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Abstract

When a crack interacts with material heterogeneities, its front distorts and adopts complex tor-
tuous configurations that are reminiscent of the energy barriers encountered during crack propa-
gation. As such, the study of crack front deformations is key to rationalize the effective failure
properties of micro-structured solids and interfaces. Yet, the impact of a localized dissipation in
a finite region behind the crack front, called the process zone, has often been overlooked. In this
work, we derive the equation ruling 3D coplanar crack propagation in heterogeneous cohesive
materials where the opening of the crack is resisted by some traction in its wake. We show that
the presence of a process zone results in two competing effects on the deformation of crack fronts:
(1) it makes the front more compliant to small-wavelength perturbations, and (ii) it smooths out
local fluctuations of strength and process zone size, from which emerge heterogeneities of frac-
ture energy. Their respective influence on front deformations is shown to strongly impact the
stability of perturbed crack fronts, as well as their stationary shapes when interacting with arrays
of tough obstacles. Overall, our theory provides a unified framework to predict the variety of
front profiles observed in experiments, even when the small-scale yielding hypothesis of linear
elastic fracture mechanics breaks down.

Keywords: Brittle fracture, cohesive zone models, crack front deformation, front stability,
heterogeneous materials

1. Introduction

Significant efforts have been made in the past decades to unravel the influence of material
heterogeneities on the failure behavior of composites. Understanding how crack fronts deform
may seem a rather anecdotal subject matter in this regard. Yet, the front deformations are remi-
niscent of the interaction between a crack and material disorder, and therefore conceal a wealth
of information on the disorder intensity and its structure. Their study has provided invaluable
insights on the spatio-temporal dynamics of propagating cracks, and on the effective toughness
of composite brittle materials (see Lazarus (2011), Bonamy and Bouchaud (2011) and references
therein).

During its interaction with heterogeneities of material properties, the crack front distorts and
adopts complex tortuous configurations. Predicting its propagation path requires considering
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all possible geometric configurations, as well as a suitable criterion that selects the “most fa-
vorable” one. This lead to a predominance of perturbative approaches in fracture mechanics,
where quantities of interest such as the stress intensity factors can be linked to perturbations of
the crack front geometry (Gao and Rice, 1986) and that of its surface (Movchan et al., 1998).
In particular, the first-order theory of Rice (1985) based on Bueckner (1987)’s weight functions
has been quite successful in capturing experimental observations of coplanar crack propagation
along weak interfaces. It provides a convincing framework to describe quantitatively the defor-
mations of a crack front interacting with a single tough defect (Chopin et al., 2011; Patinet et al.,
2013a; Vasoya et al., 2016b) of sometimes complex shape (Xia et al., 2012), periodic arrays
of obstacles (Dalmas et al., 2009), or disorderly-placed heterogeneities (Delaplace et al., 1999).
It also helped in rationalizing the micro-dynamics of depinning of a crack exiting an obstacle
(Chopin et al., 2018), or the intermittent macro-dynamics of crack propagation in disordered me-
dia (Malgy et al., 2006; Ponson and Bonamy, 2010; Barés et al., 2018). The same theory has
been extensively applied to predict the effective toughness arising from periodic (Gao and Rice,
1989), asymmetric (Xia et al., 2015), or even disordered (Patinet et al., 2013b; Démery et al.,
2014; Lebihain, 2021) distributions of fracture properties. Higher-order theories also provided
valuable insights on bridging mechanisms (Bower and Ortiz, 1991), on fingering instabilities
(Vasoya et al., 2016a), or on the microbranching transition at higher crack velocities (Kolvin
etal., 2017).

A major pitfall of these models is that they arguably overlook the influence of the spatially
localized weakening dynamics near the crack front. Indeed, the LEFM theory is based on the
so-called small-scale yielding assumption, which states that all the dissipation occurs in an in-
finitesimally small region in the vicinity of the crack front. As such, LEFM does not provide
any meaningful dissipation length scale, and treats all asperity scales indifferently. Yet, as we
zoom in on the front of a propagating crack, one ultimately finds a region of finite size where the
material behaves inelastically and the validity of the LEFM framework breaks down. It is crucial
to understand how heterogeneities smaller or bigger than this dissipative region may influence
the overall failure behavior of a composite. Cohesive-zone models (Dugdale, 1960; Barenblatt,
1962) provide a way to do that, as they assume that the material does not weaken instantly but
in a region of finite size — called “process zone” — located at the crack front where the crack
opening is resisted by a distribution of cohesive stresses. In these models, the fracture properties
are not solely characterized by the fracture energy G, but rather by (i) the strength o of the
material, and (ii) its process zone size w, two quantities from which emerge the fracture energy
(Palmer et al., 1973). The development of a unified framework that describes the failure behavior
of cohesive and heterogeneous materials may only take place through a preliminary study of the
front deformations in presence of a finite process zone.

In this work, we extend the LEFM perturbative theory of Rice (1985) to mode I coplanar
crack propagation in cohesive materials. This is performed by deriving first Bueckner (1987)’s
crack face weight function for a semi-infinite coplanar crack perturbed within its plane. As a
result, we can explore for the first time the influence of a finite process zone size on the front
deformations of a crack propagating in tensile mode I. We show that a cohesive crack accommo-
dates perturbations differently depending on the size of the perturbation wavelength with respect
to that of the process zone. We also emphasize that the presence of cohesive stress behind the
crack front may strongly modify the fluctuations of fracture energy the crack actually perceives
during its propagation. This theory successfully predicts the front profiles observed in the peel-
ing experiments of Chopin et al. (2011), for which the small-scale yielding hypothesis of LEFM
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is suspected to break down.

The paper is organized as follows: in Section 2, we derive the expression of the crack face
weight function perturbations at first-order in the front deformation, following a method pro-
posed by Rice (1989). It allows us to calculate the stress intensity factor arising from cohesive
stresses acting behind the front for materials translationally invariant in the propagation direc-
tion. Building on this model, we revisit in Section 3 the stability problem of a perturbed crack
front treated by Rice (1985) for perfectly brittle materials. We highlight here the influence of the
finite process zone size on the relative “stiffness” of the crack front to some modal perturbations.
Next, we investigate in Section 4 the stationary shape of a crack front interacting with periodic
arrays of tough obstacles. We show here that the presence of cohesive stresses behind the crack
front does not only affect the stiffness of the crack front, but also influences the energy landscape
the crack actually experiences during its propagation. The front profiles predicted by our theory
are successfully compared to those obtained by Chopin et al. (2011) during adhesive peeling
experiments of an elastomer block from a patterned glass substrate.

2. First-order variations of the mode I stress intensity factor for a semi-infinite coplanar
cohesive crack

2.1. Cohesive approach to three-dimensional coplanar crack propagation

We consider a semi-infinite crack embedded in an infinite body made of an isotropic linear
elastic material. In the initial reference configuration I', the crack is planar and its front is straight
(see Fig. 1a). We adopt the usual convention of LEFM, and thus use a Cartesian frame Oxyz with
origin O chosen arbitrarily within the crack plane, axis (Ox) parallel to the direction of crack
propagation, (Oy) parallel to the direction orthogonal to the crack plane, and (Oz) parallel to the
crack front. The associated unit vectors are denoted (ex, ey, ez). The crack T is loaded in pure
mode I through some system of forces independent of the coordinate z, so that the unperturbed
stress intensity factor (SIF) K? is independent of the point of observation along the crack front.
The influence of the loading conditions and the specimen geometry may be accounted for in the
evolution of K? with crack advance.

Now, let the front ¥ undergo some infinitesimal coplanar perturbation, and note da the lo-
cal orthogonal distance between the perturbed front 7 with respect to the reference one (see
Fig. 1b). The LEFM perturbed stress intensity factor Kj.sy along the front reads (Rice, 1985):

Kietm (2) = K} + 6Kefm (2) = KP |1+

1 f“" a(z) - (5a(z’)dz/ 0

! (’91(10 6a(z) PV

— —Lsa(z) — —

KP da 2 o (Z -7 )2
where 0Kery, corresponds to the first-order variations of Kjef, due to the front deformations da,
and the symbol PV denotes a Cauchy principal value. Equation (1) is non-local, since the rupture
behavior at a given point is affected by the position of the other points due to long-range elastic
interactions.

In the following, use will be made of Fourier transforms in the direction (Oz) of the crack
front. The definition adopted here for the Fourier transform y(k) of an arbitrary function y(z) is:

+00

X (k) = % f x@e®dz & x(2) = f Jkye™dk )

o] —00
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Then Eq. (1) reads in the Fourier space:

5K K° _
5Kieim (K) =( 1 0K |k|] 5t -

Reference crack Perturbed brittle crack Perturbed cohesive crack
KIO y

z
(a) X

Figure 1: (a) A semi-infinite planar crack I' with a straight crack front # is loaded under pure mode I through some
system of forces, giving rise to a stress intensity factor KI0 . (b) Due to the presence of microscopic heterogeneities, the
crack front 7 of the perturbed crack I'* distorts by a quantity da(z) along the direction of propagation (Ox). (c) The
material does not weaken instantly in the crack wake, but progressively in a closed region behind the rupture front (in
red) called process zone. Inset: In this region, the cohesive stress o decay from its peak value o, referred to as the
strength of the material, down to zero along a typical distance w.

The LEFM approach leads to a “non-physical” situation where the stress is found singular at
the crack front. Cohesive zone models (CZMs) address this issue by assuming that the opening
of the crack is resisted in its wake by a tensile stress o (z, x), called cohesive stress, acting behind
the crack front (see Fig. 1c). It typically evolves from a peak value o, called strength of the
material, down to negligible values along a characteristic distance w, called process zone size
(see inset of Fig. 1c). The evolution of o behind the crack front usually results from a traction-
separation law o = f(0) describing material degradation with the local opening displacement 6
(Dugdale, 1960; Barenblatt, 1962). This cohesive stress o~ gives rise to a negative stress intensity
factor —K ., (2) that balances Kietm (2), ensuring then that the stress is non-singular at each point
along the crack front:

Kiotal (Z) = Kiefm (Z) — Kezm (Z) =0 (4)

Building on Bueckner-Rice’s weight function theory (Bueckner, 1987; Rice, 1989), one may
express the cohesive stress intensity factor K, as:

Kem (2) = f K (F*; 2,7, x) o (x) d7 dx 5
=

where k* (I'*;z,7/, x) is the mode I crack face weight function (CFWF). It corresponds to the
stress intensity factor generated at point z by a pair of unitary tensile forces applied at a point
(Z’, x) located on the faces of I'*.

2.2. First-order variations of the mode I crack face weight function

In order to compute the cohesive stress intensity factor of Eq. (5), we need a closed form for
the crack face weight function k* of the perturbed front ¥ . We follow here the ideas developed
by Rice (1989) and Favier et al. (2006), upon which Leblond et al. (2012) built to derive the
first-order variations of the fundamental kernel Z (I'*; z;7’) = n/8 lii%k(l“ *2,7,%) [ \Vx. We

build upon them here to derive the variations of the mode I crack face weight function for a semi-
infinite coplanar crack at first order in the perturbation da. Our results generalize the calculations
4
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of Leblond et al. (2012) that only looked at the asymptotic behavior of k* near the crack front
(x — 0).

The evolution of the opening displacement and the stress in the vicinity of the perturbed crack
front are naturally expressed in the local basis of vectors (e;‘ (2), €x(2), ey), where e (z) is tangent
to the crack front ¥ at position z, and e;(z) is perpendicular to it within the plane (zOx) and
oriented in the direction of propagation (see Fig. 2). Following Favier et al. (2006), we need to
define two distinct crack face weight functions:

o k" (F7;20;z1,x"), which corresponds to the stress intensity factor generated at z = zp by a
pair of unitary forces applied along e, at a distance x* behind the point z; of the perturbed
crack front ¥ in the direction of the vector e}(z;);

o k(¥ 7;z20;21,x), which corresponds to the stress intensity factor generated at z = zp by a
pair of unitary forces applied along e, at a distance x behind the point z; of the perturbed
crack front F* in the direction e,.

At first order in the perturbation, one has:
K (F* 20521, X)) = k(F "5 20521, %) (6)

as the error introduced on the position of the point of application of the forces is of second order
in d6a (Favier et al., 2006). Moreover, Rice (1989) showed that provided the crack advance da(z)
satisfies the condition:

oa(zp) = 0 and Sa(z;) =0 7

k(F*;z0;21,x) can be expressed from the CFWF k(7 zo; z1, x) of the reference straight front
following:

1 oo 0
Kz =k Pz + 50 [ kFizman 200
21 J oo (z—20)

®)

where k (¥ z0; 21, x) is known analytically for the semi-infinite coplanar crack with a straight

crack front I':
V2 Vx

k(Fiz20020= 35—
w2 (z0 = 21)* + x°

€))

Yet, the condition (7) is not satisfied for an arbitrary perturbation da. To circumvent this diffi-
culty, we follow the ideas of Leblond et al. (2012), and compute the perturbed CFWF associated
to I'* from those of a reference crack I'** that results from the combination of translatory motion
and a rotation da™* making da*(z) = da(z) — éa**(z) vanish in zo and z;:

50 (2) = da(zg) + UGN TR0 (s () 4 STy (g
71 — 20 21 — 20

In the following, (ei:*(xo, 21), €x°(20,21), ey) denotes the natural basis of vectors associated to the
straight crack front 7** of I'**, and (z**, x**,y) the point coordinates in this basis (see Fig. 2).
One may then define:



Fwk (Z, 5a**(2)) er@) eF*

Figure 2: The mode I stress intensity factor k (F*;z9; z1, x*) generated at z = zo by a pair of unitary forces applied along
ey at a distance x™ behind the point z; of the perturbed crack front ¥ (in black) in the direction of the vector e}(z1) can
be inferred from that generated by a pair of unitary forces applied along e, at a distance x.. behind the point z; of the
auxiliary front #** (in red) in the direction of the vector e} (z1).

o L (F*; 7552 x**), which corresponds to the stress intensity factor generated at z** = %y
by a pair of unitary forces applied along e, at a distance x™ behind the point z;* of the
perturbed crack front ** in the direction e}"(zo, z;). Since I'** is a semi-infinite coplanar
crack with a straight crack front, k£** (F*; 75521 x**) reads:

e (P ) N2 an

71'3/2 (sz)* _ Z’]F*)z + x**Z

o k* (F*; zg*, z‘;*, x**), which corresponds to the stress intensity factor generated at z** = zg*
by a pair of unitary forces applied along e, at a distance x™* behind the point z}* of the
perturbed crack front ™ in the direction e;*(zo, z1). Applying Eq. (8) to I and I'* yields:

ke (7_-**’ z**; ZT*’ X**)

1
- (F*;zé*,zf*,x**) — (F**;ZS*,Z’I*,X) + Lpy !
. _
% (e =)

f+oo 6a(z**) _ (5(4**(Z**) »
—_——"dz
2n -

(12)

Again, the error on the position (z**, x**) with respect to (z, x) is of second order in da. In the
(ez, ey, ey) basis, Eq. (12) writes as:

V2 Vx L by o 2 Vi daz) - 6a™(z)

k(T 20521, %) = = —————— + — ——
I (g —z)?+x2 2 Jo R GE-z)?+xr (2-20)

dz (13)

Combined with Eq. (10), Eq. (13) provides a direct way to evaluate Eq. (5) numerically. Yet,
as noted by Leblond et al. (2012), the presence of the rational function 1/((z — z1)* + ¥*)(z — z0)*
in the integrand makes it unfit for any analytical calculations. One may then decompose it as:

1 _ 1 -2)+X 2@-z)  2An-z)z-z)  (@-u)-¥ (14)
(G—z*+x) -2 (-z)?+22) | @-2)? (z - 20) -zl +x2 -z +a?
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From Egs. (10), (13), and (14), one finally gets for the expression of k (I'*; zo; z1, X):

k(T 20521, X) =k (T 203 21, %) + 6k (T3 205 21, X)
+00 _
V2 Vx 1+ Lpy f da(z) — da(zo) dz

T (- )+ 2 2r o  (z—20)?
2zp-z1) 1 e 1 (z=z1) 15)
(z0—21)* + 2 ZPV Im ( z2—2 " (z—21)? +x2)6a(z)dZ
(w-z) =% 1 f“x’ da(z) - da(z1) X _
* (20 — 71) + 2 27rPV o (=212 + X2 i+ (z0 — 21)% + x2 (8a(z0) = dalz1))

We derived here for the first time the analytical expression for the crack face weight function
k(I'™;z0; 21, x) of a perturbed crack at first-order in the perturbation da. We observe that one re-
trieves, taking the limit x — O in our Eq. (15), the Eq. (10) of Leblond et al. (2012) that describes
the first-order variations of the fundamental kernel Z (I'*;z;7)) = /8 limok(F*;z; 7, x) /[ Vx.

Our equation provides the fundamental ingredients to extend the model of Rice (1985) to cohe-
sive materials. Technical details on the derivation of Eq. (15) are given in Appendix A.

2.3. First-order variations of the mode I stress intensity factor

Using Eq. (15), it is now possible to compute at first order in da the stress intensity factor
K;m of Eq. (5) generated by the cohesive stress acting in the wake of the perturbed crack front
F*. We perform this in the reduced case where the material is translationally invariant in the
propagation direction (Ox). In this case, the cohesive stress might be expressed as:

0 (2, x) = 02 fow (x/ w(2)) (16)

where 0.(z) and w(z) are the local strength and process zone size at position z, x is the distance
to the crack tip located at (z, da(z)), and f,, is a shape function that relates to the nature of weak-
ening. An example of f,, is given in the inset of Fig. 1c for the generic linear traction-separation
cohesive law (see Appendix C.4 for more details).

The particular choice of cohesive stress evolution in Eq. (16), often referred to as distance-
weakening, is rather limiting as it does not provide a comprehensive framework to investigate the
influence of spatially distributed material heterogeneities on crack propagation. Yet, it provides
ways to account for the influence of a finite-size dissipation in the crack wake onto the rupture
behavior in a fully analytical manner; see for example (Palmer et al., 1973) for an estimate of the
process zone size in cohesive materials, and (Poliakov et al., 2002) for the displacement/strain
field ahead of a dynamic cohesive rupture tip.

A more standard formulation of cohesive zone models is to describe material degradation
with the local crack opening displacement ¢:

0 (2) = 0(2) f5 (6(2)/ De(2)) a7

where D.(z) is the local critical crack opening, above which cohesive stress are negligible, and
fs is a shape function describing material weakening. While we chose here to express directly
o in terms of the variables (o, w, fy), they usually emerge from the knowledge (o, D,, f5) and
the resolution of the structural problem. In particular, the process zone size w can be expressed
as:

w=atiD, (18)
Oc

7
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where u is the shear modulus, and « is a proportionality constant that relates to fs. It can be
either estimated analytically (Barenblatt, 1962) or computed numerically (Viesca and Garagash,
2018). The formulation in terms of (o7, w, fy) is strictly equivalent to that in (o7, D, f5) for ma-
terials that are translationally invariant in the propagation direction (Ox). The latter formulation
would provide a more comprehensive framework to deal with cases where the heterogeneities
are random.

In the following, perturbations da of the crack front may arise from the spatial variations of
strength o and process zone size w along the front, the latter being associated with variations of
both strength o and critical crack opening D.. We decompose o and w in uniform contributions
oY and wy associated to a reference homogeneous material, and spatial fluctuations do. and dw:

(19)
w(2) = wy + Sw(z)

{Uc(z) = o0+ 60 (2)
where 0¥ and wy correspond to the spatial averages of o, and w respectively. We can now insert
Egs. (6), (15), (16), and (19) into Eq. (5) that gives the cohesive stress intensity factor K.,m(2)
acting along the perturbed crack front ¥ *. It yields:

+o0 oo
Kczm(z) = f f o (Z/, X) kK (F*, Z; ZI, )C) dz'dx
0 oo 20)

= f f o) fo (X (@)) [k (T;2: 7, x) + 6k T3 237, x)| dZ' dx
0 —00

The cohesive SIF K., (z) can be expressed as the sum of a zero-order term K2, ., and first-order
variations 0K.,n(z) that relates to the perturbations da, do and dw. Following Irwin (1958)’s
criterion, K{,, corresponds to the mode I toughness K. of the reference material when the crack

propagates. We show in Appendix B that it writes as:

2
0w =K =0C, \/70 w)? Q1)

KO

where Cy, = fom fo W uduisa pre-factor that relates to the nature of the weakening. We re-
trieve here the results of Palmer et al. (1973) that derived the expression of the mode I toughness
KPC of a cohesive crack in 2D. This was expected, as three-dimensional crack propagation in a
spatially homogeneous reference material can be reduced to a two-dimensional problem.

The first-order variations of cohesive stress intensity factor 6K.,,(z) can be expressed as:

Sam ) 1 f [, L[ R ) O

KO wo

e*dk (22)

+°°[L " S ) o g, ]&rc (k)
iz

O—C
+00 1 +00 (S k )
[— f ~fu W) ul/zelkl“"’”du] —“’( ) ik g
—00 CW 0 wo
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Details on the derivation of Eq. (22) are given in Appendix B. We further observe that Eq. (22)
takes a much simpler expression in the Fourier space that one can easily build upon to understand
the physical implications of a finite-size dissipation on the fracture process. Eq. (22) reads in the
Fourier space:

) Ko(k) _ (ﬂ(|klwo) Ik|)5 ) + £ (ko) S0 (k) + 8 (ke )6a)_(k) o)
Ic Wo C
where: o
71 +oo Jy (U ko
A(klwo) = _Cw IA o ( — W )du
i(|k|a)0) — C j(‘)+oo fwl(/’;) e~ Mwou gy, (24)
Q(klwo) = —Ciw B o ) w2 e Weos gy

Combining Eqs. (3) and (23), one finds the equation ruling crack propagation in heterogeneous
cohesive materials:

1 0KY |k Ak k k Sw (k
KIO[1+(—O 2 '2']5 (k)] Kﬁ{ ( (Kleo) ")6 0+ % () 220+ & gy 220 o e
KI wo c

Equation (25) unveils rich physics about the influence of a finite process zone size on the
front deformations. It can be reformulated in terms of variations of strength and critical crack
opening, building on Eq. (18) (see Eq. (B.18) in Appendix B for more details). One can also
make use of efficient Fast Fourier Transform (FFT) algorithms to solve it efficiently, at a much
lower computational expense than more standard simulation methods (Geubelle and Rice, 1995).
As such, our model shows potential to investigate front deformations induced by heterogeneities
at multiple scales. We focus here on two problems: the configurational stability of a crack
propagating in a homogeneous yet cohesive material in Section 3, and the influence of material
heterogeneities on the front deformation in Section 4. Before doing so, several comments are in
order:

o First, one expects to find back the results of Rice (1985) and Gao and Rice (1989) in the
limit wy — 0. The study of the asymptotic behavior of the cohesive pre-factors A, Z, and
Q yields in this limit:

- lklewo
A (Jklwo) Mo 2 ; 2 (lklw o) oo 1and O (Iklwo) oo 1 (26)
wo—
So that, in the limit of a perfectly brittle material, the contribution of the front deformations
oa in K¢, goes to zero. Eq. (4) yields at first-order in da, 6o, and dw:

0o(z) oduwl(z
Kieim(2) = K |1 + §)+2()
o¢ wo

= Kic(2) @7

where we used Eq. (21) to link the fluctuations of cohesive properties do and dw to the
material toughness Ki.. We find back Irwin (1958)’s criterion that describes crack propa-
gation in perfectly brittle materials.
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e Second, the amplitude of the front deformations ¢ are multiplied by a cohesive pre-factor
A that depends on the product of the wavenumber k and the process zone size wy. It means
that the crack front accommodates a given perturbation length scale differently depending
on its size and that of the process zone.

o Third, we observe from Eq. (23) that the process zone acts as a high-frequency filter for
the variations of strength do and that of process zone size dw. One may thus expect that
the influence of heterogeneities on rupture propagation can be averaged at scales below
the average process zone size wy, while the influence of asperities at a scale considerably
larger than w, can be assessed quantitatively within the perturbative framework of LEFM.

o Fourth, the cohesive pre-factors A, L, and Q relate to the spatial distribution of weakening
characterized by f,,. As such, distinct behaviors can be expected depending on how the
material weakens. The values of ﬁ, f), and Q and their asymptotic behavior are either given
analytically or computed numerically in Appendix C for several types of weakening.

3. Stability analysis

As a first application of the newly derived cohesive “line-tension” model of Section 2, we
revisit the stability analysis of Rice (1985). It allows us to focus on the impact of a finite-size
dissipation on the front deformations only, considering homogeneous yet cohesive materials.

3.1. Crack front stability to sinusoidal perturbations for perfectly brittle materials

The stability of a semi-infinite crack to some front perturbations has been investigated first
by Rice (1985) for perfectly brittle materials. They considered sinusoidal perturbations da that
are characterized by their wavenumber k, or equivalently by their wavelength A = 27/k, and their
amplitude A (see Fig. 3a):

da(z) = A cos(kz) (28)
4 £ 102
3 Lo STABLE
/<
.§ S |Perturbation wavelength 4 foﬁ 100 PERTURBATIONS
EE RNV VA VA VA VA VY IR UNsTABLE
38 =< PERTURBATIONS
[S3R] S 0
a5 2 . |Stabilizing geometry
S —10~
= 100 ]
073 -2 -1 0 1 2 3 @ 101071 10° 10t
(a) Front direction z/\ (b) Perturbation wavelength A (m)

Figure 3: (a) Stability analysis of a sinusoidal crack front (in black solid line) of wavelength A for perfectly brittle
materials: (b) the stability of the crack front is controlled by the sign € and the characteristic distance £ along which
the macroscopic K? varies. For stabilizing geometries € < 0 (hatched surface), the perturbation is stable (in gray) no
matter its wavelength. For destabilizing geometries € > 0 (non-hatched surface), the perturbation is unstable (in red) if
its wavelength is larger than a critical value A, and stable (in gray) otherwise. The critical wavelength A, is predicted by
Eq. (31).

Following Rice (1985), the stability of the perturbed crack is assessed by looking at the
value of mode I SIF at the most advanced points of the crack front z = nx/A. If this value

10
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is found larger than the applied SIF K, crack propagation is considered unstable, and stable
otherwise. Rice (1985) showed that the configurational stability is partially controlled by (i) the
sign € of the variations BK? /0a of loading with crack advance, and (ii) a structural length scale
L characterizing their intensity. These two quantities are defined by the following equations:

L =|K{/(0K] /0a)| and € = sgn(9K? /da) (29)
The expression of the mode I SIF of Eq. (1) rewrites as:

0
Ki(2) = K? {1 ¥ [KL?"% - %JAcos(kz)} = KP|1+ (% - 2) Acostka)| (30)
From Eq. (30), one observes that the crack is unconditionally stable for stabilizing geometries
€ < 0 for which K{) decreases with crack advance. When KP increases with crack growth € > 0
(destabilizing geometry), the system is conditionally stable: small-wavelength perturbations are
stable, while large wavelengths are unstable. This shift in stability occurs for a critical wave-
length A, that reads:
A = [enL]” €29

where [x]* denotes the positive part of the real x.

3.2. Influence of a finite-size dissipation

One may then wonder how the presence of a finite-size dissipation influences the stability
of a crack to sinusoidal perturbations. For homogeneous materials (Ao, = Aw = 0), Eq. (25)
rewrites as an Irwin-like criterion Kfff = KIOC , with an effective SIF Kleff that encompasses the
influence of finite cohesive stresses behind the crack front. KIeff writes as:

€ A(lKlwo)
L wo

In the remaining of the manuscript, we assume that the material continuously weakens behind
the crack front f;, < 0. From the definition of A in Eq. (24), one may easily show that A is
a (i) positive and (ii) increasing function of |klwy. Moreover, in the limit |klwy — +o0, (iii) A
saturates to a value A;; (see Fig. C.10.a) that reads:

KT(z) = K [1 + ( )A cos(kz)] (32)

o 1 fiw
Ay = o fo i du (33)
One then finds: A
Ki"(z) > K7 |1 + (5 - —W)ACOS(kz)} (34)
L wo

From Egs. (32) and (34), one can distinguish three different instability regimes:

e Regime I: When € = —1 or 0, the system remains unconditionally stable to sinusoidal
perturbations due to the positiveness of A.

o Regime II: When € = 1, the system is unconditionally unstable to sinusoidal perturbations
of any wavelength if the structural length scale £ is smaller than a critical value £., which

reads: wo
Lo=—2 (35)
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Figure 4: (a) Stability analysis of a sinusoidal crack front (in black solid line) of wavelength A in presence of a finite pro-
cess zone size wy (in red): (b) the stability of the crack front is controlled by the structural length scale £ = KP / IaK? /0al
characteristic of the loading variations and their sign €. For stabilizing geometries € < 0, the perturbation is stable no
matter its wavelength (in gray; see Regime I in the main text). For destabilizing geometries € > 0, the perturbation is
stable if its wavelength A is smaller than a critical value A. and unstable otherwise (in yellow; see Regime III in the main
text). For a large enough process zone size, the critical wavelength A. goes to O (in red; see Regime II in the main text),
and perturbations of any wavelength are unstable. (c) 4. depends on both the structural length £ and the process zone
size wo. (d) When normalized by wy the values of A all collapse to a master curve (in black solid line) predicted by
Eq. (36). Note that, below a critical value L /wp of the structural length scale (marked by a vertical dashed black line),
perturbations of any wavelength A are unstable (Regime II).

e Regime III: When € = 1 and L > L, the system is conditionally stable: perturbations of
wavelength smaller than a critical value A, are stable, while larger ones are unstable. For

cohesive materials, A, reads:
A (2
A ( ﬂwo) _ Wo (36)

Ac L

In contrast with the perfectly brittle case of Eq. (31) where A, only depends on the struc-
tural length scale £, it is also influenced here by the process zone size wy. We further
observe in Fig. 4d that A, is smaller than its LEFM value, as Alklwo)/wy < |kI/2. As
such, the introduction of a finite-size region of dissipation can be associated with a loss of
stiffness of the crack front. This stiffness loss gets stronger as the wavelength A approaches
the process zone size wy (see Fig. 4d and Fig. C.10 in Appendix C).

The different regimes and the associated stability diagram are summarized in Fig. 4b-c. As can
be seen from the conditions of Egs. (35) and (36), the stability of a perturbed crack strongly
depends on the evolution of A and its asymptotic behavior as |[klwy — +oo. It naturally relates to
the spatial distributions of cohesive stress behind the crack front, and so to the function f,. The
influence of the precise shape of the cohesive law is discussed in Appendix E.1.

12
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We conclude this section with some potential implications of our results on the stability of
perturbed cracks in a dynamic setting. We showed that the stability of a perturbed crack front
of fixed wavelength A embedded in a destabilizing structure (¢ > 0) is controlled by the size
wy of the process zone. A crack in such a configuration could be stable when embedded in a
rather brittle material (small wy/A1) and unstable for a more ductile one (large wy/A1). Rice (1980)
showed that the process zone size wy contracts as the crack accelerates. One may then imagine
situations where a crack oscillates between a stable configuration and an unstable one: in a
first stage, the arrested crack becomes unstable because of some large wavelength perturbations
(Regime III). The subsequent decrease in process zone size during the instability could stabilize
the system (Regime III to Regime II). As the crack decelerates, the process zone gets larger,
and the crack becomes unstable again (Regime II to Regime III). The Lorentz contraction of the
process zone with crack velocity may also interact with the dynamic stiffening of the crack front
and crack front waves observed by Morrissey and Rice (2000). Further investigations are needed
to support these ideas. One could build on the spectral method of Geubelle and Rice (1995) to
perform efficient numerical simulations of front stability during quasi-static - to - dynamic and
dynamic - to - quasi-static transients.

4. Deformations of a crack front encountering an obstacle

We saw that the presence of finite cohesive stress in the crack wake makes the front more
compliant, especially when the perturbation wavelength is smaller than the process zone size. It
is tempting to think that this stiffness loss consequently increases the deformations of a crack
front induced by some heterogeneities of fracture energy. Yet, one has to bear in mind that the
presence of a finite cohesive zone size also influences the variations of strength and process zone
size, from which emerge the fluctuations of fracture energy. To investigate the ultimate impact
of these two potentially competing mechanisms, we study the interaction of a crack front with
periodic arrays of tough inclusions of increased fracture energy. We recall in Section 4.1 the
results obtained by Gao and Rice (1989) for perfectly brittle materials. We then investigate the
influence of a finite process zone size, first in Section 4.2 where heterogeneities of fracture energy
G. are associated with fluctuations of strength o, and second in Section 4.3 where they emerge
from variations of process zone size w. We discuss in Section 4.4 the experimental implications
of our findings, and show in Section 4.5 that our theory may explain the deformation profiles
observed in the peeling experiments of Chopin et al. (2011), for which the small-scale yielding
hypothesis is suspected to break down.

4.1. Front deformation by a periodic array of obstacles in perfectly brittle materials

In the general case, the spatial distribution of fracture energy G. can be decomposed in the
sum of a zero order term G corresponding to its spatial average, and a first-order term of fluctu-
ations 6G.:

G(2) = G+ 6G.(2) (37)

As the crack interacts with the inclusions, front deformations da arise from the spatial variations
0G. of fracture energy. Building on Griffith (1921)’s criterion and Irwin (1958)’s formula, Eq. (3)
yields at zero order in the perturbation da:

K =GP (38)
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We find back here the results of Roux et al. (2003), who showed that the effective fracture energy
G of a heterogeneous brittle material corresponds to its spatial average GV in the weak pinning
limit of infinitely long defects. At first order, one finds:

= __15Gh
6a(k)——|k| G0 (39)

Eq. (39) links the stationary shape da of the front deformations to the local fluctuations of
fracture energy 0G.. Gao and Rice (1989) investigated the deformation of the crack front re-
sulting from its interaction with a periodic array of tough obstacles of width d separated by a
distance AL (see Fig. 5). The spatial distribution of fracture energy writes as:

G® ifxe|nL,— 4. (n+ DL, +9)

Ge(2) =
@ G otherwise

(40)

where the fracture energy G of the obstacles is larger than that G™* of the embedding matrix,
and L, = AL + d corresponds to the spatial period of the distribution. One may additionally
characterize the fracture energy field through the two quantities:

GY = (AL/L,) G™ + (d/L,) G

41
AG, = G - G @b

where AG., the fracture energy contrast, is a parameter that is assumed small in the following.
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(a) Front direction z/d (b) Fracture energy contrast AG./GY (C) Inclusion spacing AL/d

Figure 5: (a) The crack front (in solid black line) is deformed by a periodic array of tough obstacles (in gray) of width
d, separated by a distance AL. The obstacles have a fracture energy G2 slightly larger than that of the matrix G2,
The front deformations are characterized by their amplitude A, defined as the distance between the most advanced point
of the front and the less advanced one. (b) For a perfectly brittle material, A increases linearly with the fracture energy
contrast AG./ G(C). (c) A depends non-linearly on the ratio of the obstacle spacing AL to their size d.

A quantity of interest is the amplitude A of the front deformations, defined as the distance
between the most advanced point of the front and the less advanced one (see Fig. 5a). From
Eq. (39), one may notice that A increases linearly with AG./G? (see Fig. 5b). The dependence of
A with the inclusion spacing AL is non-linear, and can be computed numerically from Eq. (39)
for spatial distributions of G described by Eq. (40) (see Fig. 5¢).

One may then wonder how these observations fare in the framework of cohesive materials,
where the fracture properties are not solely described by the fracture energy G, but rather by the
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strength o and the process zone size w. Using Irwin (1958)’s formula combined with Eq. (21),

one finds: ) )
1-v 2 1=v2
G? = KY” = =
E E n
As such, the variations of fracture energy dG. in cohesive materials can either emerge from the
variations of strength 6o, or from that of process zone size dw. At first order in those two

quantities, one has:

C2o% wy (42)

oG, ) )
C(EZ) —9 O—C(EZ) + w(2) (43)
G, ¢ wo
Next, we explore two limit cases: that of Section 4.2 where heterogeneities of fracture energy
solely emerge from local variations of strength, and that of Section 4.3 where they are associated

with fluctuations of process zone size only.

4.2. Heterogeneities of strength

We first consider the case where the heterogeneities of fracture energy emerge from variations
of strength only. The strength of the obstacles o9 is larger than that of the matrix o™, while
they are equally brittle w°® = ™" = wy. Note that in the standard formulation of cohesive-zone
models that deal with the pair (o, D.) instead of (o, w), this corresponds to a simultaneous
proportional increase of strength o and critical opening D,.

We define the average strength o0 and the strength contrast Ao, as:

obs _ mat (44)

(oa

¥ = (AL/L)) o™ + (d/L;) oo
Ao, =0

C C

The resulting fluctuations of fracture energy are linked to the variations of strength following:
AG./G? = 2A0 )0 (45)

The propagation criterion of (25) yields at first order in the perturbations da and do:

R satk) doe(k) _ G (k)
—A(lklwo) o =2(|k|w0)0'—2=2—G8 (46)

meaning that the front deformation increases linearly with the normalized strength contrast
Ao/ 0'2, and so with the normalized fracture energy contrast AG./ Gg.

The presence of a cohesive stress in the crack wake influences the amplitude of the front
deformations through two competing mechanisms. We saw in Section 3 that (i) it decreases the
front stiffness through the cohesive pre-factor A. We now observe from Eq. 46 that (ii) it also
smooths out the fluctuations of strength o (E(lklwo) < 1), leaving its average value o un-
changed. The overall decrease in magnitude of the strength fluctuations is mostly prevalent at
scales lower than the average process zone size wy (see the evolution of 3 in Fig. C.10b). While
the first effect leads to an increase of the front deformations with respect to the perfectly brittle
case, the second effect should decrease it as the crack experiences an effectively smoother dis-
tribution 6GS™ of fracture energy. Examples of the effective fluctuations of fracture energy 6G<

are shown in Fig. 6¢ for several values of process zone size to obstacle width ratio wy/d.
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Figure 6: (a) Influence of the average process zone size wq on the amplitude A of the front deformations for a periodic
array of obstacles of width d; Inset: the obstacles (in solid dark gray line) are stronger than the matrix o2® = 1.10° (in
solid light gray line), but they are equally brittle w° = @™, so that G2 ~ 1.2G™", For moderate values of wy/d, the
amplitude A increases almost linearly with the process zone size wy from its reference LEFM value. (b) For larger values
of wo/d, it scales as « (wy/d)'/2. (c) The presence of a finite process zone size smooths out the small-scale variations
of strength, so that the amplitude of the apparent fracture energy field (in gray scale) is decreased from its material value
(LEFM case). Yet, the decrease in apparent fracture energy amplitude for increasing process zone size (in red) is weaker
than the associated decrease in front stiffness, so that the deformation amplitude (extremal points of the crack front in
solid black line) is ultimately larger than in the LEFM case (in yellow dashed line).

We show in Fig. 6a the evolution of the front deformation amplitude A with the process zone
size wp. The competition between the two opposite effects mentioned above results in an overall
increase of the amplitude of the front deformations with the process zone size. This increase in
front amplitude is observed no matter the inclusion spacing (see Fig. D.14 and Appendix D.1
for more details).

In accordance with the asymptotic behaviors derived in Eq. (26), A converges to its LEFM
value Ay gry as the ratio between the process zone size wy and the obstacle width d goes to zero
(see Fig. 6a). We further notice that the amplitude of the deformations grows as (wo/d)'/? for
process zone sizes much larger than the obstacle width (see Fig. 6b). This was expected from the
asymptotic behavior of $ when |klwy — +o0:

3 g 0
S(kw)  ~ " with I = —‘/Eg‘v( )

4
klwo—s+o0 (|k|w0)1/2’ ( 7)

The front deformations are thus amplified by the existence of cohesive stresses, as the gain in
front compliance overcomes the smoothing of heterogeneities by the process zone. This behavior
and the associated scaling are retrieved independently of how the material weakens behind the
crack front (see Fig. E.18 and Appendix E.2 for more details).

A large process zone size lead to a localization of the deformation at the edges of the defect
(see Fig. 6¢c, and Eq. (D.2) for an analytical expression of the front deformations in the limit
case of a single defect embedded in an infinite matrix). Similar deformation patterns have been
previously observed in peeling experiments of a silicon elastomer block from a heterogeneous
glass substrate (Chopin et al., 2011). They are not ubiquitous, as other peeling experiments lead
to deformations closer to the LEFM predictions (Patinet et al., 2013a; Vasoya et al., 2016b). Our
theory may then provide a comprehensive framework to bridge various experimental observa-
tions where the small-scale yielding condition of LEFM may not always be met. We explore
further this avenue in the final Section 4.5.
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4.3. Heterogeneities of process zone size

We explore next the situation where the heterogeneities of fracture energy solely emerge
from variations of process zone size. The process zone size of the obstacles w®® is now larger
than that of the matrix w™, but both materials are equally strong o9® = o™ = ¥, In the
standard formulation of cohesive-zone models that deal with the pair (o, D.) instead of (o7, w),
this corresponds to an increase of critical opening D, only.

We define the average process zone size w° and the size contrast Aw as:

wo = (AL/L;) 0™ + (d/L;) 0™

_ ,,0bs _ , mat
Aw = w w

(48)

The resulting fluctuations of fracture energy are linked to the variations of process zone size
following:
AG./G? = Aw/wy (49)

The propagation criterion of (25) yields at first order in the perturbations da and dw:

~ o eff
oa(k) _ Q(|k|(u0)6w(k) _ oGS (k)

—Ak e
L wo 2wy 2G?

(50)

meaning that the front deformations increase linearly with the normalized process zone size con-
trast Aw/wy, and so with the normalized fracture energy contrast AG./ Gg.

—
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Figure 7: (a) Influence of the average process zone size wq on the amplitude A of the front deformations for a periodic
array of obstacles of width d; Inset: the obstacles (in solid dark gray line) are more ductile than the matrix w°® = 1.20™
(in solid light gray line), but they are equally strong o' = o™, 5o that G2 ~ 1.2G™", For moderate values of w/d,
the deformation amplitude A decreases almost linearly with the process zone size wq from its reference LEFM value.
(b) For larger values of wq/d, it scales as oc (wp /d)"172. (c) The presence of a finite process zone size smooths out the
small-scale variations of process zone size, so that the apparent amplitude of the fracture energy field (in gray scale) is
decreased from its material value (LEFM case). Furthermore, the decrease in apparent fracture energy amplitude for
increasing process zone size (in red) is stronger than the associated decrease in front stiffness, so that the deformation
amplitude (extremal points of the crack front in solid black line) is ultimately smaller than in the LEFM case (in yellow
dashed line).

Again, the amplitude A of the front deformations and its evolution with the average process
zone size wy result from the competition between an increased compliance of the crack front,
which promotes front deformations, and the decrease in magnitude of the effective fracture en-
ergy fluctuations 6G°, which smooths out the front. Surprisingly, we observe in Fig. 7a that
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the amplitude A decreases with the average process zone size wy for heterogeneities of pro-
cess zone size. This is explained by the asymptotic behavior of the cohesive pre-factor 2 when
|k|lwog — +o0:

. o /0
Q(klwy) ~ — with Q> = —%
w

wg—+eo (|klewg)3/?”

In that case, the increase in front compliance with the average process zone size cannot com-
pensate for the sharp decrease in magnitude of the process zone size fluctuations. It results in
front deformations vanishing as (wq/d)~'/? for average process zone sizes larger than the obstacle
width (see Fig. 7b). This decrease in front amplitude is observed no matter the inclusion spacing
(see Fig. D.15 and Appendix D.1 for more details). However, the associated scaling strongly
depends on how the material weakens behind the crack front (see Fig. E.19). This is explored in
more details in Appendix E.2.

(S

The deformation patterns showed in Fig. 7 do not correspond to front configurations observed
experimentally. This is expected as real materials usually display variations of both strength and
process zone size, and the influence of amplified spatial variations of strength should often prevail
over that vanishing of process zone size in the limit wg/d < 1 of large process zone size.

Overall, our model shed light on the strong influence of the nature of heterogeneities on
the front deformations. When extended to a dynamic setting, it helps to rationalize the front
deformations measured in numerical simulations of dynamic rupture where a crack interacts with
heterogeneities of cohesive properties (Roch et al., 2022). It may also explain changes in front
roughness observed in quasi-static simulations of coplanar crack propagation based on cohesive
zone models (Sevillano et al., 2007). In accordance with our findings, the authors show that
crack fronts interacting with heterogeneities of strength get much rougher than those interacting
with obstacles of larger process zone size.

4.4. Implications for the measurement of fracture energy variations from front deformations

We saw that the front deformations are amplified by the presence of a finite process zone for
heterogeneities of strength (see Section 4.2), while it is found vanishing for heterogeneities of
process zone size (see Section 4.3). The nature of the heterogeneities thus strongly influences
the way cracks distort when interacting with material heterogeneities. Yet, both types of hetero-
geneities impact similarly the overall value of fracture energy (see Eq. (43)). As such, one may
wonder if the amplitude of the front deformations constitutes a robust measure of the fracture
energy contrast.

To tackle this issue, we study the general case where heterogeneities of fracture energy
emerge from fluctuations of both strength and process zone size. Together with Egs. (1) and
(21), the condition (4) of finiteness of the stress at the crack front yields at zero order in the
perturbations da, 60 and dw:

G’ =G (52)

In other words, the presence of a cohesive zone does not influence the effective toughness of a
heterogeneous material in the weak pinning regime.
At first order, one finds:

S(lklwo) doe(k)  Qlklwo) dw(k)

Sak) = —wo— 0=
Aklewo) &0 A(klwo) 2wo

(53)
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One may then define multiple paths of increasing fracture energy contrast AG?/GY from a path of
increasing strength (Path 1 of Fig. 8a) to one of increasing process zone size (Path 3 of Fig. 8a).
We observe in Fig. 8b-d that the former constitutes an upper bound of the front deformation am-
plitude A, while the latter represents a lower bound. Mixed paths (Path 2 of Fig. 8a) are found
in between. When the average process zone size wy is way smaller than the obstacle width d
(see Fig. 8b), the two bounds converge to the LEFM value and the amplitude of the front defor-
mation constitutes a good proxy for the contrast AG./G? of the fracture energy (Patinet et al.,
2013a). For larger process zone sizes, the two bounds depart from one another (see yellow area
on Fig. 8b-d). Yet, a lower dispersion on AG./G? can be observed when the obstacle spacing AL
is larger than the process zone size wq (see Fig. 8e-g). This is explained by the fact that the spec-
trum of the fracture energy fluctuations is then mostly carried by large-wavelengths. As such,
one should rather measure a contrast in fracture energy from experiments of a crack interacting
with a single defect (Patinet et al., 2013a) rather than arrays of close obstacles (Dalmas et al.,
2009).
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(e (9] . (® :

----LEFM  ——Pati 1: o ONLY  — PATH 2: Mixép

Figure 8: (a) An increase of material fracture energy can be achieved either by increasing its strength at constant brit-
tleness (see dashed vertical line of path 1), by increasing its ductility at constant strength (see dashed horizontal line of
path 3), or by any mixed path combining an increase of strength with that of ductility (see curved black line of path 2).
(b-g) While the front amplitude increases linearly with the ratio of the fracture energy of the obstacles ngs to that of the
matrix G in the limit cases of LEFM (dashed black line), and path 1 (solid brown line) & 3 (solid light orange line),
it usually evolves non-linearly with the fracture energy contrast AG./ GQ in presence of a finite-size dissipation (see path
2 in solid dark orange line). The amplitude of the front deformations may vary between the two curves associated with
paths 1 & 3 (light yellow area). These variations increase with the process zone size w (see b & e, ¢ & £, d & g), but
decrease with the obstacle spacing L, (see b-d & e-g). Insets: front deformation profiles for AG. /G = 1.2.

It is also worth noticing that a non-linear dependence of the deformation amplitude A with
the contrast of fracture energy can be observed for cohesive materials (see Path 2 of Fig. 8b-g),
even within the linear theory. This is solely due to the differential impact of heterogeneities of
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strength or process zone size on the front deformations.

4.5. Comparison with peeling experiments along heterogeneous interfaces

We conclude this section by comparing the output of our model to deformation profiles ob-
tained in experiments. The first-order theory of Rice (1985) has been shown to reproduce a wide
variety of experimental observations of crack front deformations in experiments of peeling or
fracture of heterogeneous interfaces (Dalmas et al., 2009), even if more refined models taking
into account the finite thickness of the fracture specimen (Legrand et al., 2011) or higher-order
terms (Vasoya et al., 2013) yield more accurate results (see (Patinet et al., 2013a) and (Vasoya
et al., 2016b) respectively). Chopin et al. (2011) noted nonetheless some discrepancies between
the LEFM predictions and the deformation profile of the crack front in their peeling experiments
of a silicon elastomer block from a patterned glass substrate, in particular close to the obstacle.
We show here that they may emerge from a non-negligible process zone size, and that our model
of Eq. (15) provides a better fit for the experimental profile of crack front deformations in cases
where the small-scale yielding assumption breaks down.

COHESIVE

Front deformation da/d

0 o 10 15 20 25 30 35 40
Front position z/d

Figure 9: Prediction of the crack front deformations in peeling experiments of a silicon elastomer block from a patterned
glass substrate (adapted from (Chopin et al., 2011)). A 20um-large tough obstacle is placed at the center of the 22mm-
large block, and deforms the crack front. Chopin et al. (2011)’s LEFM fit of the front deformations is plotted in white
dashed line for AKi./KY =~ 3. Our cohesive fit of Eq. 25 for AKjc/K{ = 2.9 (Ace/o? = 1.65 and Aw/wy = 2.5)
and wo/d = 2.7 is plotted in yellow dashed line; Inset: Zoom on the front deformations near the obstacle. The large
deformations observed at the edges of the defect are a signature of the cohesive nature of the interface.

Chopin et al. (2011) performed peeling experiments of a silicon elastomer block from a pat-
terned glass substrate. The 22 or 72mm-wide and 10mm-thick elastomer block is made of black
cross-linked PDMS (Sylgard170, Dow Corning) of Young’s modulus £ =~ 2MPa. It is peeled
from a rigid substrate along a heterogeneous interface consisting of a 20um-wide PDMS-glass
obstacle embedded in a weak PDMS-chromium layer. The toughness contrast between the two
types of interfaces has been estimated to AK./ KPC =5 -9 from independent peeling tests along
homogeneous interfaces. During the experiments, the crack front is pinned by the tough obsta-
cle, and front deformations emerge from the interaction between the crack and the heterogeneous
toughness field. Chopin et al. (2011) showed that the deformation profile predicted by LEFM
for a single tough defect (see Eq. (D.1)) corresponds to that observed in the experiments, when
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looked at far away from the defect (see dashed white line in Fig. 9). Yet, two major discrepan-
cies were observed: (i) the LEFM best-fit of the deformation profile corresponds to a toughness
contrast AKj./ K?C ~ 3, which is lower than the one estimated from the interfacial properties
AKy/ KPC =5 -09; (ii) the experimental crack front displays much sharper variations at the edges
of the obstacle that those predicted by LEFM. The first discrepancy can be attributed to finite-
thickness and second-order effects, as they have been shown to reduce crack front deformations
(Vasoya et al., 2016b). We argue here that the second discrepancy relates to a non-negligible
process zone size in their experiments.

Indeed, we saw in Section 4.2 that a finite process zone size leads to an overall increase of
the amplitude of the front deformations. In that case, the front deformations are concentrated at
the obstacles edges (see Fig 6), as observed in the experiments of Chopin et al. (2011). While the
localization of the front deformation is quantitatively grasped by our cohesive framework (see
Eq. (D.2) describing the front deformations for the single defect and large process zone size),
this feature cannot be predicted either by the finite-size effects emerging from the finite thickness
of the PDMS block with respect to the defect size (Legrand et al., 2011) or from higher-order
effects (Vasoya et al., 2016b).

The experimental front profile is best fitted by our model (see dashed yellow line of Fig 6)
for a process zone size wy ~ 2.7d = 54um, a strength contrast Ac./0) = 1.65 and a process
zone size contrast Aw/wy = 2.5, which are equivalent to a toughness contrast AKj./ KPC =209.
The size of the process zone wy =~ 54um is compatible with values of the adhesive length of soft
materials (Creton and Ciccotti, 2016). Moreover, our measurements yield a value of toughness
contrast similar to that of Chopin et al. (2011) based on LEFM. This was somehow expected as,
in the case of the single obstacle, the amplitude of the front deformations is mostly controlled by
the toughness contrast AK./ KPC when wy =~ 54um <« AL ~ 22mm (see Section 4.4). Promising
directions for a better match of the experimental data would consist in accounting for the influ-
ence of the finite thickness of the PDMS block, and second-order terms. Following the theory
of Legrand et al. (2011), the former effect is expected to be rather small in the experiments of
(Chopin et al., 2011), as the thickness of the PDMS block (2 ~ 10mm) is much larger than the de-
fect width (d ~ 20um). On the contrary, the influence of second-order terms could be meaningful
as the toughness contrast between the matrix and the obstacle is rather large (AKj./ I(IOc =5-9),
and they have been shown to reduce significantly crack front deformations even for contrasts as
small as 1 (Vasoya et al., 2016b). Note that mixed mode effects due to a friction-induced shear
loading can be observed in the experimental setup of Chopin et al. (2011), and may also explain
some discrepancies between the experimental observations and the theoretical predictions.

5. Conclusion

This study provides a theoretical framework based on a perturbative approach of LEFM that
describes the influence of a finite process zone on the deformations of a crack front by hetero-
geneities of fracture properties. Namely, we extended in equation (25) the first-order theory of
Rice (1985) designed for perfectly brittle materials to the broader case of cohesive materials,
where crack advance is resisted by cohesive stress in its wake. Our model allowed us to re-
visit Rice (1985)’s problem of crack front stability to sinusoidal perturbations and Gao and Rice
(1989)’s of crack pinning by an array of tough obstacles, and to stress out the influence of a finite
process zone on these matters.
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We first showed that cohesive cracks accommodate a perturbation differently depending on
the size of its wavelength with respect to that of the process zone. In particular, perturbations
of wavelength smaller than the process zone size are amplified with respect to the LEFM case,
while perturbations of wavelength larger than the process zone size are left unchanged. This was
interpreted as a stiffness loss of the crack front due to the presence of cohesive stresses in the
crack wake. As a result, cracks may be unstable to perturbations of any wavelength if embedded
in a destabilizing structure, where the mode I SIF strongly increases with crack advance.

The loss in front stiffness may then lead to amplified front deformations of a crack interacting
with periodic arrays of tough obstacles. We showed that it was not always the case, as the
process zone also smooths out the local fluctuations of strength and process zone size that occur
at a scale lower than the process zone size. Interestingly, we showed that the gain in front
compliance overcomes the smoothing of perturbations in the case of heterogeneities of strength,
while the decrease in amplitude of the fluctuations is found sharper than the stiffness loss in the
case of heterogeneities of process zone size. As a result, the front deformations are amplified
by the presence of a process zone when the increased fracture energy is associated with a higher
strength of the obstacle, and reduced when it emerges from a larger process zone size.

Overall, our theory reconciles the wide variety of front profiles observed in experiments,
when the small-scale yielding hypothesis of linear elastic fracture mechanics breaks down, as in
(Chopin et al., 2011).

Future works may focus on the extension of our model to disordered microstructures that
are no more invariant in the front direction. A particular attention should then be devoted to the
interaction between the finite process zone size, characteristics of the dissipation, and the Larkin
length that emerges from the disorder (Larkin and Ovchinnikov, 1979). This may ultimately
provide insights on the influence of a finite process zone size on the effective fracture properties
of quasi-brittle materials. Another promising direction is to investigate crack front deformations
in a dynamic setting, where the contraction of the process zone with crack velocity (Rice, 1980)
interacts with the dynamic stiffening of the crack front observed by Morrissey and Rice (2000).
This is done in a follow-up study, in which our framework is extended to dynamic fracture, and
theoretical predictions are compared to the results of numerical simulations (Roch et al., 2022).
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sio  Appendix A. Calculation of k (¥*; zo; 21, X)

611 This appendix aims at establishing Eq. (15) from Egs. (10), (13), and (14). In particular, we
sz want to find a more suitable expression for:

_ 1 oo da(z) — 6a™(z)
I(z0,21) = ZnPVj:m CEERTETS) (Z_Zo)zdz (A.1)

s13  As noted by Leblond et al. (2012), each of the integrals that comprise 1 (zg,z1) individually
s« diverges at infinity, so that it is necessary to integrate first between finite bounds —L_ and L,
15 before taking the limit L_, L, — +oo in the final combination of integrals.

ss  Termsin 1/(z — z9)? — They read with a pre-factor 1/((zo — 71)? + x2):

L. sk L

=0 — O * 0 — 0 L, - 0 -0
PVf a(z) a2 (Z)dz _ PVf a(z) a§ZO)dz | B 20 a(zo) — da(zy) (A2)

. (@-2) . (=20 L_+z 20 =21

o7 Terms in 1/(z — z9) — They read with a pre-factor —2(zo — z1)/((z0 — 21)* + x*)*:
Ly _ *% Ly ] _

f da(z) - 6a*(2) dz = PVf da(z) dz—1n L-2z Sa(zo) — (Lo + L) da(zo) — d6a(z1) (A3)

L (z—20) _. (z—20) L_+7| 20 — 21

se  Termsin 1/((z —z1)* + x?)° — They read with a pre-factor ((zp — 2% = x)/((z0 — 21)* + x2)%:

L Sa(z) - 80 (2) _ fL+ ba@) -da) | [@-ay+2
AR s R B e s ] R ey

oa(zg) — da(zy)
20 — 21

(A4)

s Terms in (z — z1)/((z — z1)*> + x*)> — They read with a pre-factor 2(zg — z1)/((z0 — z1)* + x*)*:

L L 2., .2
Y (z—2) - T (z—21) (Ly —z21)" +x
= =7 — =P = ~7 —1 = =7 =
L, (G ) 4O 0@l =Y L, e R N L T e
-(Ly+ L) 760(10) —da() +x [arctan (7L+ —a ) + arctan (L ra )] da(z) = datz))
20— 21 X X 20— 21

e20  We observe that the terms proportional to (L, + L_) of Eqgs (A.3) and (A.5) cancel out, we get:
Lo da(z) — 6a™ () [ 1 f L Sa(z) - Sa(zo) 2(z0 — 21) f L da(z)
PV dz = PV dz - PV | =24
IL, G-arP+D)G-2P  |@w-ar+2  Jo G-zp (o-zu)P2+x2 Jurz-2 ¢

RGeS PVfL‘ da@) = Sa) , - 2z-2) PVfL‘ (z—z1)

(o =2 + )’ L G2 T (G mnp ) L G-n)?+x?

da(z)dz

(o-2) - % (L+ -2\ (Ly —21)* + 2% || 6a(z0)
+((ZO - 7)) +22) {ln L+ Zo) " (L-+z2)* + 22 )| (0~ 21) (A.6)
1 (L, —2)% + 2% (L+—Zo) sa(z1)
+ In —In
(20— 21)% + 2 (Lo +z)? + 22 Lo+2z0)| (20— 21)

2x

T(Go-2)? + )

larctan (14 ; a ) + arctan (L ;- a )J (6a(zp) — da(z ))}

21 We then notice that the logarithmic terms go to zero when L_, L, — +co. In this limit, one finds:
e 6a(z) — 6a™(z) 1 f“"’ da(z) — 6a(zo)
Im ((z=z21)* + x?) (z - 20)* Tla-ar+ 2 o -2
2Uzp — +00 o2 2 oo _
B (z0 — 21) PV f 0a(z) dz + (zo—2)" —x PV f da(z) 26a(Z12) 4
((zo — 21)* + x?) 0 2720 (o — 21)% + x2) Y G-z tx
2(zo — 21) PV f+°° z—21) 27x

o a2 da(z)ydz + ———————
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One finally gets Eq. (15) from Eqgs. (13) and (A.7).

Appendix B. Calculation of §K.,,(z) and its Fourier transform

In this appendix, we derive Eqgs. (21) and (22) from Egs. (15) and (20). To do so, we first
express k (I'*; zo; 21, X) as:

k(T™; 20321, %) = ko (20,21, X) [1 + 6K (203 21, X)] (B.1)

where kg corresponds to the CFWF associated to the reference straight front I'":

V2 Vx

2 (20 — 21)? + 22 ®2)

ko (20,21, X) =

and 5K can be decomposed into five different first-order terms following Eq. (15):

0K (20, 21, %) = 8K (20,21, X) + 6K3 (20, 21, %) + 0K (20, 21, X) + 6Ky (20, 21, %) + K5 (20, 21, X)

1 da(z) — 6a(zo) 20zo—-z1) 1 f da(z)
=—PV dz - —PV dz
2n f @-2?  @-ur+e 2 Joz-z "

2(20_21) 1 f( Zl) (ZO_ZI)Z—XZ LPV 5a(z)_6a(zl)d (B3)
-

da(z)d
(zo—z|)2+x2 271 z)2+x2 @ Z-'—(zo—zl)2+xz 2r L @—z)*+ %2
X
(0a(zo) — 6a(z1))

(Zo —z2)? + 2

Decomposition of the cohesive SIF — Eq. (20) rewrites as:

Kem(z0) = f f e(21) i (W) 01 ko (20,21, 0 0) [1+ 6K (oo 21, w(z )] dndu (B

where w(z;)ko (zo, 21, w(z1)u) can be rewritten as the sum of a zero-order term and a first-order
term in dw:

ﬁ a)(Zl)3/2M1/2
32 (29 — 21)* + (w(z1)u)?

(3 2wiu’ ) 60)(21)}
I
2 (-2 + (wou)?) wo

and 0K (zo; z1, w(z1)u) = 0K (20; 21, wou) since it is already composed of first-order terms in da.

w(z1ko (20,21, W(z1)u) =

(B.5)

= wq ko (20, 21, wolt)

Zero-order terms — In the end, one finds back from Eq. (B.4) at order 0:

czm ff 0' fw (I/t) (’-)OkO (Z()’ 21, wO”) ledI/l

| (@) 12 2 5 1n
‘[,, P ]\[0 =G \/;O = Ki

which corresponds to Eq. (21). We find back the results of Palmer et al. (1973) derived in the 2D

case. This was expected since the zero-order terms relate to the reference semi-infinite crack I'

with a straight front ¥ embedded in a homogeneous medium, which is translationally invariant
24

(B.6)




s7 in the (Oz) direction.
638

&9 First-order terms — At order 1 in 6o, dw and da, one gets:

6K erm(20) = ff U 001
om0 2 (20 — 21)? + (wou)*”"

0,3/2 1/2 2 2.2
f f Jco 2 fw(u){z— . ]6w(Z])dzldu (B.7)

732 (29 — 21)? + (wou)? (zo — 21)* + (wou)* | wo
0w 212
ff 12 (29 — 212 + (wou)? Go=ar + ™ {Z oK (ZO’Z]’wOM)] dande

s The next step is to calculate each of the 7 integrals of Eq. (B.7). The calculations build upon the
ss1  Fourier representation 5ce, dw, and ba of 6o, Sw, and Sa, and the expression of the following
sz integrals (see Eqgs. (3.723.2), (3.723.3), (3.729.1), (3.729.2) and (3.729.3) of Gradshteyn and
643 RyZhik (2014))

+00 eikv +00 eikv T
f —dv = insgn(k) and f ﬁdv = g kwou
eV ooV + (wou) wou
+00 ikv +00 ikv
ve e 1+ |k|lwou
f ﬁdv — l-ﬂ.e—lk\wgu and f 2dV _ 7 | | 3() e—Ik\wou (BS)
—wo V2t (wout) -0 [V2 + (wou)?] 2 (wou)

+00 ikv +00 2 _ 2
f Y gy =i E M ke g f L g = — ke e
o [V + (wou?]? 2 wou o [+ (wou?]?

ssa  Where sgn(k) denotes the sign of the real number %.
645
ss  lerms in 00, — We denote 6K¢,, the contributions of do to the variations 6K, of the cohesive

sz SIF. From Eq. (B.7), it reads:

0.0w3/2ul/2 601(11)
6K, (z f f 2 U dzydu
cam(20) = o 2 (29— 21) + (UJOM)ZfW ol !

C

V2 0,,3/2 ,1/2 00c(k) itz eikz1—20)
j[;[duﬁg fw( ) fdk' 0 —e (‘f:‘ md&)]

1 fw (I/l) _ 50—(,(]{)
_ 0 1/2 |klwou lk 0
_\/7 T Zﬂf[f W d] o? “dk

0 1 fw () o Kwou g, 60’c(k)
le"on C . ul2

(B.9)

tklo dk

O-C

ss  Terms in 0w — We denote 6K“

@ o the contributions of dw to the variations 0K ., of the cohesive
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ss  SIF. From Eq. (B.7), it reads:

0,3/2 12

odwy"u 3 2wiu? ow(z1)
- Z_ dzid
K em(@0) = ff 32 (zo—zl)2+(wou)2f (u)[z G- 2P+ @ou? | @
\/z 3 3 ga\)(k) X eik(Zl—Zo)
d 0,32 112 fdk__ ikzo — 4z
j;[ U 7<% Fulu ) K 2 wo ¢ o (@1 = 20)* + (wou)? “

2 ,ik(z1—z0)
f[dMS_‘/Z(Towm V2 () — fdkéw(k) ikzo [f 2(wou)”e Zdzl]]
u wo a [(z1 = 20)* + (wou)?]

[ fw () ( Iklw ) —|k|w(,udu:| ow(k) eikzodk

1 ull2 wo

_ ow(k) ;
= P . _ £ 1/2 —lklwou ikzo
LBP/u © 2x \fk[cw \£ Sty du] wo ek

eso  where “I.B.P/u” denotes the integration by parts with respect to the variable u.

(B.10)

651
2 Terms in 6a — We denote 6K{,;, the contributions of 6K; to the variations 6K, of the cohesive

sss  SIF. From Egs. (B.3) and (B.7), 6Ké’z’lln reads:

o= | [ o [ e
0,3/2 1/2
L o +u<:uou>2f w0 [%PV == dz] dand (B.11)
f {d"T\/_/ZZ‘TU‘”M o0 e [ ik (f e ezk(—zo)dz)]
KD - > f ——5 Sa(k)e™ dk
e« One may then show that:
SKGm(2) = (B.12)

s because the pre-factor in front of the integral over z of 6% is an even function of (zy9 — z;), so
ess that the integral over z; in 6K£’Z’%n equates to zero. It is not the case for 6K£’Z’§n, which reads:

V2 2(z0 — 21) (z—z1)
a3 212 0~ |
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es7 The process for 6ngfn is similar. One finds:

2 2 _
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(B.14)
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T 0 2 o (2o — 20)% + (wou)?]?
K0 2,, [ fwl(/Lzl) ef\k\mﬂu) e—lk\mnudu] %@(k)eikgudk
e The remaining integral SK& yields:
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e’ 57 2432
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LBP/u

e Regrouping Eqgs. (B.11)-(B.15), one finds :

6ngm(20) 1 _|k|"‘ ikzo 1 f f (u) ~|klwou &l(k) ikzo
K znfk Fdatedk+ — | 1= | 2 (1= M) du o ¢ dk (B.16)

so  One finally gets Eq. (22) collecting the terms in 6o, dw, and da from Egs.(B.9), (B.10) and
st (B.16).

662 Note that Eq. (22) can be expressed in terms of variations of strength do and critical crack
ss  opening 6D, with respect to their average value o and D?. From Eq. (18), one has:

ow oD, oo,

wo=aﬁ0D0 nd — = TR
Oc Wo Dc Oc

(B.17)

s So that Eq. (22) boils down to:

K[) [1 (L@ — @)(5 (k)] [ (ﬂ(‘lflw()) ‘H)(s (k) +
0

9) (Ik\wo) Soe (k) Q (klwo) 5D (k)
5 (B.18)

2 (ki
(klewo) = 5 R

es Note that, as Q (|klwo) decreases more strongly than b3 (lklwo) when |klwy — +co (see Appendix
ss C), heterogeneities of strength o~ with constant critical opening D, have a similar effect to that
7 With constant process zone size described in Section 4.2. Conversely, heterogeneities of critical
ss opening D, with constant strength o have a similar effect to that of process zone size described
9 1n Section 4.3.
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Appendix C. Expression and asymptotic behavior of A (Iklwo), £ (klwy), & (|k|wy) for dif-
ferent types of weakening

In this work, we consider four different cohesive laws. The first one is the linear distance-
weakening law of Fig. 4 for which the cohesive stress decays linearly from o to 0 along a
distance wy. The second one is the cohesive law of Dugdale (1960) and Barenblatt (1962) for
which the cohesive stress is constant to O'(C’ along a distance wy, and 0 elsewhere. The third one
is an exponentially distance-weakening law for which the cohesive stress decays as gle™*/“0
behind the crack tip, and never reaches 0. The last one is a linear traction-separation law for
which the stress decay linearly from ¢ to 0 with the local opening & up to a critical value D..
In this Appendix, we derive the expressions and the asymptotic behaviors for the three cohesive
pre-factors A, 3 and Q of Eq. (24) that control the front deformations. The first three cohesive
laws yield analytical expressions for A, £ and €, while they are computed numerically for the
traction-separation law.

Appendix C.I. Linear-distance weakening

The first one is the linear distance-weakening law of Fig. 4 for which the cohesive stress
decay linearly from o¥ to 0 along a distance wy:

Jw(x) = max (1 — x,0) (C.1)
In that case, Eq. (24) yields:
A(Kwo) = % - %% Alkn) | = %
£kon = 2 (an - 3) eif;a%) . ij:x) = Sk, < Ve (€2)
Q(lkle) - %el(.lflilﬂ) B ;ell;lli:: Q(lkku()) |k\wg:+oo ¥(|klw0)7%/2

The evolution of A, £ and Q with |k|w, is given in Fig. C.10 for the linear distance-weakening
law.

Appendix C.2. Dugdale-Barenblatt distance weakening

The second one is the cohesive law of Dugdale (1960) and Barenblatt (1962) for which the
cohesive stress is constant to 0'2 along a distance wy, and 0 elsewhere:

S = xp0.1(x) (C3)

where yg is the indicator function of the ensemble &. Eq. (24) yields:

~ 1
N 1_ ~[klwo k -
AlKlwy) = —— Ao 2
$(kwy) = YEITOVROD) = ¢ ey~ Y (172 (C4)
(IKlwo)
2 Vkwo Kwg—+oo 2
Q(|k|w0) = ¢ Kwo Q(|k|wo) " ~ ¢ Ko
wy—+00

The evolution of A, £ and Q with [k|wy is given in Fig. C.11 for the Dugdale-Barenblatt weak-
ening law.
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Figure C.10: Evolution of the cohesive pre-factors for a linear distance-weakening cohesive law: (a) the front deforma-
tions pre-factor A(lklwo) scales as o« |klwy/2 when |klwg — 0 (dashed gray line on the left) and saturates to A;; when
|klwp — +oo (horizontal dashed gray line on the right). (b) The strength variation pre-factor S(lklwo) goes to 1 in the
brittle limit |klwg — O and decays as (|klwg)~'/> when |klwg — +co. (c) The process zone size variations pre-factor
Q(lklwo) goes to 1 when |klwy — 0 and decays as (klwo) ™2 when |klwy — +co.
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Figure C.11: Evolution of the cohesive pre-factors for a Dugdale-Barenblatt cohesive law: (a) the front deformations pre-
factor A(klwo) scales as o |k|wp/2 when |klwy — 0 (dashed gray line on the left) and saturates to A;; when |klwy — +0c0
(horizontal dashed gray line on the right). (b) The strength variation pre-factor S(lklwo) goes to 1 in the brittle limit
[klwo — 0 and decays as (Jklwg)~ /2 when |klwg — +00. (c) The process zone size variations pre-factor Q(lklwo) goes to
1 when [klwp — 0 and decays as e Klwo when |klwg — +oo.

Appendix C.3. Exponential-distance weakening

The third one is an exponentially distance-weakening law for which the cohesive stress de-
cays as 00e*/“0 behind the crack tip, and never reaches 0:

fu(x)=e™* (C.5)
In that case, Eq. (24) yields:
~ 1 ~
=1-— Ak — 1
Akan) =1 T (Klew) | —
N . $(lk -~ k -1/2
X(klwo) = a +|ka0)1/2 = 2 (lklwo) . (Iklwo) (C.6)
A I S Qkwo) ~  (klwp)™"?
Q (klwo) (1+ |k|w0)3/2 0 [klwo—+00 ( 0)
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The evolution of A, £ and Q with |klw, is given in Fig. C.12 for the exponential distance-
weakening law.
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Figure C.12: Evolution of the cohesive pre-factors for an exponential distance-weakening cohesive law: (a) the front
deformations pre-factor A(lklwo) scales as o [klwo/2 when |klwg — 0 (dashed gray line on the left) and saturates to A;;
when |klwp — +co (horizontal dashed gray line on the right). (b) The strength variation pre-factor S(lklwo) goes to 1 in
the brittle limit |k|lwy — O and decays as (|klwo)~'/2 when |klwg — +co. (c) The process zone size variations pre-factor
Q(lklwo) goes to 1 when |klwy — 0 and decays as (|klwo) ™2 when |klwy — +co.

Appendix C.4. Linear-slip weakening

The fourth and last one is a linear traction-separation law for which the stress decay linearly
from o0 to O with the local opening & up to a critical value D:

JSw(x) = max (1 - 6(x)/ D, 0) (C.7)

This type of weakening is widely used in numerical simulations of cohesive fracture. One cannot
find an analytical formula in that case, but f;; can be computed numerically using the method of
Viesca and Garagash (2018) that builds on a Gauss—Chebyshev quadrature. The resulting fy is
plotted in Fig. E.17a.

The finiteness of the stress at the crack tip implies that f, (x) o 1 — awx*/? where a,, is a
X

—

cohesive constant related to the weakening shape (Rice, 1980). This very peculiar behavior leads
a change in the asymptotic behavior of 2 when |k|lwg — +oo:

A Qr . 32 o _ 20y
Q (|klwp) |k\w0:+oo w0 if fi(x) o 1 —awx’'*, with Q)0 = C. (C.8)

The behavior of A and £ is left unchanged. For the linear traction-separation law, one finds:

A (Jklwo) o 1.045

k|wy—+00
2 (Jklwo) =~ 1.209 (|klwo)~'/? (C.9)
R |klwo— +00
Q (Iklwo) > 1.946 (|klwo) ™

[klwy—+00

The evolution of A, £ and Q with |klwy is given for the linear traction-separation cohesive law in
Fig. C.13.
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Appendix D. Influence of the inclusion spacing

In this Appendix, we explore the influence of the inclusion spacing on the deformations of a
crack front, interacting with heterogeneities of strength and process zone size.

Appendix D.I. Heterogeneities of strength and process zone size

We consider the situations of Sections 4.2 and 4.3. The crack front interacts with hetero-
geneities of (i) varying strength but uniform process zone size, or (ii) uniform strength but vary-
ing process zone size. In the former case, an increase of the average process zone size wy was
associated with an increase in the front amplitude. In the latter, it was linked to a decrease in
amplitude. We observe in Figs. D.14 and D.15 that the two different behaviors are left unchanged
by the inclusion spacing.

Appendix D.2. Limit case of the single defect in an infinite matrix

A general expression of the front deformations da with the position z cannot be found ex-
plicitly. Yet, it is possible to derive it in some specific cases. In the limit of a single obstacle
(AL > d) embedded in a rather brittle medium (wy < d), one retrieves the solution of (Chopin
etal., 2011):

1 AG, 27 2z
(ba(z) — 6a(0)) /d = 7 o [(1 + E)ln'l + =

2z 2z
1-—=|In|l-—
+( d)' :

] D.1)

where d is the obstacle width, AG. is the contrast in fracture energy and G? its average value.
The evolution of the front deformations da with the position is plotted in Fig. D.16a.

On the contrary, it is also possible to derive an analytical expression of the front deformation
when the same obstacle lies in a very ductile medium (wy > d). For heterogeneities of strength,
one finds:

2 XX Ao (wo\/? 2|z d 2|z

6a(z) —6a(0)) Jd = —==2 “(—) 2- 41+ 22 - = ‘1——

(6a(z) —6a(0))/ VR A= o0\ + - tsen |zl > p
31
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where d is the obstacle width, wy is the average process zone size, Ao is the contrast in strength
and o its average value. AY and I relate to the cohesive law and are given in Egs. (33) and
(47). The evolution of the front deformations da with the position is plotted in Fig. D.16b, and
successfully compared to the numerical solution of Eq. (46) for L./d = 10° and wy/d = 10°.
Eq. (D.2) validates the linear dependence in (Ao/ 0'2) and that in (wo/d)"/? that was mentioned
in Section 4.2. Moreover, we observe that the deformation localizes at the edges of the obsta-
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o (wo/d)~V/%. The analytical solution (in solid black line) are compared to numerical solutions (in dashed orange line)
computed from Eq. (25).

cle, where da is non-differentiable. It may challenge the assumptions lying under our first-order
theory as we assumed 0da/0z < 1, justifying future derivation of a second-order theory for the
quasi-static cohesive front deformations to rationalize the experimental results of Chopin et al.
(2011).

For heterogeneities of process zone size, one finds:

201\ 2
—2+(1 + %) —sgn(lzl— £i)'l _ 2

(6a(2) =6a(0)) /d = —=—= 2 d

6T AL wo

1 QY Aw(wo)‘1/2
d

3/2
} (D.3)

where d is the obstacle width, Aw is the contrast in process zone size and wy its average value.
Ay and Q) relate to the cohesive law and are given in Egs. (33) and (51). The evolution of the
front deformations da with the position is plotted in Fig. D.16¢c. Eq. (D.3) confirms the linear
dependence in both (Aw/wy) and (wo/d)~"/%.

Note that Eq. (D.3) strongly depends on the weakening shape f,,, as it controls the asymptotic
behavior of Q. For example, one finds for the linear traction-separation law:

Q® -1 2
i (@) (o) e

(6a(@) =6a(O) /d=1"0¥ &0 5 il (D.4)
2 — (=) |5 -] if 2
4ﬂ;°wo(d) (d 4) iflel > df

Appendix E. Influence of the nature of weakening

In this Appendix, we explore the influence of the shape f,, of the cohesive law on the sta-
bility of crack fronts and their interaction with periodic arrays of tough obstacles. We consider
the four weakening shapes studied in Appendix C: the reference linear distance-weakening,
a Dugdale-Barenblatt weakening, an exponential distance-weakening, and a more conventional
linear traction-separation cohesive law.
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Appendix E.I. Influence of the nature of weakening on the crack front stability

We saw in Egs. (35) and (36) that the stability of a perturbed crack strongly depends on the
evolution of A and its asymptotic behavior as |klwy — +oco. We thus expect that the stability of
crack fronts somehow depends on the spatial distribution f, of cohesive stress in the crack wake.
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Figure E.17: Influence of the nature of weakening f;, on the stability of a sinusoidal crack front: (a) linear distance-
weakening (in black line), Dugdale-Barenblatt (in orange line), linear traction-separation (in red line), and exponential
distance-weakening (in green line) cohesive laws are considered. (b) The frontier delimiting the region of conditional
(Regime III) to unconditional instability (Regime II) is controlled by the evolution of A which is set by fi. (c) It also
controls the value of the critical wavelength 1. above which modal perturbations are unstable, and the value of the critical
structural length scale £ below which perturbations of any wavelengths are unstable.

We observe in Fig. E.17 that all four cohesive laws lead to a similar stability behavior. The
main difference is a shift of the frontier separating Regimes II and III, as it is controlled by
the asymptotic value A% of the operator A. Namely, the shift from the two regimes occurs for
smaller process zone size wy for the Dugdale-Barenblatt cohesive law than for the linear distance-
weakening law. The cases of exponentially distance-weakening and linear traction-separation
laws are found in between.

Appendix E.2. Influence of the nature of weakening on the crack front deformations

We address next the question of the influence of the nature of weakening, characterized by
the weakening shape fy, on the front deformations.

We first observe in Fig. E.18 that the influence of the weakening shape on the front defor-
mation is rather weak for heterogeneities of strength. The deformations are overall larger for a
Dugdale-Barenblatt law, and lower for a linear distance-weakening law. The other two laws are
found in-between. They all display a similar scaling A/d o« (wq/d)"/? for large process zone sizes
wy/d — +00, as the asymptotic behavior of £ of Eq. (47) depends very weakly on f,,.

The case of heterogeneities of process zone size is more interesting, as the asymptotic behav-
ior of Q) changes significantly with the definition of f,,. Indeed, the decrease in magnitude of the
effective fluctuations of fracture energy is sharper for traction-separation laws A/d « (wq Jd)!
than for distance-weakening ones A/d o (wo/d)~'/* (as long as f,(0) # 0). Consequently, the
amplitude of front deformations vanishes at a much higher rate as the average process zone size
wo gets larger than the obstacle width d (see Fig. E.19). This effect is even stronger for the
Dugdale-Barenblatt law, for which A/d o« (wg/d) x e=“/4.
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Figure E.18: Influence of the nature of weakening f,, on the front deformations associated with spatial variations of
strength: (a) linear distance-weakening (in black line), Dugdale-Barenblatt (in orange line), linear traction-separation
(in red line), and exponential distance-weakening (in green line) cohesive laws are considered. (b) The perturbation
amplitude always increases with the average process zone size, but at a rate controlled by the weakening fy. (c) It scales
as o (wo/d)'/? when wg/d — +c0 no matter how the material weakens.

1 1 =10 =00
S < <
= < <
5 0.8
3 3
0 0 2 2
0 1 20 1 2 506 5
£ £ 107!
© ©
1 1 c 04 c
oo .0 K]
- -
= B 3
b 3 3
£ £
0 0 & 00 & 10-24- SR |
0 1 2 0 1 2 0 1 2 3 4 5 1072 107 10 10t 102 10%
(a) x Jwy x/wy (b) Process zone size wy/d  (C) Process zone size wy/d

Figure E.19: Influence of the nature of weakening f;, on the front deformation emerging from spatial variations of process
zone size: (a) linear distance-weakening (in black line), Dugdale-Barenblatt (in orange line), linear traction-separation
(in red line), and exponential distance-weakening (in green line) cohesive laws are considered. (b) The perturbation
amplitude always decreases with the average process zone size wq but at a rate controlled by the weakening f;,. (c)
Its scaling as when wg/d — +co depends on how the material weakens. For distance-weakening laws, it scales as
o (wo/d)~12, while it decreases as o< (wp/d)~" for traction-separation laws. The decrease is even stronger for the
Dugdale-Barenblatt cohesive law o (wg/d)e=“0/4.
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