)f

a ≤ b (54)

which differ from (52) by the term in (λ1 + λ2)/2 capturing the influence of the
hydrostatic stress. In Dang Van’s, Crossland’s and Sines’ criterion, the term in
(λ2 − λ1)/2 (capturing the influence of the deviatoric stress) is the same.
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8 Probabilistic aspects

8.1 Survival function for a critical grain of random orientation

The direct expressions (37) for the asymptotic state are well suited to a proba-
bilistic analysis of fatigue. This Section elaborates on this point for the simplest
case of a zero-mean loading (i.e fm = 0) and circular grains. In that case, we
have from (48)

X+ = −X− = afa(λ2 + (λ1 − λ2)(cos θ)
2) + fa(λ2 − λ1) sin θ cos θ (55)

where we recall that θ is the orientation of the active slip system. The angle θ
depends on the crystalline orientation Θ in the critical grain, as shown in Fig. 6
for the case of the 6 slip systems listed in (29). In that case, it can be calculated
that θ = Θ−π/3 if 0 ≤ Θ ≤ π/6 (modulo π/2), θ = Θ if π/6 ≤ Θ ≤ π/3 (modulo
π/2), θ = Θ + π/3 if π/3 ≤ Θ ≤ π/2 (modulo π/2). Setting ψ = arctan(1/a),
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Fig. 6: Angle θ of the active slip system as a function of the crystalline orientation
Θ.

some straightforward manipulations lead to

X+

fa
= a

λ1 + λ2
2

+
√
1 + a2

λ1 − λ2
2

y (56)

where

y = cos(2θ + ψ). (57)
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Provided that π/6 ≤ ψ ≤ π/3 (which corresponds to a in the range [1/
√
3,
√
3]),

it can be verified that y takes values in [−y2,−y1] ∪ [y1, y2] where

y1 = cos(ψ − 2π

3
), y2 = cos(ψ − π

3
).

If now Θ is seen as a random variable with a prescribed probability density, then
relations (56) and (57) allow one to calculate the probability densities of y and
X = max(X+, X−). In the particular case where Θ is uniformly distributed on
[0, 2π], it can be calculated that the variable y has a probability density p given
by

p(y) =


3

2π

1√
1− y2

if |y| ∈ [y1, y2],

0 otherwise.
(58)

The probability density p in (58) is shown in Fig. 7 (red curve). To validate
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Fig. 7: Probability density p of y = cos 2θ + ψ (red curve). The vertical dashed
lines show the support of p. The histogram shows the probability density approx-
imated from a sample of 1000000 randomly generated crystalline orientations.

expression (58), the values of y corresponding to 1000000 randomly generated
crystalline orientations have been calculated. The results, shown as a normalized
histogram in Fig. 7, are in good agreement with (58).

The probability density of X can be obtained from (58) and relation (55).
Of particular interest is the survival function for X, defined as the probability
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that X ≤ b when fa is prescribed. That quantity is denoted by S(fa) in the
following. It can be interpreted as the probability of infinite lifetime for a critical
grain of random orientation when submitted to a loading amplitude fa. Eq. (56)
shows that the condition X ≤ b is equivalent to

1

B
(A− b

fa
) ≤ y ≤ 1

B
(A+

b

fa
)

where

A = a
λ1 + λ2

2
, B =

√
1 + a2

λ2 − λ1
2

. (59)

It follows that

S(fa) =

∫ A+b/fa

B

A−b/fa

B

p(y)dy. (60)

Using expression (58) for p, there is no substantial difficulty in evaluating the
integral in (60). The result depends on the loading mode σ0 in (8) through
the parameters (A,B) in (59). Both those parameters depend indeed on the
eigenvalues (λ1, λ2) of σ0. Let us consider the case of pure shear, i.e. σ0 =
(u1 ⊗u2 +u2 ⊗u1)/2. In that case we have A = 0, B =

√
1 + a2 and we obtain

S(fa) =



0 if fa ≥ b

y1
√
1 + a2

1

2
+

3

π
(arcsin(

b

fa
√
1 + a2

)− ψ) if
b

y2
√
1 + a2

≤ fa ≤ b

y1
√
1 + a2

1 if fa ≤ b

y2
√
1 + a2

(61)
The survival function given by (61) is plotted in Fig. 8 for the case a = 0.7. For
any given k in [0, 1], we denote by fak the maximum loading amplitude fa such
that S(fa) = k. It can be verified from (61) that the median survival loading
fa50% (i.e. the loading fa corresponding to a survival probability of 50%) is equal
to b. The value fa100% (corresponding to a guaranteed infinite lifetime) is equal

to b/y2
√
1 + a2, with y2 ≃ 0.996 for the case a = 0.7 depicted in Fig. 8. It is

interesting to compare that value with the maximum value fameso corresponding
to an infinite lifetime according to the mesoscopic fatigue criterion (50). For the
loading under consideration, we obtain from (50) that fameso = b/

√
1 + a2 which

is slightly smaller that fa100%. The reason is that Eq. (50) was derived by allowing
the orientation θ of the active slip system to take any value in [0, 2π], which is
actually not the case as shown in Fig. 6. However, the relative difference between
fa100% and fameso is really small in the case a = 0.7 (this can be verified to remain
true for any value of a in [0, 1]).

8.2 Survival function for a RVE with M critical grains

Consider now a RVE containing M critical grains and submitted to a given
macroscopic loading (fm, fa,σ0). The RVE survives (i.e. has an infinite time) is
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Fig. 8: Survival function for a critical grain of random orientation. Case fm = 0,
σ0 = (u1 ⊗ u2 + u2 ⊗ u1)/2, a = 0.7.

all its critical grains do. If the crystalline orientations in the critical grains are
statically independent variables, the survival function Smeso of the RVE is

Smeso = SM (62)

In (62) it is assumed implicitly that all the critical grains have the same survival
function S, which is notably the case if fm = 0 and the grains are circular. For
a shear loading with zero-mean value (σ0 = (u1 ⊗u2 +u2 ⊗u1)/2, f

m = 0), it
follows from (61) and (62) that the loading amplitude fa50% corresponding to a
50% probability of survical for the RVE is

b√
1 + a2

1

sin(ψ + π
6 (2

1− 1
M − 1))

. (63)

The value fa50% given by (63) is plotted in Fig. 9 as a function of the number M

of critical grains. It can be verified that fa50% converges towards b/y2
√
1 + a2 ≃

fameso asM → ∞. This means that the mesoscopic criterion (50) is a good fatigue
indicator for RVE with many critical grains. In fact, 20 critical grains is enough
for the relative difference between fa50% and fameso to be smaller than 1%. By
contrast, for a RVE with a small number (<10) of critical grains, fa50% may be
significantly larger than fameso. Such a situation may occur for structures with
large stress gradients. In that case, the stress field varies rapidly in space, which
imposes the RVE to be small, consequently reducing the potential number of
critical grains. This in accordance with the experimental observation that fatigue
limits generally increase in the presence of local stress gradients [12, 11].
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Fig. 9: Median loading amplitude fa50% for a RVE with M critical grains. Case
fm = 0, σ0 = (u1 ⊗ u2 + u2 ⊗ u1)/2, a = 0.7.

9 Concluding remarks

In this paper we have presented a simplified method for calculating the elastic-
plastic evolutions of polycrystals submitted to loadings of relatively low am-
plitude. The comparison with full-field FE simulations shows that the method
presented is relatively accurate, at least in situations where plastifying grains
are relatively far away from each other. The main advantage of the proposed
approach lies in its numerically efficiency as it relies on analytical formula. In
the case of cyclic loadings, the proposed approach leads to a direct method for
estimating the asymptotic state. The proposed approach could be extended in
several ways. For instance, more advanced hardening laws could be considered.
The accuracy of the method could also be improved by taking the elastic inter-
action between critical grains into account, which is the topic of ongoing work.
An other important issue is the extension to the 3D setting. In that regard, we
note that the simplified model of Sect. 4 and the analytical formula of Sect. 6 for
the shakedown state can be directly extended to 3D. However, the construction
of the mesoscopic fatigue criterion in Sect. 7 as well as the probabilistic analysis
in Sect. 8 should be revisited and involve more complex calculations.
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