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Abstract

In a previous paper (Leblond et al., 2011), a theoretical instability threshold was derived for the currently observed phenomenon
of crack front fragmentation under mixed-mode I+III loading conditions. Instability modes were shown to emerge when the mode
mixity ratio K?H / K? exceeds some critical value [K?II / KP]Cr that only depends on Poisson’s ratio. Unfortunately, the predicted
threshold was found to be much larger than that observed in general. Numerical simulations of crack front fragmentation (Chen
et al., 2015), based on a phase-field model, subsequently evidenced an important role of the specimen size on the non-coplanar
instability. Here, we explore theoretically the influence of existence of some finite characteristic length(s), arising from the loading,
by accounting for the presence of non-singular stresses T?j in the unperturbed configuration of the crack. By re-examining the linear
stability analysis of Leblond et al. (2011) with these more general assumptions, we show that a negative non-singular stress 79,
in the direction of propagation does not affect crack front fragmentation, while a negative non-singular T(i in the direction of the
crack front strongly hampers it. On the contrary, positive non-singular stresses 7°. and T?Z, or non-zero non-singular (antiplane
shear) stresses T, promote the fragmentation process, sometimes through the formation of facets that drift along the front as
propagation proceeds. Large values of all three of these non-singular stresses may result in a significant lowering of the threshold
value [KgI / K?]Cr of the mode mixity ratio for instability, even possibly down to zero; which stresses out the potential existence
of the fragmentation instability even in pure mode 1. Yet, our results cannot explain the often observed formation of non-coplanar
facets at extremely low mode mixity ratios; indeed the wavelength of the instability modes predicted are comparable to the finite
characteristic length(s) introduced, of at least centimetric order of magnitude, while the formation of facets has been observed
experimentally at scales as low as some tens of microns.

Keywords: Brittle failure, three-dimensional fracture, configurational stability, mode I+III, non-singular stresses

1. Introduction 22 materials, a comprehensive understanding of, and a fully pre-
s dictive criterion for, the transition of a propagating crack from

Crack front fragmentation is an ubiquitous phenomenon in,, 4 smooth surface to a fragmented one is still missing. LEFM
tensile fracture of solids. It is generally observed when, in ., (jinear elastic fracture mechanics), applied to slightly perturbed
addition to the tensile mode I loading, some mode III anti-,; cracks, has proved to be the most promising theoretical frame-
plane shear is applied. Fragmented cracks display facets that ,, ok to describe and predict the phenomenon. In their pio-
grow parallel to each other, and leave behind fracture surfaces neering work, Leblond et al. (2011), inspired by the results
with factory-roof-like morphologies. Since the seminal work .,  of Pons and Karma (2010)’s numerical simulations based on a

of Sommer (1969) on glass, fragmentation patterns have been |
observed in nearly all types of materials, including rocks (Pol-
lard et al., 1982), metallic alloys (Hourlier and Pineau, 1979; o
Eberlein et al., 2017), single crystals (Kermode et al., 2008),
polymers (Knauss, 1970; Lazarus et al., 2008) and gels (Baum- _,
berger et al., 2008). In recent years, crack front fragmentation
has been observed in some special materials under conditions
of almost pure mode I, K? > 0 and Kgl =~ 0 where K? and Kgl .
denote the stress intensity factors in the initial planar configu-
ration (Lin et al., 2010; Ronsin et al., 2014; Vasudevan, 2018;
Kolvin et al., 2018). This suggests that mode I crack config-
urations in these materials may be bi-stable, either simple or ,,
faceted. "

Despite the ubiquity of crack fragmentation during failure of
43
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phase-field-model, showed that helical perturbations to an ini-
tially straight crack front may grow without bound, if the mode
mixity ratio K},/K? exceeds some critical value [K{j /K ],
that only depends on Poisson’s ratio. It was then shown by
Chen et al. (2015) that such a bifurcation is subcritical, so that
fragmented crack fronts may exist even at low mixity ratios
K5, /KY < 1, and so may co-exist with planar crack surfaces
under the same loading conditions. However, such a scenario
does not account for the emergence of facets in propagating
cracks at extremely low levels of anti-plane shear, Kﬁl/ KP <1
(very much lower than the theoretical value [K} /K{]i"), which

have been reported in brittle polymers and gels (Lin et al., 2010;
Ronsin et al., 2014; Vasudevan, 2018; Kolvin et al., 2018).

To reconcile the onset of instability predicted by LEFM and
the (material dependent) threshold observed experimentally,
Leblond et al. (2019) and Vasudevan et al. (2020) investigated
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the effect of a mode-dependent fracture energy, and showedor
that such a dependence may dramatically lower the fragmen-
tation threshold, provided that the shear-mode-dependence of?%
G. is strong enough. Last but not least, they also showed thate
in the presence of some additional global mode II component,

1 # 0, facets can gradually drift along the crack front as it
propagates, a behavior which is indeed observed experimen-'"
tally (Lin et al., 2010; Ronsin et al., 2014; Vasudevan, 2018;
Kolvin et al., 2018).

The role of the presence of some finite characteristic lengths,,
arising from the finite dimensions of the structure and/or the
spatial variation of the loading, upon the fragmentation insta-
bility has been largely neglected so far. However numerical
simulations of crack front fragmentation, based on a phase-field'®
model, have shown that reducing the specimen size results in'"
a significant decrease of the instability threshold (Chen et al.,"
2015). In addition, theoretical investigations of the effect of'?
non-singular stresses T° (parallel to the direction of propaga-'"
tion), T?z (parallel to the crack front) and T)?Z (simple shear in'"
the crack plane), due to Cotterell and Rice (1980), Gao (1992)'*
and Xu et al. (1994), have shown that large values of these quan-""*
tities may favor out-of-plane crack excursions, even under pure'”’
more I conditions. The presence of such non-singular stresses''®
in the unperturbed configuration of the crack is intimately tied'"
to the presence of one or several finite characteristic lengths.

In this work, we explore theoretically the role of the presence
of some finite characteristic lengths upon the fragmentation in-
stability. These lengths, naturally defined as £;; = (K?/ Tl.oj)2
where Tioj denotes any of the three non-singular stresses 7,
Tg, TSZ, will arise only from the spatial variation of the load-
ing, in the absence of any characteristic length in the infinite
model-geometry considered. The structural length scales L;;
may interact with the length scale characterizing the unstable
mode of crack propagation, as shown in a broader context by
Favier et al. (2006); Vasoya et al. (2016). We shall thus seek
to determine the impact of the presence of some non-singular
stresses, or equivalently some length scales £;;, upon the transi-
tion from a planar to a fragmented crack; and whether or not this
presence may explain the low fragmentation threshold observed
in some fracture experiments. We shall also explore the effect
of non-singular stresses upon the morphology of the facets, and
in particular (i) their possible drift along the crack front, and (ii)
the possible selection of the characteristic size of the facets at
the fragmentation threshold.

The paper is organized as follows:

106

108

e In Section 2, we first provide the expressions of the lo-
cal variations 0Ky, 6Ky, 0Ky of the stress intensity fac-
tor along a perturbed crack front, under mixed mode I+I11
loading conditions with additional non-singular stresses
T, T2 and TO.

e These expressions are then applied in Section 3 to predict
the fragmentation threshold and the properties of insta-
bility modes. The derivation is based on the assumption
that both Goldstein and Salganik (1974)’s principle of lo-
cal symmetry and Griffith (1921)’s energetic condition are

satisfied at all instants and all positions along the front, .

e The impact of non-singular stresses upon the fragmenta-
tion instability is analyzed in depth in Section 4.

o Finally Section 5 presents a synthesis of our main findings
and their application to experimental situations.

2. First-order order perturbation of a semi-infinite crack in
an infinite body

2.1. Unperturbed geometry and loading - Generalities

We consider a semi-infinite crack embedded in an infinite
body made of some isotropic linearly elastic material. In the ini-
tial reference configuration I', the crack is planar and its front is
straight (see Fig. 1a). We adopt the usual convention of LEFM,
and thus use a Cartesian frame Oxyz with origin O chosen ar-
bitrarily within the crack plane, axis (Ox) parallel to the direc-
tion of crack propagation, (Oy) parallel to the direction orthog-
onal to the crack plane, and (Oz) parallel to the crack front (see
Fig. 1a). The associated unit vectors are denoted (e, ey, e;). In
the following, the notations f., f,, f., denote the partial deriva-
tives of the function f with respect to the coordinates x, y, z.

Reference crack T

y

(b) 7 (x.2)
Figure 1: (a) The reference semi-infinite crack I" with a straight front is loaded
in mixed-mode I+III with non-zero non-singular stresses. (b) The crack front

and its surface are perturbed both within and out of the original plane, by small
amounts noted ¢, and ¢y, respectively.
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The unperturbed crack is loaded under mixed-mode I+III
conditions through some system of forces, such that the un-
perturbed SIFs K and K}, be independent of the position x of
the crack front and the position z of their point of observation
within this front. The SIF Kﬁl may harmlessly be assumed to beis:
non-negative. In addition the unperturbed stress field is charac-1s;
terized by non-singular stresses (T2, T2, T2) also independentias
of x and z. These non-singular stresses correspond to the con-ss
stant terms in the asymptotic expansion of the stress field in theiss

vicinity of the crack front, that reads (Williams, 1952): 187
138

cos (g [1 - sin(g) sin (3—29)] + T + O(r'/?)'

140

o0.(r,0) =

0 —
O-yy(r’ 9) - 142

143

)
cos (9) [1 + sin (4) sin (379)] + 012 a1
)

L cos (% sin(g)cos(%a) + 0(r'/?) 14

145

0 _ m_ (6 0 12
o (r,0) =— sin(5)+ 7. +O(r'~)
Pttt :
o'(y)z(r, 0) = —L cos (%) +0(r'?) s
27rr0
K 149
0 _ I 0 0 12
0., (r,0) =2v cos (5) +T,+0@"7) 150
z Py Z
a (1)

where (r, 6) denote the polar coordinates of the point of obser-1s2
vation M in the local plane orthogonal to the crack front (seetss
Fig. 1a), and v Poisson’s ratio. The non-singular stresses T?j154
typically emerge from the finite dimensions defined by the load-ss
ing, in the absence of any characteristic length defined by therss
geometry itself. Their magnitudes |Tl.0i| define some character-157
istic lengths 18
KO 2 159

Lij= ( - ] (2)1e0

o
Tij 161

that describe the spatial extent of a Kj-dominated zone where'*
the terms in K} of Eq. (1) prevail over those in 77).
163

2.2. First-order expressions of the stress intensity factors alongie.
the crack front in a slightly perturbed configuration 165

In a perturbed configuration I*, the crack front is displaced'™
within the original crack plane by a small amount ¢,(x,z) in"
the direction (Ox), and the crack surface is displaced out of the'
original crack plane by a small amount ¢,(x, z) in the direction™
(Oy) (see Fig. 1.b); the argument x here represents the average'
position of the perturbed crack front in the direction of propa-
gation, in the first function, and the first coordinate of the pointiz
of observation of the out-of-plane perturbation, in the second. 173

The p-th SIF K, can be expressed as the sum of the SIF K81 .
associated to the reference configuration I', and the perturba-175
tion 0K, arising from the displacements of the crack front and176
surface:

Kp(x,2) = KJ + 6K (x, 2). 3)

Furthermore because of linearity, each SIF perturbation 6K, can
be decomposed as the sum of a term Jx K, resulting from the

macroscopic mixed-mode I+III loading, and a term 67K, re-
sulting from the presence of non-zero non-singular stresses:

0Kp(x,2) = 6k Kp(x,2) + 07 Kp(x, 2) 4)

The detailed expressions of the perturbations 6x K}, and 67K,
are provided in the works of Gao and Rice (1986) for the in-
plane perturbation ¢,, and Movchan et al. (1998) for the out-
of-plane perturbation ¢y; they are given in Eqs (A.1) and (A.9)
of Appendix A respectively. Some simplifications have been
made here according to the following hypotheses:

1. The characteristic length defined by the spatial variations
of the loading is supposed to be much larger than the typ-
ical distances of variation of the perturbations ¢.(x, z) and
¢y(x, 2) of the crack front and surface. (This is the assump-
tion that permits to consider the Kg’s and Tl.oj’s as indepen-
dent of x).

2. The characteristic length associated to the coeflicients Aq
appearing in the terms proportional to /% in Eq. (1) — of
the order of Kj/Aq — is much larger than the lengths £;;
associated to the non-singular stresses.

It is worth noting here that:

1. The expressions of the variations 6 K}, involve three types
of terms: local terms that relate to the local crack front ori-
entation defined by the derivatives ¢; ;, semi-local terms
that involve integrals of the displacements ¢; along the
whole crack front, and fully non-local terms that contain
integrals of the displacements ¢; over the entire crack sur-
face.

2. The variations SIFs 67K, were derived by Movchan et al.
(1998) only for a sinusoidal perturbation ¢,(z) = A cos(kz)
independent of x. Their expressions for an arbitrary per-
turbation ¢,(x, z) are derived in Appendix A.

3. The variations 67K}, involve only non-local terms related
to the “morphology” of the crack surface, in Movchan
et al. (1998)’s terminology.

3. Linear stability analysis of coplanar propagation

3.1. Generalities

Like in our previous works (Leblond et al., 2011, 2019; Va-
sudevan et al., 2020), we are looking for configurations of the
crack and its front (¢,,¢,) other than the trivial one (planar
crack with straight front), satisfying a “double” propagation cri-
terion enforced at all points of the crack front and all instants of
propagation. This criterion consists of:

¢ Goldstein and Salganik (1974)’s principle of local symme-
try, stipulating that the local SIF Ky (x, z) of mode II must
be zero;

e Griffith (1921)’s criterion G(x,z) = G, which states that
the local energy release rate G(x,z) must be equal to the
local fracture energy G., assumed here to be uniform.!

Ut is interesting to note here that the validity of Griffith (1921)s criterion
at small scales, that is in its local form G(x, z) = G, was recently tested exper-
imentally by Wang et al. (2022) by investigating the balance of energy during
the tensile failure of a brittle gel.
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The analysis will be based on the consideration of instabil-1ss
ity modes associated with perturbations of the crack front andiss

surface of the following form (Vasudevan et al., 2020): 200
201

$:(x,2) = Re[e"y ()| (5

¢y(x.2) = Re [ Y(2)|

where A is the complex growth rate of the mode, and () and
y(2) two unknown complex functions. Instability of coplanar 5
propagation is characterized by the condition Re(1) > 0. Also,”
as noted by (Vasudevan et al., 2020) and briefly re-explained be-207
low, a non-zero imaginary part of A indicates a drifting motion
of the instability mode along the crack front as it propagates.

Use will be made of Fourier transforms in the direction z
of the crack front. The definition adopted here for the Fourier
transform g (k) of an arbitrary function y(z) is:

—+00 +00
W= [ x@eta e x@= [ imea ©
One can see here that the imaginary part of A governs the drift-
ing motion of instability modes: indeed writing A as A; + id,
with real A; and A, one sees that the expressions of the per-
turbations ¢, and ¢, involve, for each Fourier component, the
factor eMeks = li¥ei2¥+k) depicting an exponential growth
combined with a “drift velocity” dz/dx = —A,/k - see (Vasude-
van et al., 2020) for details.

For each Fourier component, we define a normalized com-
plex growth rate & by the formula

&= A/lkl. @)

208
This dimensionless ratio compares the complex growth rate Az
of the perturbations in the direction x of propagation to theirzio
wavenumber || in the direction z of the crack front. The value
of £ is restricted to the half-plane Re(¢) > —1 for convergencer
of the integrals in Egs. (A.1) and (A.9), which provide the vari-
ations of the SIFs due to the perturbations of the crack front and
surface. Note also that the imaginary part of £ is directly con-
nected to the angle @ characterizing the drifting motion of the
mode (see the inset of Fig.3.b) through the relation

a = arctan [-Im(&)]. 8)

The next two sections aim at deriving the condition on & that"~

results from the double propagation criterion, when the crack
is loaded in mixed-mode I+III with additional non-zero non-
singular stresses. This will permit, upon examination of the
real and imaginary parts of &, to discuss both the conditions
governing instability of coplanar propagation, and the possible
drifting motion of instability modes.

3.2. Application of the principle of local symmetry

We first make use of Goldstein and Salganik (1974)’s princi-
ple of local symmetry, stipulating that the stress intensity factor
of mode Il must be uniformly zero at all points of the crack
front and all instants. In the absence of macroscopic mode II
(KIOI = 0), this condition reduces to:

0Knu(x,z) =0 9

The expression of §Kjy displayed in Egs. (A.1) and (A.9) in-
volves complex integrals of the perturbations (¢, ¢,) over the
entire crack front and the entire crack surface. Fortunately,
these integrals take a rather “simple” form when expressed
in Fourier’s space, for instabilities of the type considered in
Eq. (5). The expressions of the variations ﬁ, related to the
unperturbed SIFs were derived by Leblond et al. (2019), and
are recalled in Eq. (B.1) of Appendix B.a. The expressions of
the variations (gl?p associated to the unperturbed non-singular
stresses are derived in Appendix B.b, and given in Eq. (B.4).

Inserting Eqgs. (B.1) and (B.4) in (9) yields, for every
wavenumber k:

4ipos (k) = iy (k) {2 -+ Q2-¢

2
(g +‘\{;3/2 [((2 V)é: + 2) quk + Vq, + ZZS ((1 - V)f + 1) ('Ixz]}'
(10)
In this equation the quantity
KO
po=—5 (20) (11

denotes the unperturbed mixity ratio, s the sign of the
wavenumber k, and the quantities

0
q?j _ Tij = €j , &= sgn(Tg.) (12)
VIKIKY  \kIL;; ‘

are related to the ratios of the wavelength £,y = 27/|k| of the
perturbations to the lengthscales .L;; set by the non-singular
stresses T, and defined by Eq. (2).

3.3. Application of Griffith’s criterion

‘We now use Griffith (1921)’s criterion, which states that the
crack propagates when the local energy release rate G(x, z) is
equal to the local fracture energy G.. We consider here the
case where the field of fracture energy G. is uniform. Then
necessarily

0G(x,2) =0 (13)

at all points of the crack front and all instants.
The energy-release-rate may be calculated from the SIFs us-
ing Irwin (1958)’s well-known formula:

G(x,7) = — [Kz(x 7) + KH(x z)] Klzn(x z) (14)

where E denotes Young’s modulus. The first-order contribution
of the perturbations ¢,, ¢, of the crack front and surface to the
energy-release-rate reads:

1 -2 _2[6Ki(x,2) po O0Km(x,z)
6G(x,2) =2 K =+ ) BN
Griffith (1921)’s criterion (Eq. (13)) then yields:
Lo
0Ki(x,2) + méKIH(x, 7)=0. (16)
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Inserting Eqgs.
wavenumber k:

[ =)@ =) + @+ vpR]duth)

(B.1) and (B.4) into (16) yields for every

(1 =292 -v)

V2E+1)

= 2ipos iy (k) 1 =2(1 = v) +

V2 [, £ o _(z_v_ L)qo
Er1 £+ &E+1)7°%
. £-1) o
+is ((2 vé o 1)%1}}'

(17) 250
231
3.4. Combination of the two parts of the criterion -
Combination of Eqs.(10) and (17) yields: 233

F(o0 &)+ Fer00: % + f(00, % + s furlpo, g% = 0 (18),.,

where 2

Flpo.6) = (1-v)2-3v)-32-v)p}
+[1 =2 =)+ Q@+l €
+4 V2 (1—2v)p3

2
flond) = = ‘f)f/z (=W (@-vE+2)
+(2+ )¢ +2)p3]
2V2
o) = [v(1 =) + (4¢ + 4 = v}
4
Felpor&) = =23 \/;/2[(1—V)((1—V)§+1)
- (22 + 1 -ng-1)p})

19)

Equation (18) implicitly defines the value of the normal-

ized growth rate & for a given set of loading parameters

(00, 4% 4%, q%.); our interest is in values of ¢ having a pos-

itive real part, corresponding to exponentially growing per-
turbations. The values of ¢ satisfying Eq. (18) can be com-,,
puted numerically relatively easily, this equation being equiva-
lent to a polynomial equation of the fifth degree in the variable,,
{ = 1/+/6 + 1. The numerical procedure is described in Ap-,,,
pendix C. o1
It is worth noting that in the absence of non-singular stresses,,,
Tloj, Eq. (18) reduces to condition (20) of Leblond et al. (2011),,,
assessing configurational stability in mixed-mode I+III. ”

238

245

4. Influence of non-singular stresses on the configurational

stability of a plane crack
247

4.1. The stability analysis of Leblond et al. (2011) without non-,,,
singular stresses 219

We first consider the reference case of mixed mode I+III inzso
the absence of non-singular stresses, which corresponds to thezs:
situation examined by Leblond et al. (2011). They showed thates:
— for values of Poisson’s ratio greater than v, =~ 0.03 — ad-2s
missible solutions are found along the real line Im(1) = 0, s0zs4

5

that no drift of instability modes is predicted. Moreover, the
growth rate Re(1) = A is negative (decaying perturbations) for
low values of the mode mixity ratio p KO/ e but becomes
positive (increasing perturbations) for ratios larger than some
critical value [K{,/KP]%f. Both thrs critical value, and the evo-
lution of Re(1) = A with KO / - depend on Poisson’s ratio v.
In particular, the value of [K; /KO]ref is given by

(1 -2 -3v)
KO ref —
Kin/ \/3(2 —v) = 42(1 - 2v)

The results of the stability analysis are given in Fig. 2 for
v = 0.3, in the form of a plot of the “reduced” growth rate
Re(A)/|k| = A/lk| versus the mixity ratio p KO/ K, For
the value of v considered, [K; II/KO]ref ~ (0.52. (As noted by
Leblond et al. (2011), another branch of solutions exists near

(20)

Re(d) = —1, but it corresponds to exponentially decaying per-
turbations of little interest).

= ° ‘ UNSTABLE

~ i

= i

o 17 !

ale i

Q i

= ]

g’ K0 /KO STABLE

s :iKrn K i

: |

U _]. L] L] L]

0 0.5 1 1.5 2

Mode mixity ratio Ki};/ K}

Figure 2: Leblond et al. (2011)’s configurational stability analysis of a planar
crack loaded on mode I+1II, for a Poisson ratio v = 0.3: when the mode mixity

ratio Kﬁl/K? is larger than some critical value [Kii[ /KO]Cr (vertical red line),

the perturbations grow exponentially (Re(1) > 0), whatever their wavelength
fperl-

Yet, in phase-field simulations of brittle fracture (Pons and
Karma, 2010; Chen et al., 2015) or experiments of crack ini-
tiation in mixed mode I+III (Lin et al., 2010; Pham and Ravi-
Chandar, 2014), non-zero non-singular stresses are bound to
emerge from the finiteness of the crack dimensions with respect
to the size of the fracture specimen, and from the boundary con-
ditions. We shall now extend the study of Leblond et al. (2011)
by building on equation (18) to explore the influence of such
non-singular stresses upon the stability of the planar configura-
tion of the crack.

4.2. Influence of T,

We first explore the influence of 7°. The sign €, of this
non-singular stress has been shown to control the stability of
the crack path in both 2D (Cotterell and Rice, 1980) and 3D
situations (Gao, 1992; Xu et al., 1994), positive values of ch)x
being associated with instability. However to the best of the
authors’ knowledge, the influence of 72, on the configurational
instability in mode I+III has not been studied in the literature.
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We shall show here that a positive 79, favors both pure modezrs
I and mixed-mode I+I11 instabilities through formation of drift-zs
ing perturbations of large wavelength; while a negative T°_ pre-
vents instabilities in pure mode I, and does not have any impact™'
on the onset of the faceting instability in mode I+III. =

In contrast to the work of Leblond et al. (2011) where nozss
length scale was involved, a non-zero non-singular stress 77, zs
yields a characteristic length £, = (K? / T)?x)2 which can beass
compared to the wavelength £ = 27/|k| of the perturbation inees
the direction of the crack front. Combined with the sign €., ofzsr
TY, the ratio of these two lengths sets the values of the growthass
rate Re(1) and the drift angle «, for any mode mixity ratio p® =as
K§,/K?. We show in Fig. 3 the values of Re(4)/|k| and e versuszso
the mode mixity ratio, for several values of the non-singularzer
stress TY and a Poisson ratio v = 0.3. 202
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Prior to commenting on these results, a definition and some®®

remarks are in order. We define [K{y,/K}l: as the smallest value®®
of the (non-negative) mixity ratio p° = KﬁI/Kf) for which the*’
real part of the reduced growth rate ¢ = A/|k| becomes non-***
negative. It is important to note here that at the “threshold”**®
[KPH/KP]cr: 80

331
e Re(¢) may be zero, if [KﬁI/KP]Cr is positive; Re(&)s
then crosses the value 0 when KPH / K? crosses the valuesss

(K / K} lers -

6

o but Re(£) may also be positive, if [KIOH/K?]Cr is zero; Re(¢)
is then positive for all values of Klou /K9;

e Im(¢) need not necessarily be zero, and may take arbitrary
values.

We observe in Fig. 3.a that negative non-singular stresses
do not qualitatively change the stability behavior of the crack
with respect to the reference case considered by Leblond
et al. (2011): stability prevails for mode mixity ratios below
[K3,/K]er and instability above it, and [KY,/K?]e corresponds
to the value ¢ = 0 and is independent of 7%, - and thus remains
equal to [KPII / K?]g?f. This means that a negative non-singular
stress does not have any stabilizing influence on the onset of the
mode I+I1I instability.

The case of a positive T, is also, and probably more, in-
teresting: for low values of the mode mixity ratio, typically
KPH/Kf < 0.5, drifting perturbations (o # 0, dotted lines in
Fig. 3.a) may develop along the crack surface, a feature that is
absent for T%_ = 0. Note that both perturbations with a positive
and a negative drift angle can form, owing to the invariance of
the problem in a rotation of the geometry and loading of 180°
around the x-axis (see Fig. 3.b). The critical value [K?H / KP]Cr
may also now depend on the non-singular stress T . For low
length scale ratios {per/ L S 0.5, the drifting perturbations
decay in time (Re(¢) < 0), and exponentially growing, non-
drifting perturbations (Re(¢) > 0, @ = 0) emerge when K[}, /K}
becomes larger than the value [K{ /K ] = [KJ);/KPT!, which
still corresponds to & = 0 and remains independent of T° or
Cpert/ Lxx. For large length scale ratios €per/ Ly 2 0.5 (ie. large
values of T?), drifting perturbations emerge below the refer-
ence critical value [K{,/KP]" ~ 0.5 obtained for 79, = 0 (see
Section 4.1). In other words, a large non-singular stress 7%, > 0
results in a decrease of the critical mode mixity [KIOH / K?]Cr for
fragmentation. For even larger values of €pert/ Ly, [K?ll / KP]Cr
becomes zero so that perturbations grow even in the absence of
mode III. These behaviors are qualitatively similar to those de-
picted by Cotterell and Rice (1980), Gao (1992) and Xu et al.
(1994), who predicted that a positive T°_ favors out-of-plane
crack excursions. Note that the behavior observed in Fig. 3 for
large mode mixity ratios, KPH / K? = 0.5, is rather similar to
that in the reference case T?. = 0: out-of-plane perturbations
grow in time, and propagate parallel to the mean direction of
crack propagation (a = 0), irrespective of the length scale ratio
gpert/ -[:xx~

The evolution of the critical mode mixity ratio [K?H / KP]Cr
- as defined above - with the length scale ratio €xy.€pert/Lyx
depends on Poisson’s ratio, and is displayed in Fig. 4.a for
v € [0.1,0.5]. Interestingly, as noted above, for all values of v,
above some “critical” length scale ratio [£pert/ Lixlers [K?II / KP ler
becomes zero so that the perturbations grow exponentially no
matter the mode mixity ratio. This critical length scale ra-
tio is shown in Fig. 4.b and decreases almost linearly with
Poisson’s ratio, from about 1.87 to 0.77 for v € [0.1,0.5].
Unfortunately, no simple analytical expression of [£pert/Lyx]er
could be derived from Eq.(18). (The difficulty being that when
Ecx-lpert/ Lax = [Lpert/ Laxler, € 1s still not completely known
since only its real part is zero).
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371
It should be noted that even though the existence of such a,,

critical length scale ratio, above which instability prevails what-,,,
ever the mixity ratio, is interesting, it cannot account for the,,,
small values of the mixity ratio at which facets form experi-,,
mentally in some cases ([K?H KP]Cr =~ 0.001 — 01 for Homa-,
lite and PMMA, see Pham and Ravi-Chandar (2014) and Va-,,,
sudevan (2018)). Indeed in these experiments, the non-singular,,
stress TV, was rather small, the length £, consequently rather,,,
large, so that the length scale ratio fper /Ly Was smaller than,y,
the critical value [€pert/Lxxler - especially at the scale €pery 24,
10 — 100 pum at which the facets were observed. a2

Let us finally investigate the limiting 2D case, corresponding,,,
to perturbations independent of z, having thus a zero wavenum-,,,
ber k in the direction of the crack front. The reduced growth,,,
rate £ = A/|k| then becomes ill-defined; but to solve this prob-,,
lem, it suffices to multiply Eq. (18) by |k| and then let |k| go,,,
to zero. One thus gets upon division by the common factor,g,
[(1=»@ =)+ @+ -
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For a negative T, this equation on A does not have any solu-se

tion, that is, there are no increasing perturbations (configura-sss

7

tional stability). However, for ngx > 0, it does admits a solution
that reads:

Vi—2vi D (]
T=2v2x o a=g|l=x| —gr.. @D
K K

We thus recover the results of Cotterell and Rice (1980), who
showed that in 2D, the decreasing or increasing character of
an arbitrary out-of-plane perturbation ¢, of the crack surface is
controlled by the sole sign of T?,. We also recover, for 7%, > 0,
the value of the parameter A governing the exponential growth
of perturbations.

4.3. Influence of TZOZ

We now investigate the influence of 72, on the configurational
stability of the planar crack. Like in the case where T°. # 0,
a non-zero non-singular stress T?z yields a characteristic length
L, = (KlO /T2)* which may be compared to the perturbation
wavelength €y = 27/lk|. Gao (1992) and Xu et al. (1994)
showed that for pure mode I loading, the influence of T2 on
crack path stability is similar to that of 79 : negative values of
TSZ are associated to stable crack paths, while positive values
favor instabilities. Moreover, Gao (1992) suggested that nega-
tive non-singular stresses 72, may prevent the formation of en
echelon cracking patterns associated to mixed mode I+I1I load-
ings.

We shall show here that negative non-singular stresses 17,
indeed stabilize out-of-plane perturbations in pure mode I,
and significantly increase the mode mixity ratio at which the
faceting (out-of-plane) instability may occur in mode I+III. In
contrast, positive values of T?Z somehow favor both instabili-
ties in pure mode I and mode I+1II for perturbations of large
wavelength, albeit in a less marked way than T9,.

We show in Fig. 5 the normalized growth rate Re(A)/|k|
and the drift angle o as functions of the mode mixity ratio
p" = Kpy,/K?, for several values of the non-singular stress T,
and a Poisson ratio v = 0.3. A general remark is that drift-
ing perturbations (@ # 0) exist, but are of little interest since
they always decrease in time. Negative non-singular stresses T?z
strongly stabilize the system, since even mode mixity ratios sig-
nificantly larger than the reference threshold value [KIOII / KIO ]Eif,
corresponding to T?z = 0, do not suffice to fragment the crack
front. This is confirmed in Fig. 6.a, which shows [K}, /K ., -
as defined in Subsection 4.2 above - as a function of the length
scale ratio €,.0pert/L;;. Note that here Im(¢) is always zero at
the threshold (K, /K} = [K;/K{]er). We observe that even
a moderately negative non-singular stress 7., triggers a sig-
nificant increase of the critical mode mixity ratio, especially
for low values of Poisson’s ratio. Also, the positiveness of
[Kﬁl/ KP ]r for all negative values of TSZ implies that such non-
singular stresses preclude any out-of-plane instability in pure
mode I (since K{j,/K{ = 0 is then necessarily smaller than
[KS1/K{1er > 0).

Positive non-singular stresses T?Z have an opposite impact
upon stability of coplanar propagation, as they drive the sys-
tem towards the mode I+I1I instability for lower critical mode
mixity ratios [K}y,/K{]er, see Fig. 5.a and Fig. 6.a. Like for the
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non-singular stress 79 , we observe that there exists a critical
length scale ratio [£pert/ L;ler above which [K?H/ KP]Cr becomesst2
zero, so that perturbations grow unstably no matter the valuess
of the mode mixity ratio. This means that for a positive non-s4
singular stress T?z, large-wavelength perturbations increase inss
time even in pure mode I. (In contrast, small-wavelength pertur-s1
bations still decrease in time). 417
The critical length scale ratio [{pert/L:;lcr, above whichais
coplanar propagation thus becomes unstable even in pure modess
I, is determined by inserting the values pg = Ki};/K? = 0 ande
& =0 (see Fig. 5.a) in Eq.(18); the result, a21

422

2-3y 423

[gpert/Lzz]cr = _( ) (22)424

425
agrees with the values computed numerically (see Fig. 6.b).

Equation (22) means that perturbations with a wavelength
426

2 -3y
gpert > Z(

dence here accounts for the rapid decrease of [{pert/ L ]er Withaes
increasing values of v: large values of Poisson’s ratio favorszs
crack front fragmentation, a behavior that is already clear inas
the absence of non singular stresses, as the reference criticalss:
threshold ratio [K? /! KO]ref is also a decreasing function of vas
(see Eq. 20). Note that the critical length scale ratio [£pert/ Lz lerass

) L. will grow in time. The 1/v? depen—427
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happens to be much larger than that, [£pert/ Lixler, associated to
the non-singular stress 7. This implies that the destabilizing
effect of 72, > 0 is much stronger than that of T2, > 0.

Equation (22) is reminiscent of Eq. (21) that provides the
growth rate of out-of-plane perturbations of a mode I 2D crack
(invariant along the direction of the front), in the presence of
some non-singular stress 7, > 0. The formal similarity be-
tween both equations emphasizes the similarity between the
phenomena they depict: positive values of both non-singular
stresses T, and T?Z imply, in pure mode I, formation of per-
turbations involving some characteristic length proportional to
the square of K?/T?, or K?/T?.. In both cases this reflects the
natural tendency of the crack to grow perpendicularly to the di-
rection of far tensile principal stresses.

4.4. Influence of T,

Finally, we investigate the influence of the non-singular
stress TV that introduces an additional length scale £,, =
(KY/T? )2 in the problem. Gao (1992) and Xu et al. (1994)
found that it had no influence on crack path stability in pure
mode I. Gao (1992) nonetheless suggested that even for such a
loading, it may promote the formation of non-coplanar facets,
due to the generation of a local mode III component if the crack
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is slightly perturbed out of its original plane (see the third ofas
EqS. (A9)) 460
‘We shall show here that a non-zero TSZ actually influences,s,
crack path stability in pure mode I, through formation of,,
large-wavelength perturbations that drift along the front as,,
the crack propagates. For mixed mode I+III loadings, the,,
same mechanism also promotes the emergence of the faceting,,
instability toward lower mode micxity ratios. 466
In Fig. 7, we display the normalized growth rate Re(1)/|k|
and the drift angle @ as functions of the mode mixity ratio

o = KPH / KP, for several values of the non-singular stress TSZ

and a Poisson ratio v = 0.3. We observe that a non-zero T2,
may promote the formation of facets, as it lowers the value of
the critical mode mixity ratio [K},/K ] above which perturba-
tions increase in time (see Fig. 7.a). This instability is charac-
terized by a drifting motion of the crack front with a positive
drift angle @ when T2, < 0, and a negative one when 72, > 0
(see Fig. 7.b). Such an “oriented” drift of facets could some-
how be anticipated, as the introduction of a non-zero T)?Z breaks
the invariance of the problem in a rotation of the geometry and
loading of 180° about the x-axis.
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case TSZ = 0 considered by Leblond et al. (2011). 475

476

Figure 8 shows the critical mode mixity ratio [Kﬁl /K?]Cr asar

a function of the length scale ratio £per/.L,;. We observe a sig-ss

nificant decrease of [K};/K}].r with increasing values of [T |,

3

9

especially for large Poisson ratios. It turns out that for small
non-singular stresses T, the critical ratio [Kﬁl / KP]Cr may be
developed at first order in qu o A/Cpert/ Ly, 50 that the thresh-
old decreases linearly with /€pert/.Ly;; this explains the cusps
on the vertical axis observed in Fig. 8. We again note, for
each value of v, the existence of a critical length scale ratio
[Cpert/ Lx:]er above which perturbations grow in time, even in
pure mode I, no matter the sign of 72..

Poisson's ratio v

0.1 02 03 04 0.5
1.2
>
-+ =
%5 1
N
E = 0.8 1
_8 == 0.6 1
E
— — 0.4+
3 .0
:"E' B 0.21 /\\
(@) 0

05 00 05 1.0
Size ratio €, - {pert/ La-

—1.0

~
o
N—

Critical size ratio
[epCIt/ﬁTZ]Cr

0.1

0.5

O = N W e Lt
L

0.2 0.3 0.4
(b) Poisson's ratio v

Figure 8: (a) Critical mode mixity ratio [K?Il / K{) Jer versus the perturbation size
ratio €x;.Cpert/ Lz, for various values of Poisson’s ratio v. (b) Evolution of the
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size ratio for which the planar crack becomes unstable whatever the value of
the mode mixity ratio KIOH/ K{’.

5. Conclusion

The configurational stability of a crack propagating under
mixed-mode I+III loading conditions, with additional non-
singular stresses T2, T, T%., was investigated within the per-
turbative framework of linear elastic fracture mechanics, on the
basis of a linear stability analysis. The work stood as a natural
extension of that of Leblond et al. (2011), that did not account
for the influence of non-singular stresses upon the onset of the
faceting instability. We showed that the critical mode mixity
ratio [KPH / K?]Cr, at which the instability emerges, is strongly
influenced by the presence of non-singular stresses, due to the
emergence of perturbations of large wavelength which may or
may not drift along the front as the crack propagates. The
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possibility evidenced here of a drifting motion of instabilityss
modes has been observed experimentally, see for example Linsss
et al. (2010) and Vasudevan (2018), and is similar to that pre-ss
dicted for a crack loaded under completely general mixed mode
I+II+III conditions (Vasudevan et al., 2020). 587
More specifically, the main findings of this study are as fol-***

lows: 589

540

e A negative non-singular stress 7%, does not promote for-,,,
mation of facets, and leaves unchanged the instability,,,
threshold [K(};/K{]e: which thus retains the value calcu-,,
lated by Leblond et al. (2011) in the absence of non-,,
singular stresses. On the contrary, a positive non-singular,,,
stress T)?X lowers the critical mode mixity ratio [Kﬁl/ Kf)]cr,546
through formation of drifting facets. The impact of a pos-,,,
itive 72, gets stronger as the ratio between the wavelength,
Cpere Of the perturbation approaches the structural length,,g
scale Ly, = (K?/T2,)* associated to T?,. For perturbations,,
of large wavelength, or large values of T9,, facets growing,,
in time may even form no matter the value of the mixity,,,

ratio ([K{y,/K]er = 0).

e A negative non-singular stress T?Z strongly stabilizes,,,
straight crack fronts, as growing facets can only form for
mode mixity ratios K?H / KIO considerably larger than thesss
instability threshold calculated by Leblond et al. (2011) insss
the absence of non-singular stresses. In contrast, a pos-ss
itive T?Z promotes the faceting instability, as the critical
mode mixity ratio [K?H / K?]Cr is a decreasing function of557
the length scale ratio {per/L;. Like for the non-singular
stress TV, growing facets may even form no matter the,,
mode mixity ratio, if £per/L;; is large enough. However,,
the critical length scale ratio [£per/ L. |cr, above which this,,
phenomenon occurs, happens to be much larger than that,,
[Cpert/ Lax]er» associated to the non-singular stress T)?X. 62

e Non-zero non-singular stresses 7. promote the mode®™

I+III instability, through formation of “oriented” facets
that drift along the front in a specific direction determined™
by the sign of 7. Again, we also predict that facets may*®
even form no matter the mode mixity ratio, if the length

scale ratio Cper /L, is large enough. 567

564

The existence, for the ratios of the wavelength €y of the5
perturbation and the structural length scales L, £, sz,seg
of critical values [fpert/ Luxlers [€pert/ Lezlers [€pert/ Lizler above
which perturbations grow in time whatever the mode mixity ra-
tio K?H/ KP, has important implications for the stability of crack:;
path under pure mode I loading conditions. In two dimensions,
Cotterell and Rice (1980) showed that crack path stability is
controlled by the sole sign of T?,. In three dimensions, the pic-
ture is more complex; the conclusions drawn from the present
work can be summarized as follows:

e For negative non-singular stresses 7%, or T2, the system is
stable versus perturbations of arbitrary wavelength in the

direction of the crack front.

e For positive non-singular stresses T2, or T2, and non-zero

non-singular stresses 72, perturbations with wavelength

10

smaller than some critical value set by the structural length
scale L;; = (KP / T?]A)2 decrease in time, while perturbations
with larger wavelength grow unstably.

The study presented in this paper also provides interesting
clues on the influence of non-singular stresses on the onset of
the mode I+III out-of-plane instability. The contributions of
non-singular stresses cannot be neglected in numerical simula-
tions or experiments, as they typically emerge from the finite-
ness of the crack dimensions with respect to the size of the em-
bedding structure, and from boundary conditions. Yet, our re-
sults cannot claim to provide an explanation to the formation
of non-coplanar facets at the very low mode mixity ratios of-
ten observed in experiments (Lin et al., 2010; Pham and Ravi-
Chandar, 2014; Vasudevan, 2018; Kolvin et al., 2018); indeed,
the wavelength of the instability modes evidenced in this work
is comparable to the structural length scales .L;; — of the order
of some centimeters —, while the formation of facets has been
observed experimentally at scales as low as some tens of mi-
crons.

Online access to data
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Appendix A. Expressions of the perturbed SIF 0K, in presence of mixed-mode I+III and non-singular stresses

In this Appendix, we provide the expressions of the perturbations of the SIFs arising from those parts of the initial (unperturbed)
stress field tied to (i) the unperturbed SIFs K0 KIOH, (i) the unperturbed non-singular stresses T2, T2, T2.. These expressions are
given at first order in the pair of perturbatlons (¢x, ¢y) of the crack front and surface. The expressions of the terms pertaining to the
SIFs K K?H were given for arbitrary perturbations ¢, ¢, by Leblond et al. (2011), building on the work of Gao and Rice (1986)
and Movchan et al. (1998); and we derive here the expressions of the terms pertaining to the non-singular stresses T)?X, T?z, T)((’Z,
with a comparison of the partial results of Movchan et al. (1998).

Appendix A.l. First-order perturbations of the stress intensity factors due to the initial stress intensity factors

At first order in the pair (¢y, ¢,), the perturbations 6k K}, of the SIFs tied to the unperturbed SIFs K9, K?H, consist of one contri-
bution arising from the in-plane perturbation ¢, of the crack front, plus another one arising from the out-of-plane perturbation ¢, of
the crack surface. According to the work of Gao and Rice (1986) for the in-plane perturbation, and those of Movchan et al. (1998)

and Leblond et al. (2011) for the out-of-plane perturbation, the expressions of these perturbations read:

KI PV f“'fx’ ¢x(x Z ) ¢x(x, Z)

oxKi(x,z) = =77 dz7 - 2K(;I¢yz(x 2) + 6K*¥(x, 2)
0 AN
6cKu(x.2) = ——K} ¢x,z(x, D+ Sl 2) - Ky e D=0 (A1)
11 27T —c0 (Z _ Z,)z
2 1o (X, (x, 2(1 -
Sk Km(x.2) = J_r: S0PV [ ¢ B . )_Zf’;(x Z)dz’ + (2 D K952

where the symbol PV denotes a Cauchy principal value. The term 6kaew in dx K1 was calculated for an out-of-plane perturbation
¢, independent of x by Movchan et al. (1998), and in the general case by Leblond et al. (2011), with the following result:

\/_1 2y &y (X', 7))
oK; skew KO R f dx' f > d /} A2
(o2 = 4r 1- m e{ * o (x=XD2[(x=x)+i(z—2)]? < (A-2)

where the cut of the complex power function is along the half-line of non-positive real numbers. As explained in Section 2,
expressions (A.1) and (A.2) disregard the influence of the spatial variations of the loading on the variations of the SIFs (because the
lengths involved, of the order of |(6K8 /0x)/ K8|, are assumed to be much larger than the typical length over which the perturbations
¢, ¢y vary significantly).

Appendix A.2. First-order perturbations of the stress intensity factors due to initial non-singular stresses

The calculation of the variations 7K, of the SIFs tied to the non-singular stresses T2, T2, T was presented in the work of
Movchan et al. (1998). These variations were shown to depend only on the out-of-plane perturbatlon ¢, of the crack. They were
calculated only for a perturbation ¢, independent of x and sinusoidal in z. Their expressions are derived here for an arbitrary ¢,.
Some details on the derivation are given because of some discrepancies with the results of Movchan et al. (1998), see Appendix B
below.

We first recall that according to Movchan et al. (1998)’s results, the variations of SIFs arising from the out-of-plane perturbation
¢, of the crack surface involve three kinds of terms: (i) local terms that relate to the local displacement of the front and orientation of
the crack surface, characterized by the quantities ¢y, ¢, ., ¢, .; (i) semi-local terms that involve integrals over the whole crack front
of its displacement ¢,; and (iii) non-local terms in the form of integrals of ¢, extended over the entire crack surface. Furthermore
we observe from the results derived in Section 3.5 of Movchan et al. (1998), that the variations 67K, involve only “morphology
terms” (in the authors’ terminology) which are of type (iii). It is thus possible to retrieve the expressions of these variations by
considering a perturbation ¢, that leaves unchanged both the local position of the crack front and the local orientation of the crack
surface at all points of the front (¢, = 0, ¢, . = ¢, = 0 along the front): under such conditions other (local or semi-local) terms in
the expressions of the variations of SIFs arising from the out-of-plane perturbation ¢, will vanish.

To determine the variations 67 K, under such conditions, let us expand the solution (u, o) of the elasticity problem at first order
in the perturbation:

{u(x) =u'x) +u'(x) (A.3)

o(x) = 0(x) + o' (x)

where the displacement and stress fields u® and o are of order 0, and the fields u' and o' of order 1. All four fields are defined on
the unperturbed cracked body: this is obvious for the fields u’ and ¢, and for the fields u'! and o' it stems from the fact that they
correspond to the derivatives, on the unperturbed configuration, of the displacement and stress fields with respect to the amplitude
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of the perturbation. We shall also need to expand the exterior normal vector n(x,y = ¢,(x, z), z) to the perturbed crack surface in a
similar way:
n(x, ¢,(x,2),2) = n’ + n'(x, 2). (A4)

Let us now expand the condition of zero traction on the perturbed crack surface:

0 = O-(X? ¢y(-x, Z)? Z)'n(-x9 ¢y(x’ Z)? Z) = [O-O(X’ ¢)7(-x? Z)’ Z) + 0-1 (x? ¢y(x7 Z)5 Z)]'[no + nl (x5 Z)]

=0%x,0,2).n° + O'f)y(x, 0, z).noq.’:y(x, 2) +0°(x,0,2).n'(x,2) + o' (x,0, 2).n°.

Identifying terms of order 1 in the perturbation in this equation, we get the boundary condition satisfied by the first-order fields on
the unperturbed crack:
o'(x,0,2)n° = —=09(x,0,2).0°¢,(x,2) — 0°(x,0,2).n' (x,2) = t"(x, 2). (A5)

We now develop this boundary condition in a more explicit form for those terms, in the unperturbed stress field o, which are
connected to the non-singular stresses T)?x, T?Z, TO First we note that for these terms, the gradient of o is zero so that the term

—09,(x,0,2).0°,(x, 2) in Eq. (A.5) vanishes. Second, we remark that the vectors n” and n' read, on the upper (+) and lower (-)
unperturbed crack surfaces:

(A.6)

n’* Fe,
n'*(x,2) £ (B, e + Gy(x.2)es)
Finally we remark that the terms pertaining to the non-singular stresses in the unperturbed stress field o simply read
T'e, ®e, + T e e + )?Z(exébeZ +e. ®ey).

Using these elements, we get the “effective tractions” t°(x, z) appearing in the boundary condition (A.5) for the first-order solution
on the upper and lower unperturbed crack surfaces:

o'(x,0,2).n°*

= —0%x,0,2).n'*(x,2)

Toe, ®e, +Tle, @€, +T) (e, @€, +€® ex)] (¢y,x(x, 2)ex + ¢y (X, Z)ez)
xx¢y,x(x’ 7)+ xz¢y,z(x’ Z)) e, + (TO by, (x5, 2) + Zz¢y,z(x’ Z)) €.

teff :(x’ Z)

(A7)

= 7

Now since the perturbation of the crack envisaged leaves unchanged the position of the crack front, the solution (u', o!) pos-
sesses the usual r~!/2 stress singularity near the front, which implies that it is a “classical” solution of bounded total energy, to
which standard theorems of elasticity theory apply.? It follows that the p-th SIF at the point (x, z) of the unperturbed crack front,
corresponding to this solution, is given in terms of Bueckner (1987) weight functions and the effective tractions by the integral

X +00
f dx’f hpi(x, 73 X, (2 )d? (A.8)

where hyi(x,z; X',2'), a crack-face weight function, is the p-th SIF generated at the point (x, z) of the front by a pair of opposite
(equilibrated) unit forces applied in the directions +e; at the points (x’, z’) of the unperturbed upper (+) and lower (-) crack surfaces.
But since the perturbation envisaged also leaves unchanged the orientation of the crack surface, these SIFs on the unperturbed
crack front simply coincide with those, 67 K,(x, z), arising from the unperturbed non-singular stresses in the perturbed solution.? It
follows, using Egs. (A.7) and (A.8) and the expressions of the crack-face weight functions for a semi-infinite crack in an infinite
body, provided for instance in (Gao and Rice, 1986), that:

6TK](X,Z) =0
V=¥ v (x=x)P - (=7 7 )| dz
orKu(x,z) = Y f_m foo (x—x)2+ (-7 [1 o v x—x)2 + (Z—Z')z] [Tﬁx%,x(x )+ T)?z¢)’,z(x ,Z )] dz
Vi—x b (x=-x)(z-7) 70 ', 7)|dz
—mf_m fm S N I L Sy D 2)2[ ¢yx(x )+ zz¢y,z(x,z)]d2

(A.9)
V3o iy 4y (x-x)(-2) '] g
6TKIH(-X7Z) = —m Loo foo (x X )2 i (Z )2 27—y ()C— X )2 + (Z )2 [ xx¢} X(x Z ) + )(C)Z(ﬁ}’yz(x 4 )] dZ
2v (x—x’)z—(z 7)?

_if v [ x-x -
732 Jee © (x-x)V+z-7) 2-v(x—x)2+(z-2)?

][T()m(x )+ Ty (¢, 2)|d2’

2Jf the perturbation implied a displacement of the front, the stress o-! would behave near it like /2

implying a non-classical solution to which usual theorems would not apply.
3f the orientation of the surface was modified in the perturbation, the relation between these two sets of SIFs would involve additional terms tied to the small
rotations ¢y, and ¢y, of this surface.

so that the corresponding total energy would be infinite,
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Appendix B. Expressions of the variations of the stress intensity factors using Fourier transforms

In this Appendix, we provide the expressions of the variations 6K, of the SIFs for the perturbations defined in Eq. (5), using the
Fourier transforms ., i, of the functions ¥, .

It is assumed below that Re(¢) > —1 or equivalently Re(1) > —|k| (which is true for all values of the wavenumber & if Re(1) > 0);
this condition is indeed required for convergence of the integrals obtained from the general expressions (A.1) of 65K, and (A.9) of
orK,.

Appendix B.1. Variations of the stress intensity factors tied to K K?H
For perturbations of the form (5), the expression of the variations 6k K, of Eq. (A.1) are given by Leblond et al. (2019) as:

_ Ax (e olkl 5 1-2v 1 2 ikz
Ofitx = Re {e f-‘” ~Ki U~ Ky ( VAl - y) A+ kD7 ) ® ] ¢ dk}
+oo 2 A
6KKH(-X’ Z) = Re {e/lx Loo _lKgI 2 k(!/X(k) + KO ( 2(2 ) |k|) 'py(k)} lkzdk} (B 1)

)

[ 2
Ok Km(x,z) :Re{eﬂx L2k A skl (k) + iK) ——— 2a-

ikz
T Sk, (k)] dk}

Appendix B.2. Variations of the stress intensity factors tied to T, T° T)?Z

podd
We provide here the expressions of the variations 67K, of Eq. (A.9) for perturbations of the form (5). As an example of the kind
of calculations required, here are those necessary to evaluate the first integral, 61TKH, appearing in the expression (A.9), of o7 Ky:

r W2 o \2
5 K, 2) = — 3/2]‘ f Vi —x [1+ vy (x-x)-(z Z,) ][Tﬁr¢_y,x(x',z')+sz¢>y,z(x',z')]dz

o0 (X x)2+(z—z)2 z_y(x_x/)2+(z_z)2

V2 °° Vx—x' | 2y (x-x)V-(@z-2)
=-——R Wy 1 ATl %y, d
7.‘-3/2 e{f_‘m xfoo (x_x)z_,_(z_zz)z’ +2_v(x_x/)2+(z_zl)2][ xr‘l/)(z)+ l//z(Z)] Z}
V2 S oo Vx—x [ 2y (x=x) - (z-7)* e Ao ik
=———R X dx! 1 dz ATO + kT ) (k)™ dk
32 C{Ime x‘f_‘m (x—x’)2+(z—z’)2> +2—v(x—x’)2+(z—z’)2] Zj_‘w ( xx T xz)l//}( Je
2 A oo Vx—x [2-3v  4v (x —x')? oo R o
=-——"R Wy dz7 ATY + ikT2) ¥, (k)e™ dk
7(3/2 C{Ime X foo (X—X’)2+(Z—Z’)2 | 2—vy + —V(X—)C')2+(Z—Z')2 z j:oo ( xx Tl xz)lp)( )e
V2 w [ 0 0 ik —u "l2-3v u’ —iky
o= —mRe{e Lo (ATY, + ikT?,) gy ()e def Vue ™ du LO et +v2)z]e dv}
v=z-7
\/E . +00 ) . e +00 e—(/l+\k|)u
=—ma ke {e’l I . (ATY, + kT2 ) gy (k)™ dk fo -~ [2 = 3v +2v(1 + [klu)] du}
= —V2Re{e™ f " (/lTO + ikTO) ! + 7 Ik by (ke dk
o L@ DY T 2=y @ T '

(B.2)
The last steps of the calculation here used the following results (see formulae (3.723.2), (3.729.1) and (3.944.6) of Gradshteyn and
Ryzhik (2014)):
—ikv —ikv
oo € n n
e Jy = —plklu el —|klu
o yZ 42 7 dv = u’ f“’ (u2 \/2)2 T e (1+ lkluye

f oAk = (B.3)

du= NR@A+ D)2 s [T Ve R = SR+ k),
The three remaining integrals of Eq. (A.9) may be calculated in a similar way, using in addition formula (3.729.2) of Gradshteyn
and Ryzhik (2014). The final results read as follows:

orki(x,z) =0
. ki 1 v R , v A-K\  k
K = VaRed e [ |14+ 2 70 — 70 — i1 - ik
orKn(x.2) = V2 e{e f—w[ ( T m) G T e e T a s ) G e e | ek
ol Mk _ v K k v A- k] 1
K = VaRelet [|izl " 70 (1 70 — (A - k ke dk
rkinted =2 e{e L [’2-vu+|k|)3/2 " ’( 2—y/1+lk|)(/1+|kl)1/2 ( 2=y AT ! ') @+ k)72 ’“]”"’( * }

(B.4)
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For the sinusoidal perturbation independent of x considered by Gao (1992) and Movchan et al. (1998), ¢,(z) = A cos(kz), k > 0
(that is, A = 0 and (k') = 4[6(k" — k) + 6(K’ + k)]), one thus gets:

V2k

orKn(2) = Aﬁ I:ZT)(C)Z

2k
orKm(z) = A2_\/—_v [—vT)(()Z cos(kz) +2(1 — v)TSZ sin(kz)] .

sin(kz) — vT? cos(kz)]
(B.5)

These expressions agree with Egs (40) and (41) of Gao (1992).* When comparing our results to Egs. (3.44) and (3.45) of Movchan
et al. (1998), however, we note sign discrepancies in the term proportional to T?z in the expression of 67Ky, and in the term
proportional to T2, in the expression of 67Kyy. It is unfortunately not possible to check Movchan et al. (1998)’s calculations
because they are not detailed in their paper.

Appendix C. Procedure of solution of Eq. (18)

The study of general (complex) solutions in & of Eq. (18) is made easier by adopting the change of variable suggested by Leblond

et al. (2011):

-l o =l withRe® s -1 o |Arg(Q)] < %). (C.1)

VE+1 &

Equation (18) reduces, after some manipulations, to the following algebraic equation of the Sth degree in ¢:

2V2v (pf - (1+ )[4, - 2isq?. — 4. £ + 4V2 [-(1 = 2v)p5 = (1 + v + (1 =) ¢, + (B +v)pd + (1 = v)?) isq’, + 205342 &

Cc2
+[264 = vipg + 2v(1 = )| 2 +2V2[(@ + v)py + (1 =2 =) Y, = 4pdisg’.| £ = 2+ vpf = (1 =v)2 = v) = 0. (€2

The roots of Eq. (C.2) are calculated numerically using the function roots of the Python library Numpy (Harris et al., 2020). The
method relies on evaluation of the eigenvalues of the companion matrix. Only the roots satisfying the condition |Arg({)| < /4 are
of interest, so that the number of retained roots may be less than 5.
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