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A micromechanically consistent energy estimate for
polycrystalline shape-memory alloys.
[ - General formulation.

Michaél Peigney
Lab Navier, Univ Gustave Eiffel, ENPC, CNRS, F-77447 Marne la Vallée, France

Abstract

We present an estimate for the effective energy of polycrystalline shape memory alloys
that takes both intra-grain compatibility conditions and inter-grain constraints into
account. That estimate is constructed using ideas and results from homogenization
theory and from the translation method. The proposed estimate depends on the
texture through 2-point statistics and is proved to satisfy known rigorous bounds
that depend on the same microstructural information. Several examples are provided
to give some insight on the proposed estimate and illustrate how it behaves relative
to the bounds. The presented examples range from strain-driven uniaxial tension in
the superelastic regime (high temperature) to the estimation of recoverable strains
in the shape memory regime (low temperature).

Keywords: Shape Memory Alloys, Polycrystals, Micromechanics, Relaxation,
Martensitic phase transformation

1. Introduction

The peculiar properties of Shape Memory Alloys (SMAs) result from a temperature-
induced or stress-induced solid/solid phase transformation between austenite and
martensite. Martensite has a crystallographic structure with less symmetry than the
austenite, which implies that several martensitic variants need to be distinguished
depending on the orientation of the martensitic lattice with respect to the austenitic
lattice. Applying a mechanical or thermal loading gives rise to the spontaneous
formation of austenite-martensite microstructures at a very fine scale. In a poly-
crystalline SMAs, three length scales typically coexist: the microscopic scale of the
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martensitic microstructures, the mesoscopic scale of the individual grains (usually
much larger than the microscopic scale) and the macroscopic scale of a representative
volume element of the polycrystal, consisting in numerous grains. The modeling of
martensitic phase transformation has received a lot of attention and can be achieved
using phenomenological and/or micromechanical considerations (see e.g. |Cisse et al.
(2016) for a review of constitutive models and modeling techniques). A possible
approach, pioneered by Kohn (1991)); Ball and James (1992)), is to resort to elastic
energy minimization across the scales. The guiding idea is to start from given consti-
tutive relations at the microscopic level and to use upscaling strategies for obtaining
the macroscopic energy. More specifically, each individual phase is modeled as a
linear elastic material, resulting in a microscopic energy that is piecewise quadratic
(and non convex). The mesoscopic energy of a single crystal is obtained by opti-
mizing the arrangements of the phases in space so as to minimize the total energy.
This so-called relazation problem is difficult and exact solutions are known only in
few special cases. Considering the macroscopic scale of a polycrystal adds a level
of complexity as the interaction between the grains need to be taken into account.
Viewing group of grains having the same orientation as homogeneous materials gov-
erned by mesoscopic energies, a polycrystalline SMAs can be seen as a composite
material and its macroscopic (or effective) energy is obtained by homogenization.
The exact expression of the effective energy remains elusive but rigorous bounds
can be obtained. Making the assumption of constant strain or constant stress leads
to convex bounds of the Taylor- and Sachs-type. That approach has notably been
used by [Hackl et al.| (2008) for bounding the effective energy and by Bhattacharya,
and Kohn| (1997)) for the related problem of estimating the recoverable strains. We
note that in general neither the effective energy nor the set of recoverable strains
is convex. Several bounds which account for the possible nonconvexity of the effec-
tive energy — improving on the convex bounds in the process — have been proposed
(Smyshlyaev and Willis, |1998; |Hackl and Heinen) 2008; [Peigney} 2009)). Drawing
ideas from the derivation of bounds, we present in this paper a nonconvex estimate
for the effective energy of SMA polycrystals. The proposed estimate depends on the
same information as the nonconvex bounds but has a simpler mathematical struc-
ture and is therefore easier to use. As will be discussed, that estimate avoids some
shortcomings of available bounds and is tentatively closer to the true energy. The
proposed estimate relies crucially on the lower bound formerly obtained in [Peigney
(2009) for the relaxed energy of single crystals. That lower bound is presented in
Sect. [2| and illustrated on the two- and three-phase problems. Exact expressions of
the relaxed energy are available in those cases (Pipkin, 1991; Kohn, [1991; Smyshlyaev
and Willis, |1999) and recovered from the presented lower bound. In particular, use



of the proposed lower bound shows that (under mild conditions) the solution of the
2-phase problem actually admits a very simple expression, which does not seem to
have been observed before. For the 3-phase problem corresponding to the tetragonal
to orthorhombic transformation, we obtain similarly an explicit expression for the
lower bound which coincides with the exact expression of Smyshlyaev and Willis
(1999). Building on the presented lower bound for single crystals and drawing ideas
from the construction of nonconvex bounds for polycrystals, a general estimate for
the effective energy of polycrystalline SMAs is constructed in Sect. [3] The obtained
estimate depends on the polycrystalline texture through the 2-point statistics. The
validity of such an estimate can be assessed by comparison with rigorous bounds
that depend on the same microstructural information. In that regard, we give a gen-
eral proof that the proposed estimate satisfies the upper bound of Hackl and Heinen
(2008) and the lower bound of |Peigney| (2009) on the effective energy. In Sects.
to Sect. [7| we consider several examples of increasing complexity corresponding to
2, 3, 7 and 13 phases per grain. Those example provide some insight on the pro-
posed estimate and illustrate how it behaves compared to the bounds. In Sects. [
and we first consider relatively simple examples for which all (or most of) the
calculations can be performed in closed form. In Sect. [6] and [7] we consider more
complex examples related to the cubic to orthorhombic transformation and the cubic
to monoclinic transformation. Concluding remarks follow in Sect. [§]

2. Relaxed energy of a single crystal

The microscopic energy in a single crystal is defined in terms of the energies of
the individual phases. Adopting the geometrically linear setting, the free energy of
the austenite is

1
\1’0(6) :§€Z]Loi€

where € is the linearized strain and Ly > 0 is the symmetric fourth-order elasticity
tensor. Here and in the following, the notation IL > 0 is used to indicate that a
fourth-order tensor LL is positive definite, i.e. satisfies w : L : w > 0 for all symmetric
second-order tensors w. For a given second-order tensor a, we will use the similar
notation a > 0 to indicate that w - a - u > 0 for all vectors u. The free energy of
martensitic variant r (r = 1,--- ,n) is
1

\PZ‘(FJ):E(EI—TZ‘)ZLiI(é'—Ti)—f-wi (1)
where 7; is the transformation strain and IL; > 0 is the fourth-order elasticity tensor
of the variant. The number n of variants and the values of the transformation strains



T; are obtained from the crystallographic structure of the alloy (see Bhattacharya
(2003) for details and examples). In (1)), w; is the minimum energy of martensite. A

common expression for w; is
T —1T,
— 2)
0

where )\ is the latent heat, T is the temperature and Tj is the transformation
temperature. It is convenient to set 79 = 0 and wy = 0 so that expression (/1
remains valid for 7 = 0.

In the energy minimization approach of martensitic phase transformation (Kohnl
1991} Ball and James, |1992), the microscopic free energy is taken as

wi:/\o

U(e) = min ¥;(e) (3)

0<i<n

and the mesoscopic free energy is the relazation of ¥, defined as

€)= in L T
Que = _ipi_ o [ wie)d (@)

where

(Vu + VTu)

K(e) = {E\Elu(a:) such that e = in Qu(x)=¢€-xon 89} . (H)

The superscript 7 in denotes the transpose operator. The result of does not
depend on the domain Q (Dacorogna, 2007). In informal terms, Eq. expresses
the idea that the material locally transforms to the phase of minimum energy for a
given microscopic strain €. The resulting energy function ¥ has a multiwell struc-
ture and therefore is not convex. As a consequence, minimizing sequences in (4))
display oscillations at a finer and finer scale, preventing them to converge in the
usual sense. This physically corresponds to the formation of austenite-martensite
microstructures. Some information on those energy minimizing microstructures can
obtained by introducing the relaxation at fixed martensitic volume fractions @, de-
fined by
1 n

QU(e.0) =l W /Q;X*‘””’(E) e ©)
for any @ € 7, = {(6,---,6,) € R? : > 6, < 1}. For any given 6 € T,, the
volume fraction of the austenite is denoted by 0y and given by 6y =1—>""  6;. The



first infimum in @ is taken over characteristic functions xq, - - - , x» compatible with
volume fractions 6. Such functions satisfy

xi(x) €{0,1}; 1= ;Xi(%‘); 0; = ﬁ/ﬂxl(a}) dx

for i = 0,--- ,n. We have the relation (Kohn, [1991))

QU(e) = inf QU(e,0). (7)

0<T,

Under mild conditions, the finite-dimensional minimization problem in has min-
imizers 6. The latter correspond to the martensitic volume fractions in the mi-
crostructures that are expected to appear for a given mesoscopic strain €. Finding
the expression of the relaxation QW(g, 6) is key to obtain the mesoscopic energy but
this remains a largely unsolved problem in the general case. Some progress can be
made if all the phases have the same elasticity tensor L., which we assume from now
on. In that case, QU(€, 0) is known to have the structure

QU(z.0) = 3 00,(&) + Uy (6) )

where the mixing energy V,,;, does not depend on & (Govindjee et al [2003). The
exact expression of ¥, is generally not available but rigorous bounds can be ob-
tained. In that regard, a useful lower bound on ¥,,;, is the Reuss bound Vg,
(Govindjee et al., 2003), given by

1 — 1 &
‘PReuss(g):_iZeiTi 1L2T@'+529¢9j7'i LTy (9)
i=1

ij=1
Replacing V,,;, with Wpe,ss in leads to a lower bound on Q¥(g,0), denoted by
U (g, 0) and equal to

1 n n n
T (g, 0) = SE- d O L= 0m)+ > wb (10)
=1 =1 =1

The resulting lower bound on QW, obtained by replacing Q¥ (&, ) with U (g, 0) in
@, is the convexification (or convex envelope) of W, i.e. the largest convex function
F verifying F' < W. The convex envelope of ¥, henceforth denoted by ¥¢, gives



the exact expression of the mesoscopic energy QW if all the phases are pairwise
compatible, i.e. for any 0 < 7,5 < n there exists some vectors (a,n) such that

Ti—T;,=a@dn+na. (11)

Relation is known as the Hadamard compatibility condition between strains
7; and 7;. Denoting by Ay < Xy < A3 the ordered eigenvalues of 7; — 7, it is
known that 7; — 7; can be written in the form iff Ay = 0. In common shape
memory alloys, condition (11]) is not satisfied for all pair of phases so that the convex
envelope is not equal to QW¥. A lower bound that improves on in such cases
has been proposed in [Peigney| (2009)) using ideas from the translation method (Lurie
and Cherkaev, [1984; |Murat], |1985; Milton, 2002)). Let €* be the adjugate of €, i.e the
tensors with components

* 2 *
€ = €jj€kk — Ejk » Ejk = Eji€ki — EjkEii-

for any (1, 7, k) permutation of (1,2, 3). For any given symmetric second-order tensor
a, —a : €* is quadratic in € and thus can be written as

1 *

iazK(a):az—a:s (12)

for some symmetric fourth-order tensor K(a). In indicial notation, we have e : K(a) :
€ =D ki Eij Kijuer with

= —a = — gk K kk
K K a; a
5] kks fhiijk }(jkn 5 ijij = Kjiij = —,
K =K — Ak
=K — J
ijik jiik Kijki = Kjipi = ———

for any (i, j, k) permutation of (1,2,3). It is proved in Peigney| (2009) that

QU(g, 0) > V°(,0)+ f(0) (13)
where .
f(6) = su;()z}l Z 0:0;(1; — ;) : M(a) : (1, — T;) (14)
with |
M(a) =L —-L: (L-K(a))™":L (15)
and
C={a>0:L—-K(a)> 0}. (16)



The bound ([13) relies crucially on the fact that the function %6 : K(a) : € is (sym-
metric) quasiconvex (see Boussaid et al. (2019) for recent advances on the character-
ization of symmetric quasiconvex functions). For later reference, we note that Eq.
(13) can be rewritten equivalently as

Uiniz(0) 2 WV geuss(8) + f(0) (17)

showing that Wg..ss + f is a lower bound on ¥,,;,. Observing that 0 € C and
M(0) = 0, we further note that f(@) > 0 for all 8. The term Wgeyuss + f is thus
potentially a tighter lower bound on W¥,,;, than Wg.,s.

A special role is played by the set S of energy-minimizing strains, defined as

S={e:QVY(g) = min(0,w;)}. (18)

Adopting expression for w; (i > 1), the set S at T" < Tj is indeed the set of
stress-free strains that can be recovered by the shape memory effect (Bhattacharyal
and Kohn| 1997). Energy bounds translate as bounds (in the sense of inclusion) on
S. In particular, the convex bound implies that

i=1 i=1

i.e. §is included in the convex hull of 7, -+, 7,. The energy bound gives the
tighter bound S C S with

S+:{i§:9m:9@0;2@:1#(9):0}. (20)

The set ST in does not depend on the elasticity tensor L. It is shown indeed in
Peigney| (2013)) that

St = {ieﬂ'i 10 > O;Zn;ﬁi =1 2”: 0,0,(T; —T;)" < ()}. (21)

1,7=1

Eqgs. , and hold for T" < T,. Corresponding expressions for 7' = Tj are
obtained by starting the sums over indices ¢ and j from 0 instead of 1.

Emphasis has been put on lower bounds on the relaxed energy because they play
a pivotal role in the polycrystalline estimate to be detailed later on. Upper bounds
on the relaxed energy QW and lower bounds on the set S can be constructed using



lamination techniques (Kohn) (1991 |Govindjee et al., [2003, 2007). Let us briefly
elaborate on those techniques for later reference, focusing on bounding the set S
of energy minimizing strains at 7' = Ty. The fundamental argument is that S is
(symmetrized) rank-1 convex, i.e. that fe + (1 —0)e’ € S for any 6 € [0, 1] and any
strains (g,€') € S? that are compatible in the sense of (Kohn) [1991)). Using the
(symmetrized) rank-1 convexity of S and the fact that {rg, -+ ,7,} C S, we can see
that

Ry ={07;+ (1—0)1;:6 € [0,1]; (74, 7;) satisfying (11)}

is a lower bound on §. Repeating the argument in a iterative fashion leads to an
increasing sequence {Ry} of lower bounds, defined by the recurrence relation

Ri1 = {0e+ (1 —0)' : 0 € [0,1]; (e, €') € R} satisfying }

The best lower bound is achieved by taking k are large as allowed by the complexity
of the calculations. The computational complexity of R, increases exponentially
with k so that it is actually difficult to go beyond k = 2. A similar (and even more
accute) difficulty holds for lamination upper bounds on the energy.

In the rest of this Section, we illustrate the lower bound on two examples for
which the exact expression of Q¥ is known from other arguments than those used
in the derivation of . For those two cases, we show that agrees with the
exact expression. Moreover, it turns out that the use of lower bound leads to simple
explicit expressions of VU,,;., as will be detailed.

2.1. The two-well problem

The two-well problem corresponds to n = 1, i.e. to a single variant of martensite
(in addition to the austenite). The left-hand of is a lower bound on Q¥(g,0)
and takes the form

1
QU™ (,0) = VYE,0) + 501(1 —0)m_ (22)
where
m_ = sup 71 : M(a) : 7. (23)
acC

It is known (Kohnl 1991) that the exact expression of QW(g,0) has a structure

similar to (22), i.e.

QU(e,0) — U° (e, 0) + %91(1 — 0)m (24)



where m only depends on 7 and L. Explicit but intricate expressions of m have
been proposed if L is isotropic (Kohn, [1991)). In the following we use to show
that m actually admits a very simple expression if the Poisson’s ratio v is positive
and the ordered eigenvalues A\; < Ay < A3 of 71 satisfy

A1 < =g < As. (25)

It can easily be verified that implies that A\; < 0 < A3 and we can assume
(without loss of generalityE[) that Ay < 0. Since the Poisson’s ratio can not exceed
1/2, the most severe restriction that can arise from is

1
A1 < —5)\2 < As. (26)

Conditions are found to hold for common of shape-memory alloys. As an ex-

ample, for NiTiCu (Appendix Al) we have (A1, A2, A3) = (—0.0633, —0.0300, 0.0987)
so that is satisfied.

The point of condition (25)) is to allow the maximization problem in to be
solved in closed form. Let us first explain how a good candidate for the optimal value
of a can be guessed. Consider a second-order tensor ay > 0 such that ||ao|| = 1.
We have tay € C for any t positive small enough and Eq. shows that M(a) =
—tK(ap) at the first order in ¢. Using we obtain

71 :M(a): 71 =2tag : 7]
at the first order in ¢. Let (w1, u2, us) be eigenvectors of 74, so that 71 = ) . \ju; ®u;
and 77 = ). puu; ® u,; with
1 =XA3 <0, po=MA3 <0, puz=AA>0. (27)

Writing ag as ag = Y, a;v; ® v; where {¢o;} € R} and {v;} are the eigenvalues and
eigenvectors of ag, we obtain

3
ok E 2
Qg : T = ai,uj('u,z- . ’Uj) .
3,7=1

In view of , the maximum value taken by Z? o1 Qift (- v;)? over tensors ag
verifying ag = 0 and |lag| = 1 can easily be seenf| to be reached for vy = us,

Yi.e. possibly replacing 71 par —71. The value m_ in is indeed invariant by the substitution

71— —T1. Moreover, if 71 satisfies conditions , so does —T1.

2We have the inequalities a1 < 0, ajpe < 0, azuz > 0 and the relation ||ag|| = 1 implies that
a; <1 (1=1,2,3). Tt follows that Z?,j:l aipi(w; - v7)? < g > a(u; - v3)? < pg with equality if
043:1, alzagzoandvgzug.



a; = ay = 0, ag = 1. This shows that uz ® us is the best search direction for
maximizing 7; : M(a) : 71 with respect to a. Let us now proceed to maximize
71 : M(a) : 71 over tensors a € C of the form Faus ® us where E is the Young’s
modulus. Noting that the largest eigenvalue of K(a) in (12 is E||a| and that the
smallest eigenvalue of L is E/(1 + v), we have Faus ® uz € C for 0 < a < 1/(1+v).
Now consider the (3-dimensional) space D of second-order tensors which are diagonal
in the basis (u1, u2, u3). For a = Eausz ® us, both L and K(a) can be observed to
map D to itself. Thus the calculation of 71 : M(a) : 71 only involves the restrictions
of L and K(a) on D, which are given by the matrix representations (in the basis
{u; ® u;}1<i<3 of D)

E 1—v 1% 1% 0O —a O
L:ﬁ v 1—-v v , Kl@)y=E| —a 0 0
VT v v 1—v 0 0 0

A straightforward calculation shows that restriction of M(a) on D is defined by the

matrix
—a 1l—va 0

M(a) = Ea l—-v —a 0
(1 —va)?—a?
0 0 0
so that
Ea 9 9
T1 . M(a) LT = (1 — ]/a,)2 _ 0,2 (2)\1)\2 — CL()\I -+ 2V>\1)\2 + )\2)) . (28)

Differentiating with respect to a shows that has a stationary point at

A2 1

== —. 2
¢ >\1+uA2€[O’1+u] (29)
The corresponding value of 71 : M(a) : 71 is EA3. Hence we can state that
m_ > B2, (30)

Although it is not obvious at first sight, comparing with the expressions of Kohn
(1991) shows that actually holds as an equality. Eq. (4.11) in Kohn! (1991)
gives indeed

M+EN+N X

1+v 2(1+v) (31)

10



where X is obtained by taking the maximum among several branches. Under Con-

dition (25)), Eqs (4.16) and (4.17) in [Kohn| (1991)) show that X > X_ with

(X + X+ 22X + v+ 20) = (= X)) (32)

T 1w
For X = X_, the right-hand of is found to be equal to FAZ, hence m > E3.
Comparing with and noting that m_ < m, we can conclude that

m_ =m = E)\] (33)

and that
A2

E—"%2
A1+ VA s 21y

reaches the maximum in (23)). Expression (33 will be used later in the paper and
will also play an important role in the companion paper devoted to localization in
polycrystals.

Remark: As detailed by Kohn| (1991), the double-well structure of the relaxed
energy gives rise to different transition temperatures while heating (7,") and cooling
(Ty ). It can be calculated from that the thermal hysteresis AT = T,F — T}, is
equal to m/\g where )¢ is the latent heat parameter in . Assuming conditions
to be satisfied, Eq. shows that AT is driven by the middle eigenvalue Ay
of the transformation strain. In particular, AT vanishes when Ay = 0 i.e. when
austenite and martensite are compatible in the sense of . There is a formal
analogy with the experimental and theoretical results of |Zhang et al.| (2009), who
showed that the thermal hysteresis in various CuAlINi alloys is governed by the middle
eigenvalue of the transformation strain and minimized when austenite and martensite
are compatible.

2.2. Tetragonal to orthorhombic transformation

We consider the three-well problem corresponding to the tetragonal to orthorhom-
bic transformation, for which there are two martensitic variants with transformation
strains

a 0 0 6 0 0
1= 0 8 0], 7= 0 a 0 (34)
0 0 ~ 0 0 v

in an orthonormal basis (u;,us, u3). The martensitic variants can always be num-
bered in such a way that a < 5. YBayCu3Og., is an example of material obeying

11



that transformation (Andersen et al,[1990). As can be seen on ([34)), the two marten-
sitic variants are compatible with each other in the sense of but they are not
compatible with the austenite (unless very special values of the lattice parameters).
It turns out that closed-form expressions of the lower bound f can obtained in some
situations depending on the lattice parameters («, 3,). One such situation, that we
detail in the following, is

7 <0, a<0< fwith |o| < . (35)

Proceeding as for the two-well problem, we first use linearization to guess a good
candidate for the optimal value of @ in (14)). For the transformation strains in ([34),
we have (at the first order in a)

n n 3
1 *
Zeﬁj(n—rj):M(a):(7-2-—7-]»)252@9]-(7-@-—7-3») ra =) i ©u;
=1

1,j=0 4,3=0

with
pi1 = 007(018 + O20) po = Oyy(01c + 028) ps = 0p(1 — bp)aB — 0:16:(cc — B)*. (36)

Let us first consider values of 8 such that af; + (565 < 0. In that case, it can easily be
verified from that pu; <0, e > 0, u3 < 0. This indicates that us ® us is a good
search direction for solving , in a way similar to the two-well problem considered
in Sect. . Choosing a in the form Fauy ® us, the stationarity condition of
with respect to a yields a second degree polynomial equation with roots

v(Xy =X )+ (VX £ VXY
(I1+v)2X, —(1+v)2X_

where Xy = 0y (a0 + 7)? + 0p02(8 + 7)? + 01602(a — B)%. Tt can be verified that
a, > 1/(1+v) > a_ > 0, which shows the tensor a_ = Fa_u; ® us is in C.
Somewhat lengthy manipulations lead to

1 N B (X = X) + (VXD XY
£ 22 00ri =) Wia ) (ri ) = (M R e

a4+ =

i,j=0

(37)
Definition implies that f(@) is larger than or equal to the value in . A
numerical optimization with respect to all tensors in C (not necessarily rank-1 or
diagonal) suggests that a_ indeed reaches the optimum in for afy + B, <0, so

that
f(@):%( ((1+u)w)<_++<\{1_+ )\/C)> if b, + 80, <0. (38

12




Results for afy + 56, < 0 are obtained by swapping 6; and 6, in the previous
developments, i.e.

LB (v(X, - X))+ (VX = X2\
f(B)—§< 049X = (L= 0/ X > if afy + 30, <0 (39)

with X:II: = 9002(0[ + ’7)2 + 9001(5 + ’7)2 + 0192(04 — 5)2

When af; + 0y > 0 and afy + 6, > 0, all the three eigenvalues p; in (36])
are negative so that, at the first order in a, we have >, ;0;0;(7; — 7;) : M(a) :
(ti —7T;) >0 for all @ € C. In that case no direction leading to non negative value
of >, ;0:0;(T; — ;) : M(a) : (7; — 7;) can be found. As will be justified shortly, it
can actually be shown that

f(e) = qjmm(e) - \IjReuss(e) =0if QQQ + 601 2 0 and 0481 + 502 Z 0. (40)

Together Eqs , and define the values taken by the function f on the
whole triangle

75:{<91792) :(91 20a92 20,91+92§ 1} (41)

of admissible values for the martensitic volume fractions (6, 62). In Fig. [1]is shown
the obtained function f in the case a« =y = —0.01, § = 0.02, v = 0.3. As illustrated
in Fig. |1} the volume fractions verifying 61 + 658 > 0 and Oy + 615 > 0 define a
triangle OAB with vertices O = (0,0), A = (=32, B_ia) and B = (%,—ﬁ)
Let us prove that ¥,,,;, — Ugeuss = 0 on that triangle. We first observe that proving
that W,,i.(0) — ¥ pgeuss(0) = 0 amounts to show that €(8) = >, 60;7; is in the set
of energy-minimizing strains S at T' = T,. Proving that €(6) € S can be achieved
using sequential lamination techniques as discussed previously in Sectf2] Since 7
and 79 are compatible in the sense of , we have 0,71 + 0,79 € S for any 8 =
(01,05) € Ty such that 0; + 0y = 1. Taking in particular 8 = A and 8 = B shows
that e(A) = diag(a + (,0,v) and e(B) = diag(0,a + f,7) are in S. Observing
that e(A), e(B) and 7o = 0 are pairwise compatible, we obtain that £(0) € S and
consequently that W,,;.(0) — Vgeuss(0) = 0 for any 0 in the triangle OAB. Since
0 < f < Ve — Yieuss, we also have f = 0 in the triangle OAB, justifying the
statement .

Those arguments show in particular that f gives the exact value of V,,;. — V pewss
on the triangle O AB. Outside of that triangle, f a priori gives only a lower bound
on Vi — W geuss. For the three-well problem, Smyshlyaev and Willis (1999) reduced
the evaluation of V¥,,;, to a finite-dimensional optimization problem. Solving the
optimization problem formulated by Smyshlyaev and Willis (1999)) seems difficult to
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Figure 1: Values taken by f/E for the tetragonal to orthorhombic transformation. Case o = v =
—0.01, 8 =0.02, v = 0.3. The function f vanishes on the triangle 0AB.

perform analytically but is tractable numerically. We have implemented the formula
of Smyshlyaev and Willis (1999) to evaluate V,,;, for various choices of (v, a, 3, 7)
and compare the results with the function f given by the explicit expressions ,
and . Up to the accuracy of the numerical calculations, V,,;, and Vge,ss — f
were found to be equal. This suggests that the explicit expressions , and
give the exact value of W,,;, — not just a lower bound.

Remark: In the analysis presented, the role of condition (35]) is to ensure that
>3 0,0;(t; —7;) : M(a) : (; — T;) has at most one non-negative eigenvalue. In that
case, a simple search direction for a can easily be found and turns out to yield the
optimal value for a. Other conditions than lead to a similar situation. Assuming
without loss of generality that o < 3, it can be verified that if either

7>0,a<0<p<|af (42)

or
af > 0,ay <0 (43)
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then problem ((14)) can be solved in closed-form and the optimal value of a is a rank-1
tensor of the form au; ®u;. Unfortunately, conditions , and do not cover
all possible values of the lattice parameters («, 3,7). If for instance v < 0, a < 0 < 3
but || > /3, then for some values of @ the tensor ) 0,6,(7; — ;) : M(a) : (7; — T;)
has two non-negative eigenvalues and the optimal value of a is a rank-2 tensor of the
form au; @ u; + a'u; ®u; (i # j). The calculations become much more intricate and
do not seem tractable analytically.

3. Effective energy of a polycrystal

We now consider a polycrystal, consisting of multiple grains with distinct orien-
tations. The domain €2 occupied by the polycrystal is divided into N subdomains
Q... QY such that grains in Q" have the same orientation (defined by a rota-
tion R") relative to a reference crystal with microscopic energy W. The microscopic
free energy W' (e) and the mesoscopic free energy QU"(g) in 2" are thus equal to
U(R"eR") and QU(R"&R"), respectively. Set 77 = R"T;R"" and let " be the
rotated elasticity tensor, verifying e : L : € = (R""eR") : L : (R"eR"") for all .
Eq. shows that we can write ¥" as

U"(e) = min U} (e)

0<i<n

where

1

1
Ul(e) = 5(5 —71):L": (e — 7)) + w;.

Eqgs and give

QU (e) = in7f_ QU (e, 0) (44)
with .
QU"(£,0) = 0;Uj(e) + Upin(6). (45)

We note that the function ¥,,,, is the same for all grains, i.e. is independent of the
crystalline orientation. The effective energy ¥ eff of the polycrystal is obtained by
homogenization, i.e.

1 N
Vgl = gl g | o v@ere (46)
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where x" is the characteristic function of Q" (i.e. x"(x) =1if € Q" and x"(x) =0
otherwise). We now derive an estimate for ¥ g (€) in (46). For any 8(x) € Ty, Eq.
implies that QU"(e) < Q¥"(e,O(x)). Considering a piecewise constant field

= X(x)6" (47)

in which @(x) takes a uniform value 6" = (9{, <o, 0r) in Q) we find
U, (e mf / U (e,0")d 48

Using , Eq. becomes

with

= 3 ]' ' T
W(s)—sellr%f M/QTZXT(CL-)%:L e+ :e)dx (50)

andn” = —L":> . 0'el In [@9), ¢, = |927]/]€] is the volume fraction of Q. Solving

7, (2 Z

the infimum problem in amounts to solve the elasticity problem
dive =0, oz ZX’” (x)+n"), ee€k(e).

The expression of W (&) simplifies if L' = --- = L", which notably occurs if L is
isotropic. In that case, the solution of takes the form € = & — 't where I' is a
singular integral operator related to Green’s functions, and we have (Willis, [1981))

= 1* = T . = 1 T . . S
W(€):§€3L3€+zr:cr”7 .6—52;77 A m (51)
where .
A= & / ¥ () (D) () dz. (52)
1 Jao

Using , Eq. can be rewritten as
V) ﬁc( g) < \I/Cﬁ(s o) —1—267« miz(07) + ZCTGTTT

——Zcrcsn L~ ! T] ——Zn ATS'
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with ©@ = (0',---,0") € TN and

1
C (= = T T . . = T T
\11650(5,6) =3 (s— E cqﬂlfrl) L (e— E cr0i7i> + E 0] w;. (54)

The tensors A, in take a simpler form if the texture has ellipsoidal symmetry,
i.e. if the probability of finding orientation r at point & and orientation s at point
&' is a function of ||Z - (&' — x)|| where Z > 0 is a symmetric fourth-order tensor. In
that case, we have (Willis| 1977, 1981)

Ans = (0ps — c5)P (55)

where
1

_ 1 -3
SR PR Gl (56)

In this last expression, H(§) is the fourth-order tensor with components H(&);jp, =
&[L(8));, & and L(€) is the second-order tensor with components L(€);, = Y- . Lijpe€;éq-
Explicit expression of the P tensor are available for some useful cases (Castaneda and
Suquet|, |1997)). Replacing A, with ¢, (d,s — ¢s)P in (53) and taking the infimum over
©® € 7.V, we obtain

V(e )<1£)f V(e —|—Zcr miz(07) + Zcrer L:7!
—5207,77 P:n" —5207,037; (LT =P) it

The choice of a piecewise constant field @(x) is the only assumption preventing
to hold as an equality. A difficulty for progressing any further with lies
in the fact that ¥,,;, is unknown. A possible approach, explored by [Smyshlyaev
and Willis| (1998); Hackl and Heinen| (2008) is to replace W,,;, in with an upper

bound obtained from lamination. This results in an upper bound \Pzﬁ on \Ileﬁc of the

(57)

form

Ul(e)
The function [ considered by Hackl and Heinen| (2008) accounts for energy minimiza-
tion over twin-compatible second-rank laminates (Govindjee et al., |2007). An other
possible approach, that we explore in the following, consists in replacing W¥,,;, with

= inf Uy (e,0) +1(®). (58)
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the lower bound Vg..ss + f in . In that case we get an estimate of \I/eﬁ, given
by

\D'*

eﬂ’(é) = i(rj)f we

off (€:©) + h(O) (59)

n:(L7=P):q (60)

l\DI»—t

h(B) = ¢ f(67)+ Zcm —-P): 7

T

andn =) ¢m". Expression of h can be rewritten in the more compact fashion

Zcrf (0") + ZC” ” 1 —P):h, (61)

by setting

h"=n"—n. (62)
The overall structure of the estimate \IJZ ¥ is similar to that of the upper bound
v ﬁ in || However, the proposed estimate does not rely on any assumption on
the type of austenite-martensite microstructures that develop in each grain. There
are also differences in the computational complexity of the mixing energies [ and h
appearing in and , respectively. The computational complexity of [ grows
rapidly with the number of variants n because [ is defined by a combinatorial op-
timization problem that requires to keep track of all possible twin laminates. By
contrast, the dimensionality of the optimization problem defining f is equal to

6, independently of the number of variants.
The validity of the estimate v i in can be assessed by checking if it satisfies
known bounds on the effective energy \Ileﬁc By construction, W7 7 satisfies the upper

bounds of Smyshlyaev and Willis| (1998)); |Hackl and Heinen| (2008)). The comparison
with lower bounds is not as direct. It is known that the convex function

C (€)= nf U (2, ©) (63)
is a lower bound on W, g (Hackl and Heinen, 2008]). Definition shows that f > 0

and it can be verified that ™' — P >~ 0 (Appendix B|). The function h in (61]) is
thus positive, which ensures that U* ﬁ( g) >V [f(é) for all €. A lower bound that

VS = inf ¥¢
®

potentially improves on \I/gﬁ has been proposed by Peigney| (2009). That bound,
henceforth denoted by \I/;ﬁ, is defined as

V(€)= inf V(e ©) +9(O) (64)
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with

1 -
9(@) = sup 7 > ety — 73 (L—L: (L—K)™ L) : (7] — 73)
(a,]L) 7,8,0,] (65)

+%Zh (L-K+@L-K):P:L-K) :w

where K = K(a) + L and P is the polarization tensor associated to L, defined as
in but replacing I with L. In , the supremum is taken over symmetric
second-order tensors a and symmetric fourth-order tensors L. satisfying

a>0, L>0, L>L+K(a). (66)

The calculation of g is relatively difficult and it is not obvious from the definitions
above that W* .. > W~ ... It can actually be shown that
eff eff
h®) > g(O) (67)

for all ® € TV, which from and 1) ensures that v ﬁ respects the lower bound

\If; . The proof of the inequality 1@) is relatively technical and therefore reported
in not to obscure the presentation. We only mention here that
crucially relies on some properties of the P tensor in relation with tensors (a,L)
satisfying . Those properties are proved as preliminaries in . In

summary we have

Uy SUop <Vl (68)

i.e the proposed estimate satisfies known lower and upper bounds that depend on
the same microstructural information. Inequality (67) plays an essential role in
. In the following, properties and are illustrated on several examples
of increasing complexity. Those examples also provide some insight on the behavior
of the energy estimate \I”; i and its mechanicals implications.

Remark: The obtained energy estimate (59)) only depends on the texture through
the volume fractions of the crystalline orientations and can thus be expressed in terms
of the Orientation Distribution Function (ODF) p of the texture as

* = min ¢
\Ifeﬁ(e) = 0503 T \Ileﬁ(e, 0) + h(0) (69)
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where

n

¢ —15—7_' L:(e—7T (r)w; p(r
Vo (e 8) = 5( (0)) :L:( <0))+/’I°GSO(3) 0i(r)w; p(r)du  (70)

i=1
and
bO) = [ 6
reSO(3)
1 / »
+= 7(r):L: (L7 —=P):L:7(r)p(r)du (71)
% reSO(3)

—57_'(0) L: (L' —P):L:7(0).
The term du in and (71) is the Haar measure (Bunge, [2013)). The strains
7(0) in and 7(r) in (71) are defined as 7(r) = >, 0;(r)r7;7" and 7(0) =
f'l“eSO(?)) 7(7r)p(r)du. Expression |@D is the starting point of the companion paper
devoted to strain localization in SMAs.

4. Analytical example

We first consider a polycrystal with 2 orientations. We assume that only one
martensitic variant (variant 1) is active in orientation 1 and that orientation 2 remains
purely austenitic. The rotation R' defining orientation 1 is equal to the identity. Let
0 be the volume fraction of the active martensitic variant in orientation 1. The energy
estimate specializes as

) 1
\If*eﬁ(s) = 0%%21 5(5 —c1011) : L: (e — c1011) + 10wy + h(0) (72)
where ) .
h(0) = 501«9(1 —0)m_ + 501(1 — )0 (11 L:7 — R) (73)

with k =71 :L:P:L: 7 and m_ defined as in (23)). The function h in being
quadratic in 6, there is no difficulty in solving the minimization problem defining
‘Q[l*eﬁ(e) in . For values of € such that € : L : 7; falls between w; + %m_ and

w+711: LTy —%m_—(l—cl)/ﬂ;, we obtain
1 1 (6:1[4:7'1—&—101)2
v =—-¢e:L:e— = 2 . 74
€ﬁ<€) 2¢ € 2017'1 Lirmp—m_—(1—a¢)k (74)

Expression ([74]) corresponds to the situation where the minimizing volume fraction
0 in is strictly between 0 and 1, i.e. phase transformation in orientation 1 is not
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complete. To simplify the discussion, we assume from now on that 7, is deviatoric
and the texture is isotropic, in which case

m_ Kk 2(bv—4)

— =)\ = |||~ 75

E 2 E 15(V2_1)H 1” ( )
Deviatoric tensors indeed verify condition , so that expression of m_ ap-
plies. Denoting the second-order and the fourth-order identity tensors by I and I
respectively, the P tensor for an isotropic texture is given by (Castaneda and Suquet),

1997)
1 v+1

T BEv—1
from which the expression of k in follows.
For the example at hand, the energy estimate \IP; F coincide with the upper bound

(I®I+2(50 —4)])

\Il;rﬁ in . It is known indeed that the relaxed energy for the two-well problem is
attained by rank-1 laminates (Kohn| 1991). The lower bound takes the form

o PR _
\Ifeﬁ(a) = 0%19121 5(5 —c1011) 1 L: (€ — c10711) + 10wy + g(0) (76)

with

g(0) = sup %clﬁ(l —af)r (L-L:(L-K)™':L): 7
(@l
+3c1(1 =)0 7y L:(L-K+(L-K):P:(L-K)™':L:7.
(77)
The function g in is clearly more difficult to evaluate than the function h. Closed-
form expression can be obtained by restricting the minimization in to isotropic
tensors L and tensors a of the form aus ® us where us is an eigenvector of 7 for
its maximum eigenvalue A3. This special choice of a is motivated by the fact that
it corresponds to the solution of the two-well problem recovered by setting ¢; = 1
in , as discussed in Sect. . To further simplify the calculations, we consider
the case of incompressible elasticity (v = 1/2) and choose accordingly incompressible
tensors L. The corresponding tensors (a, ]I:) are thus parameterized by the 2 scalars
(E,a) where F is the Young’s modulus of L. The restrictions can be verified to
reduce to

. 2 .
0<E<E, 0§a<§(E—E). (78)
Setting )
E a
=g S—SE,



we obtain

g(0) = ?uf)) gclﬁ ((1 —c10) (|71 = p(r,8)) + c1(1 — ¢1)0q(r, s)) (79)
where 3 — Dl + (Il + 33%)
p(r;s) =4 (s +2r —2)(s+6—6r) ’
o(r.s) = 2071(9(1 —7)(2+3r) —3s(4+71) + 7/25%)||T1]]* + 3sAi A2 (25 — 3(4 + 7))

(s =3r—=2)(s+2r—2)(18(1 —7)(2+3r) + 3s(r +4) + s?)

The supremum in is taken over values (r,s) satisfying 0 < r < 1land 0 < s <
2(r — 1). Observe that the function ¢ in is an isotropic function of 7, as it
only depends on 7 through its eigenvalues (A1, A2, A3). Moreover, the function g is
homogeneous of degree 2 in 71, i.e. changing 71 to 7 has the effect of changing ¢(0)
to 22g(). Similar remarks apply to the function h in (73). Due to those invariance
properties, we can assume without loss of generality that ||71||* = 3/2. This allows
one to write the eigenvalues (A1, A2, A3) of the deviatoric tensor 7 as

(A1, A2, A3) = (cos(a + 2%), cos(a + 4%), oS ) (80)
where o € [0,7/6] is the angle introduced by Kachanov| (2004). In the following
we examine the two limiting situations @ = 7/6 and @ = 0. The case a = 7/6
corresponds to Ay = 0, i.e. to the situation where austenite and martensite are
geometrically compatible. By contrast, the case a = 0 corresponds to the situation
where A3 is maximized, i.e the incompatibility between austenite and martensite is
maximized.

4.1. Case o =7/6

The case v = /6 corresponds to (A1, Ay, A3) = (—‘/75,0, */73) Carrying out the
optimization with respect to (r,s) in (79)), the final expression for g is

2
for 0 <
@_ ! 0 (50 ( 0))? of —5—3¢’
E o 5 —61—01
_ > .
503 200 028 0530

where A = /6¢2(1 — 0)0. The functions g in 1} and h in |D are plotted in Fig.
for the case ¢; = 0.6. We can observe that g(0) < h(0) for all , which implies that

(81)
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Figure 2: Functions h and g in the case a = 7/6, ¢; = 0.6.

the estimate of the free energy satisfies the lower bound for all values of
the strain e.

In Fig. (left, red curve) are shown the values taken the estimate W7 ﬁ(s) in
the direction 7, i.e. for € of the form ¢7;. We have set w; = 0 and ¢; = 0.6.
The values taken by the convex bound \Ilg and the lower bound \I/;ﬁ are shown in

green and blue, respectively. In Fig. [3(right, red curve) is shown the volume fraction
0* reaching the minimum in (72)) for € = ¢7;. The minimizing volume fractions
for the optimization problems 1) and defining \Ifgﬁ(t‘rl) and \If;ﬁ(t‘Tl) are
denoted by 6¢ and 6, respectively. They are shown as green and blue curves in
Fig. (right). The convex bound \I/gﬁ is piecewise quadratic and the corresponding

volume fraction #¢ grows with ¢ in a piecewise linear fashion as can be observed in
Fig. . For t > 2¢1/(5 — 3c;), we have 6= < 69 i.. \I/;ﬁ requires a larger strain
than \I/g for reaching the same level of phase transformation. This hardening effect

results from the elastic interaction between grains in orientation 1 and orientation 2

which is captured in \I/;ﬁ (and W7 ﬁ) but not taken into account in \Ifgﬁ. As can be

observed in Fig. (right), the hardening effect in \Ilgﬁ is such that full transformation

into martensite is achieved only in the limit ¢ — +00. We can also observe that the
hardening vanishes (i.e. 6= = 0%) for 0 < t < 2¢;/(5 — 3c;). In that range of values
for ¢, the lower bound \Il;ﬁ surely underestimates the true effective energy W eff 85
the elastic interaction between orientation 1 and 2 is still present and contributes

to increase the energy compared to the convex envelope \I/gﬁ. The proposed energy
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Figure 3: (left) Values of the energy functions for a strain of the form ¢7,. Case o = 7/6, ¢ = 0.6

estimate W7 7 is free from such shortcoming: We have indeed v F ‘i[f(é and

0* < 0° even for low values of ¢, as can be observed in Fig. [3} The behaviors of
\If;ﬁ and v F also differ for high values of ¢: In contrast with the lower bound \I];ﬁ’

the estimate \IF'(‘3 ﬁ allows for full transformation into martensite to be achieved for a
finite value of the strain, see Fig. [3{right).

4.2. Case a =0
The case o = 0 corresponds to (A, A2, A3) = (=%, —3,1). Carrying the optimiza-
tion with respect to (r,s) in (79) gives

) 8
g0 | s—adel orf s 57
- 1
JNY) 212 B o 2 _ —
E ) %00 1412000 -0) 49101 -0’ ~80D(1—cx6) (0 8
40(7 — 4D + (1 — 8¢1)8) 15 =T¢
(82)

with D = (/14cy(1 — 0)0. The function g given by is plotted in Fig. || (blue
curve) for the cases ¢; = 0.25 and ¢; = 0.75. The function h given by is shown
in red. We can observe that ¢ < h in accordance with . As illustrated in Fig.
, the function h is convex in # for low values of ¢; and concave for high values of
c1 E| Whereas h is always monotonically increasing, the function g corresponding to

3it can be calculated that the transition from convexity to concavity occurs at ¢; = 7/12 ~ 0.58
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Figure 4: Functions h and g in the case a = 0 with ¢; = 0.25 (left), ¢; = 0.75 (right).

the lower bound has a up-down-up behavior for ¢; > 15/23 ~ 0.65, as illustrated
in Fig. [| (right). It can further be noted that h and g are equal at § = 1 (their
common value is 3Fc1¢y/10) and coincide at the first order at = 0 (their common
first-order expansion is Ec;0/8). That last property implies that h actually gives
the exact value of V,,;, — VUpgeuss at the first order in 8. We have indeed the general
property g < Ve — Vieuss < [ with h = [ for the example at hand. Consequently
we can state that W, — Ugeuwss = 3Fc1020/10 at the first order in 6. A similar
remark actually applies in the case a = 0, giving V,,.;2 — V¥ rewss = 0 at the first order
in 6.

In Fig. [f|(left) are shown the values taken by the energy functions in the direction
71. The minimizing volume fractions are shown in Fig. (right). The results in Fig.
have been obtained using the values ¢; = 0.75 and w; = 0. Compared to the case
a = 7/6 studied previously, a first observation is that \Ifgﬁ(tﬁ) > 0 for low values

of t. This results from the incompatibility between austenite and martensite: In the
case o = 0, austenite and martensite do not satisfy the Hadamard conditions SO
that the formation of a microstructures entails some elastic energy cost. The impact
of compatibility is also reflected in Fig. [5|right): For 6* to be strictly positive, ¢
needs to be larger than some threshold value t*, equal to 1/8 and independent of
c1. The corresponding energy is the energy barrier that needs to be overcome for
martensite to appear. For large values of ¢, the behavior of §~ and #* is similar to
the case a = /6 depicted in Fig. Whereas 0~ only reaches the value 1 in the
limit ¢ — oo, 6" is equal to 1 as soon as t reaches a finite threshold.

We close the study of this example with some comments on the tangent stifness
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Figure 5: (left) Values of energy functions in the direction 71. Case a =0, ¢; = 0.75.

L* = d2\IJ’; F /de? of the energy estimate v - Expression yields

(L2T1)®(L171)

Ti:L:imi—m_—(1—c))k

L*=L-¢ (83)

It can be verified from that the minimum value taken by n : IL* : m over unit
second-order tensors n is attained for m parallel to 7;. We have

—m_+(1—c)(r1:L:71—n)
Ti:L:mi—m_—(1—-c)k

TliL*ile TliLITl. (84)
For the case & = 7/6 (i.e. when austenite and martensite are compatible), Eq. (84)
gives 71 : L* : 71 > 0 and therefore IL* is positive definite. Now for o = 0, Eq (84
yields

9 — 10v + 502 — 2¢1(7 — 5v)
21+ v)(9 — 10v + 502 + 4¢i (4 — b))

The denominator of the expression above is positive, hence 71 : L* : 7y < 0 for
c1 > (9—10v+5v2)/2(7—5v) (= 0.58 for v = 0.3). It follows that the tangent stiffness
IL* is not positive definite for high values of ¢;. In that case, the energy estimate may
give rise to material instabilities, which are observed indeed in SMAs. The formation
of Liiders-type bands in NiTi specimen under tension is a well documented example
of such instabilities (Shaw and Kyriakides, [1997; Daly et al., [2007; |Churchill et al.|
2009). In the framework of the present estimate, material instability is strongly
conditioned to the austenite-martensite compatibility.

TllL*IlegE
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5. Tetragonal to orthorombic transformation in a polycrystal

We consider the tetragonal to orthorhombic transformation in a polycrystal with
two isotropically distributed orientations. The rotation R' in orientation 1 is set
to identity. As in Sect. 4| we assume that grains in orientation 2 remain purely
austenitic. In that case, the function h in only depends of the martensitic
volume fractions 6 = (6, 6s) in orientation 1 and we have

h = leT,o(a) + 0162(917'1 + 927'2) : (]L —L:P: L) : (91‘7’1 + (927'2) (85)

where fr.(0) corresponds to the solution of the three-well relaxation problem for
the tetragonal to orthorhombic transformation, as studied in Sect. To fix ideas,
we consider the case

1
V= 3 T = ndiag(—1,2,—1), 79 = ndiag(2,—1,—1)

for some 7, so that
6
h = leT—O(0> + SET]QClcg(@% + 9% — 8162). (86)

The term fr(0) in (86) is known explicitly as a special case of the expressions
obtained in Sect. 2.2 The function h is plotted in Fig. [6] for n = 1 along with the
functions g and [ defining the lower and the upper bounds on the effective energy in
and . The function [ can be calculated explicitly from the expressions given
by Hackl and Heinen| (2008) and is given by

{ 2
i (2(91(1 — 01) + 02(1 — 0,) + 20,0,) — 622 — 30,(1 — 0)) (|9% — 1+ %) >

+gclcz(9$ + 03 — 0105).

(87)
The function ¢ is obtained by solving the optimization problem numerically.
Each subfigure in Fig. [6]shows the values taken by the energy functions as a function
of 0, for prescribed values of the austenitic volume fraction 6, and volume fraction
c1 of orientation 1. The subfigures on the left correspond to ¢; = 0.2 and those on
the right correspond to ¢; = 0.8. The value of 6, decreases from 0.9 to 0.3 from
top to bottom. For a given value of ¢, the plots in Fig. [ show that h behaves
as ¢ for high values of 6y and as [ for low values of 6,. For a given value of 6,
h becomes increasingly closer to g as c¢; increases. In the limit ¢; — 1, it can
observed from that h recovers the exact expression fr of the relaxed energy.
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This not the case for the function [ corresponding to the upper bound. We have
for instance 1(0,0) — 6(1 — 20)/4 as ¢; — 1, whereas we know from Sect. that
(Viniz — VY Reuss ) (0, 8) = 0. The reason is that second-rank lamination — as considered
implicitly in the function [ — is not sufficient to achieve the relaxed energy.

In Fig. E](left) are shown the values taken by U? ﬁ(s) (red curve) and \If;ﬁ(s) (blue
curve) in the direction € = ¢(0.671 + 0.473),t > 0. The convex bound \Ifgﬁ is shown
in green. The volume fraction ¢; and the ratio w;/E (i > 1) have been set to 0.2 and
4/45000 respectively. Some insight on the behavior of the energy estimate \Ifz can be

gained by looking at the minimizing volume fractions of martensite, see Fig. [7|right).
Since a strictly positive value of w; has been used, martensite becomes energetically
favorable only when ¢ exceeds a certain transformation threshold ¢;,. For the convex
envelope, that threshold is equal to w;/(2u7; : (0.871 + 0.275)) ~ 0.55. Beyond
that transformation threshold, the minimizing volume fractions 8¢ for the convex
bound only involve variant 1 which is the most favorably oriented with respect to
the applied strain €. By contrast, the minimizing volume fractions 8* = (67, 6;)
corresponding to the energy estimate v involve both variants. In a first stage, 0}

and 03 grow linearly with ¢ until 6] 4 05 reaches the limit value 1, indicating that
austenite is fully transformed into martensite. For larger values of ¢, 67 continues
to grow while 0 decreases, the sum 67 + 05 being equal to 1. This corresponds to
the reorientation of variant 2 into variant 1. The minimizing volume fractions 6~
corresponding to the lower bound ‘Ifgﬁ show a similar behavior, with the difference
that full transformation into martensite is reached sooner. The behavior of 6* for
small values of t above t,; is explained by the fact that austenite and martensite are
not compatible in the example considered. Thus, microstructures mixing austenite
and a single variant of martensite — as predicted by the convex bound — have a high
energy cost f(@). Since the two martensitic variants are compatible in the example
at hand, low values of f(€) can be achieved by mixing the three phases as discussed
in Sect. [2.21 For low values of ¢ above tj;, the minimizing volume fractions 6"
result from a trade off between the microstructural energy f(€) — which favors the
presence of both variants — and the convex term \I'gﬁ(s, @) — which favors variant

1. The situation changes when 6] + 65 reaches the value 1, which occurs for large
values of ¢. In that case, the compatibility of the variants implies that f(@) = 0 for
any value of @ = (0;,65) such that 6; + 65 = 1. Hence the energy term f does not
play a role anymore. For high values of ¢, the value of 8" strikes a balance between
the inter-grain interaction energy and the convex term \I/gﬁ(r-:, 0), in a way similar

to the example considered in Sect. As in Sect. [4.1] 67 reaches the limit value 1
for a finite value of ¢ whereas 67 only reaches 1 in the limit ¢ — +o00. For the case
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Figure 6: Bounds and estimate on the mixing energy for a three-well/two-orientation problem.
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Figure 7: (left) Energy functions in the direction 0.67! +0.472, (right) Minimizing volume fractions.
Case w;/E = 4/45000.

depicted in Fig. m, the energy estimate v 7 is found to be really close to the upper
of
are noticeable. The plots in Fig. |8 correspond to ¢; = 0.8 and w; = wy = 0, i.e. to
a temperature 1" close to the transformation temperature 7.

We close this Section by comparing the stress component 017 = u; - o - u; calcu-
lated from the different energy functions considered (Fig. E[) The stress calculated
from the energy estimate v F is

bound \I/Jerﬁ. In Fig. is shown a situation where differences between v f and ¥

d\If;ﬁ
?<€) =L: (8 — 0191‘7'1 — 016;7'2). (88)

The stress d\I/;ﬁ /de calculated from the lower bound \Il;ﬁ is obtained by replacing
(07,05) with (67,605) in . The stress calculated from the convex bound ‘Ilgﬁ

is obtained similarly by replacing (6%, 603) with (6¢,605). Even though the values of
the energy functions shown in Fig. (left) are close to one another, the calculated
stresses show significant differences as illustrated in Fig. [Jleft). This boils down to
the fact that a small distance between two functions F' and G does not warrant a
small distance between their derivatives F” and G’. In the same spirit, the inequality
F < @ does not imply that I/ < G’ and the stress calculated from the convex
envelope is not a lower bound on the stress calculated from W% as can be seen in

Fig. [0 Similarly, for the case depicted in Fig. [§] there is a large gap between the
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Figure 8: (left) Energy functions in the direction 0.557! + 0.4572, (right) Minimizing volume
fractions. Case w; = 0.

stresses calculated from the energy estimate and the upper bound as shown in Fig.

O(right).

6. Uniaxial tension in v; CuAINi

We now consider an example related to ;CuAINi, for which there are 6 marten-
sitic variants with transformations strains listed in Table [A.2] That example is used
to illustrate the selection of variants operated by the energy estimate. We consider
a polycrystal with 2 orientations defined by

100 R
R'=|010|,R=—7|11 0 |. (89)
001 V219 o V2

The orientations in correspond to the Eucken-Hirsh texture observed in rolled
SMA ribbons (Eucken and Hirschl [1990): the normal s to the ribbon is along the
(001) crystallographic direction of the austenitic cubic lattice and the rolling direction
u; is parallel either to (100) or (110). We consider strain-driven uniaxial tension in
the direction w;. For such a loading, the strain tensor is obtained by solving

Vg (e) (90)

n
E:UL-E- U =€
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Figure 9: Stress for an applied strain ¢(0.67!+0.472) with w; /E = 4/45000 (left) and for an applied
strain #(0.557! + 0.4572) with w;/E = 0 (right) as calculated from several energy functions.

where € is the applied uniaxial strain. In Fig. [L0|left) are shown the curves e
\If*ﬁ(e) and € — \Il_ﬁ(e) where
e e

\I/eﬁ<6) - €:u1%~fu1:6\yeﬁ(€>’ qjeﬁ(E) - E:ul?gzlzeqjeﬁ(s) (91)
The volume fraction c¢; of orientation 1 has been set to 0.6 and the values E = 45
GPa, v = 0.3, wy = 4 MPa, o = 0.0425, 8 = —0.0822, 6 = 0.0194 have been used
(Otsuka and Shimizu, 1974)). The property Ve = \I/;ﬁ implies that Veg = \I/;ﬁ

ie. \I/gﬁ is a lower bound on ﬁ/eﬁ. We can observe in Fig that @Zﬁ satisfies

that lower bound. In Fig. [10[right) are shown the minimizing volume fractions ©
obtained from the energy estimate Wg, i.e. such that \I/*;ﬁ(e) = \I/’;ﬁ(é, ©) where

€ reaches the minimum in . Among the 6 possible variants in each orientation,
the calculations shows that only three variants appear, namely variants 1,24 in
orientation 1 and variants 4,5,6 in orientation 2. The three variants that appear in
orientation 1 are the most favorable with respect to the loading direction as can be
observed from Table [1{showing the values taken by u, TZ -uy. Regarding orientation
2, it is interesting to observe that the second best favorable variant (variant 3) is
not part of the three variants that appear. Let us compare those predictions with
those resulting from the consideration of twin laminates. The 6 martensitic variants
in ] CuAlNi are pairwise compatible and it is known that there exists 24 martensitic
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Table 1: Values of u; - ’r{ -y for variant ¢ in orientation j.

1=1 1 =2 1=3 1=4 1=95 1=206
orientation 1~ 0.0416 0.0415 0.0391 0.0459 —0.0813 —0.0813
orientation 2 —0.0305 —0.0308 0.0234 0.0616 —0.0092 —0.0089

twin laminates that are compatible with the austenite. Those twin laminates are
obtained by solving the equation

det(@‘ri + (1 — 0)7']‘) =0 (92)

with # € [0,1] and i # j. For any (i, 7,6) solving , the effective transformation
strain of the twin laminate is 67;+(1—6)7;. Calculating the effective transformation
strain of all possible twin laminates shows that the most favorably oriented twin
laminates in orientation 1 are (4,1,6) and (4,2,6) with  ~ 0.6926. The values of
wy - (07 + (1 — 0)1,) - uy are the same for both twins. For a mix of those two twins
(in any proportion), the volume fractions of variants 1,2 and 4 therefore satisfy

04 0
= =~ ~ 2.25.
01 + 09 1—-6

The numerical results in Fig. [10|give 01%92 ~ 2.58 which is relatively close to the value

2.25. In orientation 2, the most favorably twin laminates are found to be (4,5, 5)
and (4,6, 0), so that 05?;‘96 ~ 2.25 in any mix of those twin laminates. The numerical
results obtained from the energy estimate W eff give indeed that only variants 4,5,6

appear in orientation 2, but the ratio 95%96 is found to be approximatively equal to

3. The active variants predicted by the energy estimate thus coincide with those
expected from the consideration of twin-compatible laminates, but the proportions
of the variants are not the same. We note that the energy estimate does not assume
any type of microstructure. Twin-compatible second-rank laminates do not always
achieve the minimum energy and more complex microstructures can arise.

7. Recoverable strains and low-temperature states in NiTiCu

Our final example is related to recoverable strains and austenite-free mixtures of
martensite variants. The material we consider is NiTiCu, which obeys a cubic to
monoclinic-I transformation. There are 12 martensitic variants and the correspond-
ing transformations strains 74, , 712 are listed in Table [A.3] [Zhao et al| (1998)
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Figure 10: Uniaxial tension in a ;CuAlINi polycrystal: effective energy (left) and martensitic
volume fractions (right) as functions of the applied unaxial strain e.

measured the texture and the (uniaxial) maxium recoverable strains in rolled NiTiCu
sheets. The experiments of |Zhao et al.| (1998)) show that the texture has mainly 2
orientations in proportions (¢, ¢y) = (0.6,0.4) and defined by the rotations

1/vV2 0 —1/v2 1/vV2 1/V2 0
R'=[1/v2 0 1/v2 |, R=| -1/vV/6 1/V/6 +/2/3 |. (93
0 -1 0 1/vV3 —1/V/3 1/V3

The matrix representations in (93|) are relative to a orthonormal basis (wi, us, u3)
where u, is the rolling direction, u, is the transverse direction and wg is the normal
to the sheet. Let u(z) = cos zu; + sin zus be the unit vector in the sheet that makes
an angle z with the rolling direction. In Fig. (dotted line) is shown the maximum
recoverable strain s(z) measured by Zhao et al.| (1998)) for several values of the angle
z. The set S eff of recoverable strains for a polycrystal is the set of energy-minimizing

strains at low temperature (w; = --- = wy < 0), defined in a way similar to by
Seﬁ: {e: \Ifeﬁ'(é’) = w; }. (94)

As detailed by Shu and Bhattacharyal (1998), the scalar 5(z) is related to the set S

in by
s(z) = max wu(z)-€-u(z). (95)
EeSeﬁc

The energy estimate \Iﬂéﬁ generates the estimate SZﬁ = {e: \I/Zﬁ(s) = wy } of the

set of recoverable strains and therefore an estimate of s(z) given by max,_ S*ﬁu(z) :
€
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Figure 11: Recoverable strains in NiTiCu with the Zhao-Beyer texture.

€ - u(z). We are interested here in comparing S 7 with an other estimate of the

recoverable strains, proposed by [Shu and Bhattacharya (1998) and defined as

Ssp = |RKR™ (96)

r

where K¢ is the convex hull of the set £ = {71,--- ,712}. In Fig. (blue line) is
shown the estimate of s(z) obtained by replacing S eff With Sqp in 1) The estimate
of s(z) obtained from the proposed approach is shown in red. The proposed estimate
is close to that of|[Shu and Bhattacharya| (1998)) but gives slightly smaller values which
are overall closer to the experimental results of |Zhao et al. (1998]). As a comparison,
the upper bound on s(z) obtained from the convex energy bound \If(éﬁ in is
shown in green in Fig.

We note that the proposed estimate is not restricted to recoverable strains and
also gives some information on the energy of any martensite state. To illustrate that
point, we consider volume fractions © varying between two special states A and B.
The state A = {A7}15/57, is defined by A7 = 1/12 and can be interpreted as a self-
accommodated state, i.e. the state reached by the material when cooled down from
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a high temperature in stress-free conditions. The state B = { B} }}éfg% correspond

to the volume fractions realized the convex bound on s(z) (green curve in Fig. at
z = 0. It is defined by Bs = B2 = 1, the other components B! being equal to zero.
In Fig. [12(red curve) is shown the values taken by the function h for martensitic
volume fractions ® = (1 —r)A 4+ rB for 0 < r < 1. The function g corresponding
to the lower energy bound \I/;ﬁ is shown in blue. In green is shown the function [
corresponding to the upper energy bound \If'gﬁ of [Hackl and Heinen| (2008)), see Eq.
(58)). We can observe in Fig. that g < h < as expected from the general results
of Sect. [3] More specifically, the plots in Fig. [12] show that h ”interpolates” between
g and [, behaving as g for low values of r and behaving as [ for high values or 7.
For » = 0, it can proved the exact value of the energy is zero. This is captured by
the functions g and h but not by [ because second-rank lamination is not sufficient
to obtain a zero-energy. For r = 1, the three functions g, h and [ coincide. This
actually occurs whenever every crystalline orientation is in a pure phase, i.e. for
volume fractions @ = {6} of the form 6] = Y 9,50;j(). In that case, it is proved in
Peigney| (2009)) that

1 7 S T S
That value is recovered from h as can be verified from (60)).

8. Concluding remarks

The presented estimate takes both intra-grain compatibility conditions and inter-
grain constraints into account, without making any assumption on the type of
austenite-martensite microstructures in each grain. That estimate is guaranteed
to satisfy known lower and upper bounds on the effective energy. In that regard, a
pattern seems to emerge from the examples presented: the estimate behaves as the
upper bound of |Hackl and Heinen (2008) for high strains (i.e. in situations where
known lower bounds are expected to underestimate the effective energy significantly)
and tends to behave as the lower bound of Peigney (2009) for low strains (i.e. in
situations where the expected microstructures are not necessarily second-rank twin-
compatible laminates). We close with a final remark related to hysteresis effects
and energy dissipation. Both thermal and mechanical hysteresis are frequently ob-
served in SMAs. In the framework of energy minimization, using a convex function
to estimate the effective energy (such as the lower bound \I/gﬁ) rules out any hys-

teresis. Then it is necessary to introduce an ad hoc dissipation ansatz to capture
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Figure 12: Bounds and estimate on the mixing energy in NiTiCu for martensitic states with volume
fractions (1 —r)A + rB.
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Table A.2: Transformation strains for the cubic to orthorhombic transformation.

T1 T2 T3
a 0 ¢ a 0 =0 a 0 0
0 8 0 0 B8 0 0 a 0
0 0 « -6 0 « 0 0 g
T4 75 T6
a -0 0 g 0 0 6 0 0
-0 a 0 0 a o 0 a -9
0o 0 p 0 0 « 0 =0 «

hysteresis in the material model, see e.g. |Govindjee and Miehe (2001); Hackl et al.
(2008); Peigney et al.| (2011); |[Peigney and Seguin| (2013)) for examples of such an
approach. The situation is different when using the proposed estimate (or any non
convex estimate for that matter). Being non convex, that estimate may indeed give
rise to metastability and hysteresis effects, without introducing a dissipation ansatz.
In particular, mechanical hysteresis in the superelastic regime is investigated in the
companion paper in relation with Luders-type instabilities.

Appendix A. Transformation strains

Appendiz A.1. Cubic to orthorhombic transformation

For the cubic to orthorhombic transformation, there are 6 martensitic variants
with transformation strains listed in Table [A.2] Values of the lattice parameters for
~v1CuAINi are o = 0.0425, 5 = —0.0822, § = 0.0194 (Otsuka and Shimizu, [1974).

Appendiz A.2. Cubic to monoclinic-1 transformation

The transformation strains of the 12 martensitic variants in the cubic to monoclinic-
I transformation are listed in Table[A.3] Values of the lattice parameters for TiNiCu
are a = 0.0232, 8 = —0.0410, 6 = 0.0532, ¢ = 0.0395 (Nam et al., |1990).

Appendix B. Properties of the PP tensor

In all that follows we use the notation A > B to indicate that two given fourth-
order tensors A and B satisfy € : A: e > e : B : e for all non-zero symmetric second-
order tensor €. Let L and a satisfying the relations . Setting K = L + K(a), we
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Table A.3: Transformation strains for the cubic to monoclinic-I transformation.

T1 T2 T3
b € € B —e —€ b —€ €
€ a 0 —€ a 0 —€ a -0
€ 0 « —€ 0 « € —0 «
T4 Ts Te
b € —e a € 0 a —€ 0
€ a =0 € b € —€ [ —€
( —€ —0 « ) ( 0 € « ) ( 0 —€ « )
T7 Ts Ty
a —€ —0 a € =0 a 0 €
—€ € e [B —e 0 a €
-0 € « -0 —€ « e € [
T10 T11 T12

a 0 —¢ a —0 € a —0 —€
0 «a —e€ -0 o —€ —0 o €
— — f e —€ [ —€ € f
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prove in this Appendix that
L-K)'-P>L-K+(L-K):P:(L-K))™* (B.1)

where P and P are the polarization tensors associated to L and L, as defined by .
Property |' plays an important role in proving that the proposed estimate ¥ eff

complies with the lower bound \I/;ﬁ in ‘D For later reference, we first note that

the quadratic function € — € : K(a) : € is quasiconvex for any a > 0, i.e. satisfies
1 _ _
—/E:K(a):edwze:K(a):e (B.2)
2 Jo

for any € € K(g) (Peigney, 2008)). Taking € =0, N =2 and n* =0 in and
shows that

1 1
——c(l—c)m' :P:nl = inf —/ "(x)w,(e)dx B.3
Sall—a)n = ) > X (@)w,(e) (B.3)

where wi(e) =1e:L:e+n':e and wy(e) = Je : L : e. For any given 7' we have
similarly

2
1 ~ 1

—c(1=c)n':P:npt = inf —/ X" (x)w,(e)dx B.4
9 1( 1) EGIC(O) |Q| Q; ( ) ( ) ( )
where w; () = 1€ : L:e+n':eand wyle) = e L : e. We introduce the functions

W, = W, + 3€ : K(a) : € and consider the Legendre transform
(w, —W,)* (o) =supo : € —w,(e) + w,(e). (B.5)

€

Definition (B.5)) implies that w,(e) > o : € + w,.(¢) — (w, — w,)* (o) for any € and
o. It follows that

/Qigxr(w)wr(s)dw > /Qa' cedx + /Q %s :K(a) : edx + Lixr(m)wf(s)dw

—/(wr —w,)*(o)dx
Q

(B.6)
for any € € K(0). Choosing o as independent of the location «, the first integral
in the RHS of is equal to 0 because the mean value of € vanishes for any
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g € K(0). Moreover, Eq. (B.2) shows that the second integral on the RHS of
is positive. Eq. (B.4) implies that the third integral in the RHS is bounded from
below by —ici(1—c1)n' : P: 7|2, We thus arrive at

é/QZXT(:B)wT(E) > —%cl(l — cl)ﬁl P 'f]l — Zcr(wT — )% (o). (B.7)

Taking the infimum over e € K(0) yields, in view of (B.3)),
1 1 . -
—501(1 —c)nt:P:nt > —501(1 —c)nt Pt — Zcr(wT —w,.)* (o). (B.8)

r=1

The terms (w, — w,)*(o) can be calculated directly from (B.5)). Substituting the
result in (B.8|) gives

1 1 s 1 DA
—501(1 —c)nt:P:nt > —501(1 —c)nt Pt — 59 L-K)':o
C1 ~

+cro (L — K)fl =) — = =) (L=K)"": (g

2

The right-hand side of the inequality above is quadratic in . Maximizing with
respect to o gives

—n':Pin'>—p':P:q - (m —my) - (L - K)_l (=) (B.9)
Choosing in particular o' = 0 in shows that
L-K)'>=P (B.10)
which notably implies (by taking @ = 0 and L. — 0) the property
L'>~P (B.11)

as mentioned in Sect. [3l
Note that is quadratic in ' and can be rewritten as

n: ((]L—K)*l—IP’) ‘nt—2n': (L—K)fl > —-n': ((L—K)fl—i—ﬁb) 7. (B.12)

Eq. (B.10) ensures that the LHS of (B.12)) remains bounded from below when n'
varies. Minimizing (B.12)) with respect to n' yields

A L-K) 1 (L-K)' =P L-K) gt > -t (L-K) ' +P) - g
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Setting n = (L —K)~! : i!, we have

for all n, i.e.
L-K)+L-K):P:(L-K)> (L-K)™!=P)! (B.13)

Eq. (B.1)) follows from taking the inverse in (B.13)) (we recall that B = A > 0 =
A™' = B!, see e.g. [Zhan! (2002)).

Remark: Some additional manlpulatlons show that (| can also be rewritten

in the more compact form P~ — P~ > L — K. However, formulatlon B.1)) will be
more convenient for our purpose.

Appendix C. Proof of the inequality h > g

We show in this Appendix that
hMe) > ¢(O) (C.1)

for any ©® € T,V. We first note that definition can be rewritten as

9(©) =sup H(O©,a,L) (C.2)
al

where the supremum is taken over tensors (a, L) satisfying and

T 1 TS (T S\ . NAT . r s 1 T . LT
H(®,a,L) ==Y ccti05(t] —73) : M: (] —T) 50 ek Qi kT (C3)

T7S7i7j T

M=L-L:(L-K):L Q= (L—K+(L—K):P:(L—K)>l.

For any given tensors (a,L) satisfying (1 , we show that H(O®,a IL) < h(®), from
which (C.1)) will follow directly. Recalling that 3" 67 = 1 and SN e =1, some
straightforward manipulations show that

T . M: T

N —

. 1 .
- Z CTCSOTQS (1] —T])SMI (T;—T‘;) = §ZCTQ§T;:M:T;—

rsz] (X
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with 7 = Z ¢, 07!, In a similar fashion, we have, for any given r,
—Z@TGTT—T M:T—T ZQTTMT——T M : 7"

where 77 = . 0777, It follows that

771 ’L

H®.aL)= | a06)(r — 7)) : K (7~ 7))
Tz] r "/ r 1— "/ — 1 r r (C4)
—l—EZCrT M: T —§T:M:T+§Zcrh Q:h

Observing that 3 ¢, (7" —7) : M : (7" = 7) = 3. ¢,7" M : 7" —7 : M : 7 and
recalling from that h" = —LL : (7" — T), we obtain

1 T r \/ r r 1 r — 7\ — a
- ZCTHZT@J.(TZ-—T]-) M : (Ti—Tj>+§ coh” (L' —(L-K)"'+Q) : h

H(@,a,i):4

7,1, r
(C.5)
We now proceed to bound the two sums in the RHS of (C.5). For any given r, we
have by definition ({14])

- Z 0707 (T; — 1;) : M(a) : (1 — 7;) < f(0") (C.6)

Zjo

for any a > 0 such that L — K(a) > 0. The elasticity tensor L being isotropic, an
important observation is that the function f in (14) is rotationally invariant with
respect to the transformation strains. This implies that we may as well replace T;
with 77 = R"m;R"" in (C.6)), so that

; Z 0107 (T} — 77) : M(a) : (7} — 7)< f(6") (©.7)

zyO

for any a > 0 such that L. — K(a) > 0. Consider given tensors (a,L) verifying .
We have L = K = L+K(a) > K(a), hence L—K(a) > 0. Eq. (C.7) is thus satisfied.

The relation K > K(a) also implies that L. — K(a) = L. — K. Since L — K = 0, it
follows that (L — K)™ = (L — K(a))™! and consequently that

M(a) ~L-L:(L-K)':L=M (C.8)
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where M(a) is defined as in (17]). It follows that

—Z@TQTT -7 M : (7 -] Z@TGTT -7 ):M(a) : (7] —T)<f(0T)

and consequently that

H(®,a,L) < Zcrf (07) + oh™ (L' = (L-K)"'+Q):h"

T

Eq. (B.1) proved in entails that L™ =P = L™' — (L —K)™' + @, so
that A" : (L' = (L-K)"'+Q):h"<h": (L' —P): h" and

H(©.a,L) <Zcrf (07) + Zcrh“ (L —P):h"

The right-hand of that inequality is equal to h(@), see. Eq (61). We thus have
H(®,a,L) < h(®) for all (a ,IL) verifying (16). In view of (C.2), taking the supre-
mum over (a, L) gives g(©) < h(©).
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