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Abstract

This paper presents a semi-analytical solution of undrained cylindrical cavity
expansion/contraction problem using a two-surface plasticity model for natural stiff clays from the
view point of poromechanics. The present solution reduces the classical boundary problem into a
group of seven first-order ordinary differential equations via an auxiliary independent variable ¢
under undrained conditions. It strictly follows the premise of constant soil mass. Meanwhile, the
solution for the constant soil volume problem is used for comparison. It shows that constant soil
mass assumption is of paramount importance in developing solutions under high stress condition,
while constant soil volume induces non-negligible errors in effective stress and pore pressure
distributions. Based on the premise of constant soil mass, extensive parametric studies on cavity
expansion/contraction are undertaken to investigate the effects of the model key parameters on the
stress components distribution, excess pore pressure distribution and cavity expansion curves. The
present solution could be useful while dealing with geotechnical and petroleum engineering
problems involving stiff clays or soft claystones. The application in Praclay Gallery excavation in
natural Boom clay well demonstrates the validity of the present solution.

Keywords: stiff clays; cavity expansion/contraction; undrained condition; constant soil mass;

elastoplasticity; poromechanics
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1. Introduction

Cavity expansion theory has been widely applied to interpreting the results from some in situ tests
such as cone penetration and pressuremeter tests, analyzing the stresses and deformations induced
by wellbore drilling, gallery excavation, tunneling and pile installation. Over the past decades,
various analytical and semi-analytical solutions [1-13] for cylindrical and spherical cavity
expansions have been developed. With the increasing complexity of constitutive models, from
elastic models, elastic perfectly plastic models to critical state models, the solutions are
increasingly realistic. Among these models, original and modified Cam-clay models have gained
large popularity in solving the cavity expansion and contraction problems for their capability of
modelling strain hardening/softening behaviors of soils. Carter et al. [14] firstly investigated the
cavity expansion problems with original Cam-clay model by means of finite element analysis.
Collins and Yu [6] developed a general solution for large strain undrained cavity expansion using
both original and modified Cam-clay models with and without zero initial radius assumption. Cao
et al. [7], by following Collins and Yu’s approach, developed a semi-analytical solution for
undrained cavity using modified Cam-clay model. Mo and Yu [8], extended the original Cam-clay
model to a unified state parameter model for clays and sands, then developed a novel solution for
both cylindrical and spherical cavity problems. Russell and Khalili [29], using the similarity
technique, investigated the cavity expansion problem in unsaturated soils by a unified bounding
surface model to consider the influence of suction and moisture content. That study demonstrated
there was no difficulty in solving cavity expansion problems using two-surface constitutive
models. However, it should be noted that the initial stress state is assumed isotropic and the
vertical stress is omitted in two stress invariants in that similarity approach [6]. Recently, Chen
and Abousleiman [9-11] proposed novel semi-analytical solutions for both drained and undrained
cylindrical cavity expansion/contraction problems. Their solutions removed the limitation on the
initial condition of isotropic stress state and depicted a more general case of in situ situation by
considering the vertical stress around the expanded/contracted cavity. Based on this versatile
framework, Chen et al. [12] used the semi-analytical solution to analyze the three-dimensional
strength and the anisotropic properties of soils by introducing Spatially Mobilized Plane (SMP)

criterion in modified Cam-clay model. More recently, fabric and stress induced anisotropy has

3
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also been accounted for using anisotropic elastoplastic models like S-CLAY1 [13] and Dafalias’
anisotropic bounding surface model [14]. Although various types of solutions have been proposed,
most of them basically treat soil as an original or modified Cam-clay material with an associated
flow rule, providing quite low accuracy in modelling heavily over-consolidated clays. In particular,
for highly plastic stiff clays or soft claystone, high clay contents, low void ratios, low permeability
and high stress states (usually greater than 1 MPa) distinguish them from Cam-clay materials with
the following basic hydro-mechanical behaviors:

(1) Highly nonlinear behaviors are typically observed on stiff clays at heavily over-consolidated
states [16]. These pre-yielding nonlinear behaviors would have significant influence on the
variations of pore pressure and displacements which are described by advanced constitutive
modelling for stiff clays [16, 17, 18, 22].

(2) For highly plastic stiff clays, the yield surface is of a ‘tear’ shape rather than an ‘elliptical’
shape. An ‘elliptical’ shape would overestimate the failure stress on the ‘dry side’ but
underestimate it on the ‘wet side’. The yield surface shape variation would lead to misestimating
the excess pore pressure under undrained conditions. On the other hand, the plastic flow direction
should also be considered for the complex behavior of stiff clays.

(3) The pore fluid governs the distribution of excess pore pressure and stress components in
expanding process. In relatively low stress states (e.g. 0.1 MPa~1 MPa) under undrained
conditions, the volumetric strain due to loading remains almost constant. However, for stiff clays
and soft claystone at great depth (e.g. 1MPa~100MPa), the pore water would induce a slight
volumetric strain itself, which can significantly influence the excess pore pressure.

These three main differences make the existing analytical solutions [6-14] difficult to be used
directly in analyzing tunneling and piezocone penetration tests in stiff clays under deep ground.
On the other hand, although several two-surface plasticity (bounding/subloading surface) models
have already been numerically applied into tunnel/gallery construction, e.g. the ground movement
(settlement or uplift) induced by tunneling in stiff London clay[38-39] or Shanghai soft clay[37],
the excess pore water pressure distribution in Boom clay[35], the characteristic of load transfer in
shanghai clay during tunnel operating period[36], the corresponding novel analytical or
semi-analytical solutions are still appealing. Based on the rigorous semi-analytical framework

proposed by Chen and Abousleiman [9] and the premise of constant soil mass, the study extends
4
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the solution with a two-surface plasticity model named ACC2 [16] to consider the mechanical
behavior of natural stiff clays under high stress conditions. After a brief introduction of the basic
formulas, the main features and parameters of the two-surface plasticity model, it is extended to
undrained conditions by incorporating the mass conservation for the liquid phase in the pore space.
By using the incremental stress-strain relationship, the undrained cavity expansion/contraction
problem is formulated to solve a system of first-order ordinary differential equations with two
different premises, namely constant soil volume and constant soil mass, respectively. A discussion
between Constant Soil Volume (CSV) and Constant Soil Mass (CSM) assumptions is included to
highlight that undrained condition corresponds to a situation with constant soil mass. Further
parametric studies based on four key material parameters about stress paths, stress distribution and
cavity expansion/contraction curves are conducted. Lastly, as a precise and convenient tool, the
present semi-analytical solution is utilized to predict the pore pressure and stress distribution along
the radial distance and the supporting pressure which is required to maintain the Gallery stability
in the case of Praclay Gallery in underground research facility HADES-URF built at a depth of

223m in natural Boom clay.

2. Model description

This section gives a brief description of the two-surface plasticity model for stiff clays (e.g.

natural Boom clay) named ACC2 [16]. The formulation of ACC2 model is based on the triaxial
conditions with three principal stresses (namely, o), o,, o in a cylindrical coordinate
system):

!

p zé(o;’+aé+0;) (1)

q:\/%((d—aé)z+(6,f—0§)2+(05_6;)2) ”
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Fig.1 Schematic plot of two surface plasticity model ACC2: (a) p'-g plane; (b) v-In p' plane

Fig.1 gives a schematic illustration of the two surfaces (Loading surface and Yield surface).
These two surfaces are linked through a progressive hardening relationship by a positive scalar »

in v-In p' plane. A smooth compression behavior is achieved via the use of two hardening variables

p. and r before the soil reaches normally consolidated states:

P _4q
il 3)
P q
where p! is the actual loading yield stress on the Loading surface and p! is the conventional

pre-consolidation pressure on the conventional Normal Compression Line.
Similar to the concept of bounding surface plasticity, the current stress point (p', g) is

assumed to always lie on the Loading surface which is expressed as:

2
Mz ’ E 5 Mz_pfz
narp )= +—| L (Y - =0 )
fi(pharpl)=q i (17.) Ik,

where My is the stress ratio at the apex of the two surfaces and 4y is a parameter specifying the
shape of the yield surfaces. Because natural stiff clays (e.g. natural Boom clay) show a unique
yielding behavior, a generalized yield surface (kr < 2) is adopted in this model. While ks varies

6
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from 0.5 to 2, a tear shape surface turns into an elliptical shape more suitable to soft clays in Fig.
2(a). The calibrated yielding behavior of natural Boom clay shows that the closest value of 47 is

0.7.

Two internal variables, namely p’ and r, are used to control the plastic strain hardening or

softening behavior. A cam-clay type volumetric plastic strain isotropic hardening law for dp! is

adopted:

c

' v _,
dp, =—p.de; Q)
A
where v is the specific volume; A is the slope of conventional normal compression line in v-In p’
plane; x is the slope of reloading line in v-Inp’ plane; dg? is the volumetric plastic strain

increment.

Meanwhile, a progressive hardening law for dr is introduced with a generalized plastic strain
to account for the contribution of both volumetric and shear plastic deformation parts. It should be
noted that different strain types are considered in previous works [30, 31, 32]. Russell and Muir
Wood [28] pointed out that the inclusion of both volumetric and shear parts was of paramount

importance in accurately describing soil behavior. This hardening law reads as follows:

dr = v

s(1-r)def =

R l_}(s(l—r)(dsf +Addgs”) (6)

where s is the key material parameter (s > 0) that determines the rate at which the Loading surface
hardens towards the Yield surface; 4s is a material parameter (4s>0) which controls the
contribution of plastic shear strain to strain hardening.

As plotted in Fig.2(c), s controls the nonlinearity of the isotropic compression line in
over-consolidated states in v-In p’ plane. As s varies from 4 to 1000, the behavior switches from a
nonlinear trend to a bi-loglinear behavior as in the modified cam-clay model. Calibrated with the
test results of natural Boom clay, a value of 8 is found for s.

As plotted in Fig.2(d), parameter A4 (4« > 0) can be obtained by fitting stress paths during
drained softening stages in highly over-consolidated states. Parameter 4 describes how the plastic
shear strain affects the hardening process. As Aq varies from 0 to 5, the nonlinearity on the ‘dry
side’ is increasingly obvious. It is noteworthy that when As= 0, the plastic shear strain does not

contribute to the hardening process anymore. The most suitable value of 44 for natural Boom clay

7
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is 0.1.

The stress dilatancy relation proposed by McDowell et al. [19] is adopted to define a
non-associated flow rule for better describing the volumetric strain and excess pore pressure
generation during undrained loadings for natural stiff clays. Assuming a plastic potential having
the same shape as the yield surfaces but a different pair of parameters (M, k), the stress dilatancy

equation and the non-associated flow rule are expressed as follows:

og,
de! _op M;-n 7)
de’  0g,  kn
oq
dgsz@, dg;’=Aaﬁ ®)
op dq

where 7 denotes the stress ratio ¢/p’, M, is the critical state ratio where no further volumetric
strain develops and k, controls the shape of the plastic potential and the direction of plastic flow.
Fig.2(b) depicts the variation of plastic flow direction (kg) from 0.5 to 2 in p'-g plane. The

calibrated yielding behavior of natural Boom clay shows that the closest value of & is 0.9.
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Fig.2 Variation of parameters of ACC2 model in p’-g plane and v-In p' plane: (a) ks varies from 0.5

to 2; (b) kg varies from 0.5 to 2; (c) s varies from 4 to 1000; (d) 4« varies from 0.1 to 5
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With eleven material parameters (five of them are the same as MCC model), the two-surface
plasticity model named ACC2, similarly to bounding surface plasticity theory, has been proposed

to consider the mechanical behavior of both normally consolidated and over-consolidated stiff

clays. Five of them (4, x, p’, v, M)) are the same as for the modified cam-clay model. » denotes

the inverse of over-consolidation ratio. Two parameters (ks k) control the shapes of the yield
surface and the plastic potential surface. Two parameters (s, 44) are used to account for a
progressive hardening mechanism in over-consolidated states. Thus, the following discussion
about ACC2 model is mainly done by considering four principal parameters, namely &r (shape of
yield surface), k, (direction of plastic flow), s (isotropic compression nonlinearity) and Aq

(deviatoric nonlinearity).

3. Problem statement

3.1 Undrained cylindrical cavity expansion/contraction

Fig.3 presents schematic plots of cylindrical cavity expansion/contraction problems with initial
radius ao, in an infinite elasto-plastic soil layer under undrained conditions. As the cavity expands
or shrinks from initial radius aopo to current radius ao, a failure zone would be formed in the
vicinity of the cavity wall. At the same time, the outside zone limited by radius aro would be
plastic with stress points always lying on the Loading surface. Beyond that radius, the soil is in the
elastic regime.

The radial equilibrium equation for cylindrical cavity expansion/contraction problem is

expressed in terms of the effective stress as:

! ’ ’
do! L9 =% du, _
da, a da

X X

0 €
where o/, o, are radial, tangential effective stress of any material point, respectively. u, stands

for pore pressure.
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Fig.3 Geometry of cylindrical cavity problem: (a) expansion; (b) contraction

Based on the compatibility condition and large deformation theory, a generalized logarithmic

definition of strains in Eulerian description can be adopted in all areas [6]:

5 =—In(e) g, =i, & =—In(2) (10)
da, a. o

where ax, axo are the current and initial radii of any material points, respectively. &, g, & are the
radial, tangential and volumetric strains, respectively. v, vo are the current and initial void ratios,
respectively.

For further study, they can also be expressed in incremental form, as follows:

dg = — . , dggz_ax’ dg!:—— (11)

3.2 Elastoplastic analysis under undrained condition

The incremental stress-strain relationship for ACC-2 model is expressed in Lagrangian description

(see A-17 in Appendix A):

’

D O-r Crr CrH Crz D gr
! —

Doy |=|c, ¢, ¢, || Dg, (12)
’

DGZ czr CZB czz Dgz

where D denotes the differential of material points in Lagrangian description which should be

distinguished from d in Eulerian form.
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Under relatively low stress and undrained conditions, most analytical and semi-analytical
solutions, including Chen and Abousleiman’s method [9], consider the soil mixture as an
incompressible material with the undrained Poisson’s ratio being equal to 0.5 and the volumetric
strain remaining constant. The volume change of pore water due to external loading is ignored.
This is the case referred to as constant soil volume (CSV). Most reasonable analytical and
semi-analytical solutions for undrained cavity problems are extensively developed and applied for
various geotechnical problems based on this premise [6-9, 11-15]. Appendix B depicts the
undrained solution in the form of five first-order ordinary differential equations for the
comparative study. However, under high stress and low porosity conditions, the real
compressibility of pore fluids (e. g water, oil) would exhibit a significant influence on the excess
pore pressure and stress distribution along the cavity. This condition of constant soil volume can
actually be relaxed by considering that undrained conditions correspond to a situation with
constant soil mass (CSM).

The well-known Skempton coefficient B, which indicates the ratio between the change in
pore pressure and the change in total applied stress in Appendix C-12, could also be used to
illustrate the difference. For CSV premise, the value of B is always 1 in saturated conditions. This
situation may be reasonable for soft clayey soils under low stress conditions (B>0.95), but not for
stiff clays and soft claystone under high stress conditions (e.g. B~0.92 for natural Boom clay [23],
B=0.75 to 0.84 for Callovo—Oxfordian claystone [24, 34], B=0.88 for Opalinus argillite [25]). In
such cases, the CSV assumption would lead to unavoidable computational errors for stress and
pore pressure distributions, since the effect of pore fluids’ compressibility under high stress
conditions in not accounted for. Note that the compressibility of the solid particles is still
neglected, since it leads to volume changes that are one order of magnitude (at least) lower than

the compressibility of the pore fluid.

3.3 Undrained cavity expansion/contraction seen as constant soil mass conditions

In the framework of poro-elasto-plasticity theory, pore fluid is typically regarded as a
compressible elastic medium with a large bulk modulus (e.g. 2.2x103 MPa for water, 1.6x103 MPa

for oil at room temperature 20°C and isotropic pressure 1 MPa), which is slightly sensitive to
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temperature and pressure variations [21]. The bulk modulus of pore fluid is usually dozens of
times that of solid grain. For most clays, the compressibility of solid grains can be neglected (e.g.
C=2.0x105 MPa! for Illite [33], to be compared to the water compressibility C,=45.5x10-
MPa-! for water). Considering infinitesimal transformation and undrained conditions (CSM), and
neglecting solid grains compressibility, pore water pressure change and soil volumetric change are

related using Eulerian porosity # and pore fluid’s bulk modulus 4. (kw=1/C\) as follows:

de,—Cdp de, kJds,
du, = = = (13)
¢(Cw - Cs‘ ) nC n

w

It is noteworthy that Eq (13) is deduced in the framework of poromechanics by Coussy [20].
More details are presented in Appendix C.

In analyses considering CSM, the soil volumetric strain increment at any material point
cannot be ignored even under undrained condition. Meanwhile, the vertical strain increment is still
null in cylindrical cavity analysis (plane strain conditions). The general incremental solution for

cylindrical cavity problem is expressed in Lagrangian description, as follows:

Da
ps, =22, De, = ps =g (14)
v a,

An auxiliary independent variable ¢ is chosen as the ratio of initial radial position to current

radial position for each specific particle. The following differentiations can be done:

a D a De, Da, a1
g=le D5_2¢ D% _ D4 41 (15)
a.  Da, a. D& aDé a, ¢

X

Substituting Eq (15) into Eq (12), the incremental stress-strain relationship can be

transformed into three first-order ordinary differential equations with an unknown

Lagrangian-form differential De, :

Do’ Dg, c¢,-c,
ro_ . v + 7 (16)

D& D& 4
Do D

Oy . g, + Coo — Cor (17)
D¢ DS 4
Do’ —c. De, N cy—cC, s
D& D& 4

At the same time, the excess pore water pressure can be given in Lagrangian description:

12
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k
Du, =—Deg, (19)

n
Thus:
Du, _ vk, De, 20)
D¢ v-1D¢&

where k., is the bulk modulus of pore water, n is the current porosity and v is current specific

volume.
. De .
In order to make the problem solvable, let us consider D_§v = f. Substitute Eq (16) and Eq

(20) into the radial equilibrium equation (9) gives:

Do;JrDuw ﬁ+ar_o-"=0 1)
D¢ D¢ )da, a

X

D d
Unlike D_g in Eq (15), d_g corresponds to a Eulerian description:
a a

X X

dax 0 _

de da "™ 1 (da, 1, (22)
e )

2
da a. a \ da,

x

Integrating Eq (10), the full form of radial strain can be obtained:

g,:gv—ggz—ln[ijﬂn[ i ]zln[ij (23)
Uy ay vé

Then:
s _1(u _

Making full use of Eq (16), Eq (20) and Eq (24), the radial equilibrium equation (9) turns into
Eq (25):
1 vk 1({v | -0,
(Crrf—'—(crt? _crr)_+ gt fj)(—(—o—gJ-i-G’ % =0 (25)

& v-1 a

X

Then, an equation relating f to the other principal variables o', o, ¢, ¢, v and ¢ is

obtained:

13
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/ ' Oy _
‘f(o'y_aa)'*‘(ug gJ(Cra Crr)

f=-
e
v v-—1

The previous four first-order ordinary differential equations are finally reduced into a full

(26)

explicit form with respect to the auxiliary independent variable ¢:

Do, =c, [+ Ero " Cn 27)
D¢ ¢
Do, -
Go = Cb‘rf + M (28)
Dg ¢
Do. o prlo (29)
Dg ¢
Du,6 vk,
L= f (30)
D¢ v-1

-

The other three variables, namely specific volume v, pre-consolidation pressure p’ and

positive scalar r are also included in the differential equations through equation (26):

Dv

Uy (31

D f )

P e ' ! '

De! _ De, De, _ K Do, N Do, N Do, (32)

Dé  DE  DéE v(ol+o,+0.)\ DE D& DE

De!  De’ De?  k,n ’- K Dc! Do, Do (33)

D¢ De! DE M} -n’ v(o]+o,+0.)\ D¢ DE  DE

Do’ De” +c,,+
LV e _ v 57— % (¢, e, te.,) f_l + 0w C | |3

D¢ A-x " D¢ A-k v(o] +o,+0!) & I

_|_
Dé Dé

=2 1 1+ 4 kT K +o + 1 +Cre+cae+czg 33
_/1—KS( —r) 1+ Mo f_v(a,'+ag+az’) (¢, *c,tc.,) f.E e

g

At this stage, based on the premise of CSM, the cylindrical cavity expansion/contraction
problem under undrained conditions is finally reduced to seven ordinary differential equations (Eq

(27), Eq (28), Eq (29), Eq (30), Eq (31), Eq (34), Eq (35)). These equations can be solved as an

14



328

329

330

331

332

333

334

335

336

337

338

339

340

341

342

343

344

345

346

347

348

349

350

351

initial boundary value problem with ¢ starting from 1. It is worth noting that these ordinary
differential equations which are expressed in terms of ¢ should finally be converted to the radius

position a,. From equation (24), it is obtained:

da,  dé&
a, U _ (36)
v& d

Integrating the above equation, the following formula is obtained:

¢
& - exp j d¢ 37
) £(a) Y0 _ &
vg

3.4 Initial condition

The classical undrained cylindrical cavity expansion/contraction problem is eventually solved
using these seven first-order ordinary differential equations with the corresponding initial stress
conditions. These stress conditions are initially defined as:

! !

O-r (axo) = O-rO O-é (axo) = O-éO ’ O-z (axo) = O-ZO uw (aXO) = uWO

2 2

U(axO) =v," P, (axo) =pl’

4. Results and discussion

In this section, the results obtained from the semi-analytical solution are presented for the
cylindrical cavity expansion/contraction in soils under undrained conditions. The original 11
material parameters of ACC2 model are calibrated and chosen by fitting the laboratory test
(isotropic compression, drained triaxial compression) results for natural Boom Clay according to
Hong et al. [16] (Table 1 and Table 2): v, (void ratio in critical state at isotropic stress of 1 MPa) =
1.84, 4 (slope of normal consolidation line in v-In p’ plane) = 0.18, x (slope of unloading line in

v-In p' plane) = 0.02, M, (critical state ratio) = 0.67, My (stress ratio at apex of yield surface)= 0.67,
p. (pre-consolidated pressure) = 6 MPa. The Poisson ratio v is assumed to be 0.3. It should be

noted that the calibration process could be improved by an appropriate genetic algorithm which

has been studied in previous literatures [40-45].
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The undrained shear strength s, is calculated based on the premise of constant soil volume (Wood,

1990):

1 L =Y
5, = —Mge( o=0y)/ (38)

5

As mentioned previously, under undrained loading process, the soil sample at low void ratio
and under high stress would also induce a slight volumetric strain increment which explains the
variation of pore pressure. The s, assumed here is only for the nondimensionalization purpose.

This section firstly highlights the effect of the compressibility of pore fluid and the
importance of solving the cavity expansion problem using poro-elasto-plasticity under various
stress conditions. Representative comparisons are given in Fig. 4-6 between the results for
normally consolidated soils based on constant soil volume (CSV) and constant soil mass (CSM)
conditions at isotropic effective stresses of 2 MPa, 10 MPa, 50 MPa, respectively. The soil mass is
fully saturated with pore water. Moreover, a full range of isotropic stresses from 0.1 MPa to 100
MPa is considered to assess the relative errors between these two assumptions under cavity
expansion condition (ao/aop = 2). Isoerror maps computed for stress components are plotted in Fig.
7.

Then, based on CSM premises, parametric studies of cavity expansion at normal consolidated
stress state (7=1) and highly over-consolidated stress state (=2.9) using ACC2 model are
conducted. It aims at illustrating the advantages brought by the use of this sophisticated model,
when compared to simple models like MCC, for which analytical solutions for the same problem
already exist.

(1) ACC2 model with different values of yield shape parameter k7 (0.5 to 2) as Case 4 and plastic
flow direction parameter k; (0.5 to 2) as Case 5 at normally consolidated stress state (r0=1) is
applied to investigate the effect of the shape of yield surface (the yielding behavior) and the shape
of plastic potential surface (the direction of plastic flow).

(2) ACC2 model with isotropic compression non-linearity parameter s (4 to 1000) as Case 6 and
deviatoric non-linearity parameter A4 (0.1 to 5) as Case 7 is applied to investigate the effect of the

nonlinearity at a highly over-consolidated stress state (7=2.9).

16



380

381

382

383

384

385

386

387

388

389

390

391

392

393

394

395

396

397

398

399

400

401

402

403

4.1 Comparison between CSV and CSM conditions

The results obtained using CSV and CSM assumptions at three isotropic effective stress states
(p'=2, 10, 50 MPa) are compared in Fig. 4 as Case 1, Fig. 5 as Case 2 and Fig. 6 as Case 3. The
soil is initially assumed to be at normally consolidated and isotropic stress state (=1), then rapidly
expanded to a certain cavity radius (ao/ao,0 = 2) without considering the rate and seepage effect.
During the expanding process, a critical state zone where the stress state at any point satisfies
q=Mgp' would be formed in vicinity of the cavity. Outside the critical state zone, all material
points reach the plastic state to some extent.

There is a clear difference between CSV and CSM in stress and excess pore pressure

distributions along the radius distance in Fig. 4-6. From the normalized effective stress ( o /s, ,

o,/s,,» o./s,) distributions along the radius distance corresponding to the cavity radius ratio of

ao/aop = 2 in Fig. 4(a), Fig. 5(a) and Fig. 6(a), the expanding results obtained based on CSM
appear to be slightly larger than those based on CSV at each corresponding point. The opposite
phenomenon could be observed in the normalized excess pore pressure A uw/s, and stress ratio 7
distributions along the radius distance in Fig. 4(b), Fig. 5(b) and Fig. 6(b). Meanwhile, the range
of critical state zone (see CP boundary) for CSM is shorter than for CSV. The CP boundary
corresponds to the boundary between critical state zone and plastic zone. It can be determined by
the evolution of current stress ratio (77=q/p') along normalized radial distance. With the increase of
initial isotropic stress, the difference between CSV and CSM becomes more and more obvious.

Through the comparison between the two cases, it can be concluded that the premise of CSV
would influence the excess pore pressure and principal effective stress distributions. This confirms

the necessity of considering the compressibility of pore fluid under high stress conditions.
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LCP boundary
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Fig. 4 Undrained cavity expansion at normally consolidated and isotropic stress state (p'= 2 MPa):
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Fig. 5 Undrained cavity expansion at normally consolidated and isotropic stress state (p'= 10 MPa):

(a) normalized principal stress distributions; (b) normalized excess pore pressure and stress ratio
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Fig. 6 Undrained cavity expansion at normally consolidated and isotropic stress state (p'= 50 MPa):

(a) normalized principal stress distributions; (b) normalized excess pore pressure and stress ratio

distribution

In order to estimate the relative errors based on the two premises, a full range of isotropic

stress from 0.1 MPa to 100 MPa is considered in cavity expansion process. The relative errors (Re)

for three principal stresses and pore pressure are defined as: Re = |Vesu - Vesl/|Vesu|. In the

formula, Vcsu, Vesy represent the corresponding results of each material point based on CSM and

CSV, respectively.
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Fig. 7 Isoerror maps plotted for constant soil mass (CSM) and constant soil volume (CSV): (a)
radial effective stress; (b) tangential effective stress; (c) vertical effective stress; (d) excess pore

pressure

Figs. 7(a)-(c) plot isoerror maps for the three principal effective stress distributions from a./ao
=1 to ax/ao = 10 in mean effective stress range from 0.1 MPa to 100 MPa when the cavity expands
to ao/ao, = 2. Case 1 of p=2 MPa, case 2 of p'=10 MPa, case 3 of p=50 MPa are specially pointed
out. In the range from 0.1 MPa to 1 MPa (low stress conditions), the value of Re is less than 1%,
suggesting that both cases (CSM, CSV) would get reliable results in principal stress distributions.
However, when the isotropic stress is larger than 10 MPa (relatively high stress conditions), the
value of Re would increase rapidly. Meanwhile, the Re value for excess pore pressure distribution
in Fig. 7(d) is much more sensitive to pressure change than the effective stress distribution at both

low and high stress conditions.

Thus, for the applications focusing on the evolution of excess pore pressure, CSM would be a

preferential choice for solving the cavity expansion problems even under low stress conditions.
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4.2 Results with variations of yield surface parameter

A parametric study of cavity expansion is presented as Case 4 with variable & and fixed kg (k; =
0.9) for =1 (normally consolidated state) based on CSM. Four different values of k7 (0.5, 0.7, 0.9,
2), representing tear shape to elliptical shape, are considered to investigate the impact of the shape
of yield surface on the stress and pore pressure distributions around the cavity.

Fig. 8(a) shows the effective stress paths normalized by the undrained shear strength s, from
av/aop = 1 to av/aop = 2 at the cavity wall. With the change of ks from 0.5 to 2, the shape of yield

surface varies and the intersection with the critical state line decreases. Figs. 8(b), 8(d) depict the
normalized effective stresses (o /s,, o,/s,,» o./s,) and pore pressure Auy/s, distributions

along radius position. The radius position a. is normalized by cavity radius ao and plotted in the
scale of logarithm. It can be seen that in the vicinity of cavity wall the three principal stresses
remain almost unchanged, indicating that the soil in this range has reached the critical state.
Further investigation on the shape variation of yield surface shows that positive increment of
kr would sharply decrease the values of the three principal stresses in the critical state range (Fig.
8(a)), but have negligible effects on the location of CP boundary. Fig. 8(c) presents the cylindrical
cavity expansion curve from ao/aoo = 1 to ao/aop = 10 at the cavity wall. The cavity pressure and
excess pore pressure increase rapidly to a limit and then stay constant with cavity expanding. With
the change of ks from 0.5 to 2, the present solution predicts a decreasing cavity pressure and excess
pore pressure limit around cavity wall. In Fig. 8(d), the normalized excess pore pressure would

decrease monotonously along the radial distance. In the vicinity of the cavity wall, the stress point

would reaches the critical state where three principal stresses (o, o,, o) remain almost

nt (da,f do, do! 0) and the radial bal . (dO',t +U,f_‘7§ L9, 0)
constan = = =0) and the radial balance equation ( ——+— =
da, da_ da, 1 da, a, da,
- O-/fc B O-t;c duw ] . : . :
would reduce into —+d—=0. o , o, 1s the corresponding radial, tangential
a’(‘ ax

effective stress at the critial state zone, respectively. So the solution of pore water pressure at this

zone would be u =—(o’ —o!, )Ina. + C(C is a constant). For the case of cavity expansion,
w re Oc X y p

o is larger than o, and the excess pore pressure would decrease in the vicinity of the cavity

wall (critical state zone). Meanwhile, under normal consolidated state, the stress would directly
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turn into shear contraction state before reaching the cirtical state line. So the excess pore pressure

would directly decrease from CP boundary to a_/a, =100.
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Fig. 8 Undrained cavity expansion results with change of kr from 0.5 to 2: (a) normalized stress
paths at cavity wall; (b) normalized principal stress distributions; (¢) normalized cavity expansion

curve; (d) normalized excess pore pressure distribution

4.3 Results with variations of plastic potential surface parameter

A parametric study is presented as Case 5 with variable k; and fixed k& (kr= 0.7) for =1 and p’

(normally consolidated state) to investigate the impact of the direction of plastic flow on the stress
and pore pressure distributions around the cavity.

From the same initial stress state, the four effective stress paths with different 4, values (0.5,
0.7, 0.9, 2) normalized by the undrained shear strength s, from ao/aoo = 1 to av/aop = 2 at the
cavity wall are found to be almost overlapped in Fig. 9(a). This suggests that k, merely control the

direction of plastic flow and portion of shear plastic strain in loading process. Fig. 9(b), 9(d)
depict the normalized effective stresses (o’ /s,, o,/s,,» o!/s,) and pore pressure A uw/su

distributions with the variation of k. The effective stresses in the vicinity of cavity wall typically
remain constant. As opposed to changes of &y, the direction variation of plastic flow shows that an

positive increment of &, induces more deviatoric plastic strains, leading to a sharp decrease of the
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radius of critical state zone, but has negligible effects on the critical values of the three principal
stresses in the critical state zone. It also shows a slight reduction of excess pore pressure around

the cavity wall when an increasing plastic shear strain portion is produced.
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Fig. 9 Undrained cavity expansion results with the variation of &g from 0.5 to 2: (a) normalized
stress paths at cavity wall; (b) normalized principal stress distributions; (¢) normalized cavity

expansion curve; (d) normalized excess pore pressure distribution

4.4 Results with variations of isotropic nonlinear parameter

In highly over-consolidated states, stiff clays typically exhibit a non-linear behavior under loading
process without pure elastic deformations. A parametric study of cavity expansion in
over-consolidated states with different isotropic nonlinear parameter s (4, 8, 20, 1000) is presented
as Case 6. Note that s controls the evolution rate of Loading surface in approaching Yield surface,
namely the nonlinearity of isotropic compression from over-consolidated state to normally
consolidated state. A smaller s represents a clear nonlinearity of isotropic loading in o-In p' plane,

while a larger s means that the compression line in v-In p' plane is closer to bi-linearity.

The expanding cavity is defined by an initial in-situ stress of ¢'=1.91 MPa, o¢,=1.91 MPa
and o¢!=2.25 MPa with a pre-consolidation pressure of p'=6 MPa and over-consolidation ratio
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of =2.9 as listed in Table.2. Figs. 10(a)-(d) depict the normalized effective stress paths at cavity
wall, normalized cavity expansion curves, the normalized effective stresses and excess pore
pressure distributions with change of s. Under the expanding process from ao/ao,0 = 1 to ao/ao,o = 2,
the normalized effective stresses follow different stress paths with s varying from 4 to 1000 in Fig.
10(a). The direction of arrow means the increasing trend of s. When s reaches the value of 1000,
the initial mechanical behavior is more elastic which explains the stress path being upward at the
beginning of undrained loading process.

In Fig. 10(b), the range of critical state zone is sharply dependent on s. But the critical values
of normalized effective stresses are independent of s. It is worth noting that with the decreasing of
s (the increasing nonlinearity of isotropic compression), the radius of critical state zone would
decrease to zero where no pure critical state zone exists. With the increasing of s (the decreasing
nonlinearity of isotropic compression), the radius of critical state zone would increase to a limit
where no further critical state zone develops. For an extremely large value of s (e.g. 1000), the
analytical results are similar to the case of over-consolidated states expressed in modified
cam-clay model [9]. Meanwhile, the increase in nonlinearity of isotropic compression would
eventually results in the decrease of effective stress in plastic zone.

In Figs. 10(c)-(d), the normalized wall pressure at cavity wall is positive, in agreement with
the value of s. A sophisticated phenomenon is observed on the normalized excess pore pressure. At
the beginning of expanding process, the normalized excess pore pressure would firstly increase,
decrease and then increase to a limited value. With the increasing of s, the increasing and
decreasing phenomenon would be more obvious. At the expanded cavity of ao/aoo = 2, the
normalized excess pore pressure at cavity wall would increase to a limit value with increasing s. In
the critical state zone, the normalized excess pore pressure would decrease along the normalized
radial distance. Unlike the results by modified cam-clay model [9], a ‘second peak’ of normalized

excess pore pressure is observed, which is owing to the soil’s shear dilatancy behavior under
highly over-consolidated states. From a_/a, =100 to the ‘second peak’, the excess pore pressure

would increase (shear contraction); from the ‘second peak’ to the CP boundary, the excess pore

pressure would decrease (shear dilatancy) and the value of excess pore pressure would be
—(o-;c —o-éc)ln a_+C(C is a constant) in the range of critical state zone. The position of the
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‘second peak’ is also consistent with the value of s. In the far end of expanded cavity, excess pore

pressure would vanish.
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Fig. 10 Undrained cavity expansion results with different values of s from 4 to 1000: (a)
normalized stress paths at cavity wall; (b) normalized principal stress distributions; (c) normalized

cavity expansion curve; (d) normalized excess pore pressure distribution

4.5 Results with the variations of deviatoric nonlinear parameter

In over-consolidated states, parameter As describes how the plastic shear strain affects the
hardening process. It can be calibrated from the stress paths under high over-consolidated states in
undrained conditions. A parametric study of cavity expansion in over-consolidated states with

different values of deviatoric nonlinear parameter Aq (0.1, 0.5, 1, 5) is presented as Case 7.

An in-situ stress of o =1.91 MPa, o, =191 MPa and o =225 MPa with a

pre-consolidation pressure of p'=6 MPa and over-consolidation ratio of 7=2.9 is considered to

evaluate the impact of 44 on the stress and pore pressure distributions around the cavity.
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Fig. 11 Undrained cavity expansion results with different values of 44 from 0.1 to 5: (a)

normalized stress paths at cavity wall; (b) normalized principal stress distributions; (c) normalized

cavity expansion curve; (d) normalized excess pore pressure distribution

Figs. 11(a)-(d) depict the results with different 44 values. Similar to nonlinear parameter s,
the radius of critical state zone is sharply dependent on 44 But the critical values of normalized
effective stress are independent of 4. With the decreasing of A4, the radius of critical state zone
would decrease to zero where no pure critical state zone exists. At the expanded cavity of ao/aoo=
2, the normalized excess pore pressure at the cavity wall and the range of critical state zone would
increase with increasing 44. One should also note that the increasing of 4s means the increasing
portion of plastic shear strain and the decreasing portion of plastic volumetric strain in hardening
process. With the increasing of A, the stress path would be more likely upward at the beginning of
undrained loading process. In Fig. 11(d), a ‘second peak’ of normalized excess pore pressure is

also observed and the peak gradually vanish with the increasing of A..

5. Application to Praclay Gallery excavation

This section examines the application of the present solution into the excavation of Praclay

Gallery in underground research facility HADES-URF built at a depth of 223m in natural Boom
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clay and located in Mol, Belgium [26, 27]. The natural Boom clay is a deposit of
over-consolidated stiff clay which have been specifically investigated in the previous studies [16].
Meanwhile, the natural Boom clay is initially considered as homogeneous, at an isotropic effective
stress of 2.3 MPa and fully saturated with an initial pore pressure of 2.2 MPa.

Praclay Gallery is excavated 45 meters long in horizontal plane, so it is regarded as a plane
strain problem as plotted in Fig. 12. The inner radius of Praclay Gallery and the thickness of the
concrete liner is equal to 0.95 m, 0.3m, respectively. During the construction of Praclay Gallery, a
total over-excavation of 0.06m is applied. Since it is finished in a short period (less than 1 day)
and the intrinsic permeability of natural Boom clay is extremely low (2~4X10'° m?), the

excavation of Praclay Gallery can also be regarded as an undrained cavity contraction process.
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Fig. 12 Excavation plane of Praclay Gallery in natural Boom clay

Fig. 13(a) presents the analytical results by cavity contraction and the test values from four
pore pressure transducers placed at different nominal radial distances from the center of Praclay
Gallery [26]. It shows that the present solution could basically describe the pore pressure
distribution along radial distances. In the vicinity of cavity wall, pore pressure would reduce with
radial distance decreasing. Then a peak value shows up around the radial distance of 5~10m. After
that peak, the pore pressure would gradually reduce to its normal value of 2.2 MPa.

Fig. 13(b) depicts three principal stress distributions along radial distance by the solution of
cavity contraction. It shows that the vicinity of cavity wall has not reached the critical state yet.
The effective stress path of point A in Fig. 13(c) can also be preferential for studying the stress
states around the contracting wall.

In the cavity contraction curve (Fig. 13(d)), the wall pressure at Praclay Gallery would
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gradually reduce with the increasing radial strain. In the present case, the radial strain is equal to

4.58% (radial displacement is 0.06m) and a wall pressure of 1.93 MPa is formed. However, when

the radial strain reaches 21%, the wall pressure would be zero. It indicates that no more supporting

pressure needs to be added on the cavity wall.
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Fig. 13 The excavation of Praclay Gallery: (a) pore pressure distribution along radial distance; (b)
principal effective stress distributions along normalized radial distance; (c) total and effective

stress paths of Point A; (d) cavity contraction curve

6. Conclusion

This paper presents a semi-analytical solution for wundrained cylindrical cavity
expansion/contraction problems using a two-surface plasticity model, which can well reproduce
the yielding behaviors, unassociated plastic flowing directions and high nonlinearity of stiff clays.
To develop the new solution, the premise of constant soil mass based on poromechanics is recalled.
A set of seven governing differential equations is obtained and solved as an initial boundary value
problem with an auxiliary independent variable £ The new solution based on constant soil mass is
then compared with the one based on constant soil volume, showing its relevance under high
stress conditions. Then, based on the constant soil mass premise, the variations of yield surface
parameter, plastic flow direction parameter, isotropic nonlinear parameter and deviatoric nonlinear
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parameter are investigated in a parametric study focusing on the stress paths, stress and excess
pore pressure distributions and cavity expansion/contraction curves. The results obtained allows
the following conclusion to be drawn:

(1) The premise of constant soil mass is important in solving cavity expansion/contraction
problems especially under high stress, low porosity and multi-fluid situations. Indeed, under
relatively low stress conditions (e.g. p'<] MPa), the solutions based on constant soil mass and
constant soil volume are found to be similar. However, with the increasing of stress, the
compressibility of pore fluid becomes crucial and the volumetric strain could be no longer
regarded as constant. The premise of constant soil mass become preferential.

(2) In normally consolidated states, the shape variation of yield surface (k7)) would change the three
principal stresses in critical state zone but have no effect on the range of critical state zone. On the
contrary, the variation of plastic flow direction (k) would change the range of critical state zone
but have no effect on the three principal stresses in the critical state zone.

(3) The high nonlinearity means no pure elastic zones in over-consolidated states. The decreasing
of both nonlinearity parameter s and As decreases the range of critical state zone even to zero
where no pure critical state zone exists. Meanwhile, a ‘second peak’ value of normalized excess
pore pressure along cavity radius is observed and the peak would gradually approach the cavity
wall with the decreasing of s and A..

(4) The present semi-analytical solution can be directly applied to explore the pore pressure, stress
distributions and wall pressure around the expanding/contracting cavity (e.g. Praclay Gallery

excavation).
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640  Appendix A

641 The effective stress and total strain increments are defined with three principal components in a

642  cylindrical coordinate system:
643 d¢'=[do’ do, dol| (A-1)

644 de=[de, de, de| (A-2)

645  The total strain increment is split into elastic and plastic parts:

646 dg=de* +de’ (A-3)
647 de'=[ds’ dey det| (A-4)
648 de’=[ds’ dej de’| (A-5)
649 a=[a, aq, aZ]T (A-6)
a M2 !1%4 ’ 2‘% [ ! [
650 a, :%23(?;)(%? ©(mpi) T =2p )+6(0r -P) (A-T7)
r s
af Mz /%71 ' 2‘% ' ’ '
651 ag:a_of’:m(%p " () ’—2P)+6(0'9—P) (A-8)
0 !
a MZ /%71 2 2‘% ' ! !
652 az:8_£:—3(1—;c )(%p / (rpc) ‘/—Zp)+6(0'2—p) (A-9)
z !
653 b=[p b, b] (A-10)
og Op 1 3 P
654 b ( % £+£] kgn:E(Mgz—nz)+gkg77(ar—p) (A-11)
og /og 0Op' 0q 1 3 I
655 bH :[61)! qu agr + 60/ ngn:E(Mé;% _772)+;kg77(0€ -P ) (A_ 12)
4 9
dg Op 1 3 P
656 b, [ % E+$] kgn=§(M§—n2)+gkg77(Gz—p) (A-13)

op. ot op'  or

os” op' 0’ oq

Lo O ol 0g af( or og o ﬁ_g]

657 (A-14)

0 o ) F v 2
=5{2/1vj(Mg 77) f Y s(l r)(( 77)+Adkg77)
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Appendix B

In the constant soil volume assumption where pore water is regarded as an incompressible fluid,
the undrained cylindrical cavity expansion/contraction problem is a simple plane strain

deformation problem with five first-order ordinary differential equations for all material points,

namely:
DO_}: Crr B crH
= B-1)
Da, a,
Doy, _S%or " Cp (B-2)
Da, a,
Do-z, _ Czr - CZH B 3
Da, a, (B-3)
Dp L’ _ Kp c' Crr + Cé’r + czr B cr¢9 B 6949 B cz@
- / 1 ! (B - 4)
Da.  A-k a (o +o,+0!)
Dl" - K S(l—}") 1+ Ajkgnz crr +C€r +c'zr _C'rﬁ _6;99 _CZH (B _ 5)
Da, A-kK M, -n a (ol +o,+0!)

where D/Dax denotes the material derivative taken along the particle motion path (Lagrangian
description), and # denotes the current stress ratio ¢/p".
Meanwhile, the constant soil volume assumption would induce a constraint following the equation

regarding the current position of any material point a, and the expanded cavity radius ao:
a-a,=a; —a, (B-06)
where ayo is the initial position of the material point and aoo is the initial cavity radius.

The distribution of pore water pressure u,(ax) can be obtained by integrating the radial equilibrium

equation:

a

X

u,(a)=0ly+u,,—ol(a)- j %~ % da, (B-7)
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Appendix C

In isotropic stress state, the total mean stress change (dp) and lagrangian porosity change ( d ¢)

can be expressed by changes of volumetric strain (de,) and pore water pressure (duw), as follows:

dpzcidgv+bduw (C-1

d

dg=—bds, L, (C-2)
N

with the Maxwell’s symmetry condition given by:

()42
ou, N 0s, .

The volumetric compressibility of soil skeleton Cq, the Biot coefficient b appearing in Eq (C - 1)

are defined as:

L_f@)| [ (C-4)
C, \%, ), . ou, ).
The Biot coefficient b, Biot modulus N appearing in Eq (C - 2) are defined as:
1
p—_|02| L__[9¢ (C-5)
o¢, ) N ou, )

Eqs (C - 4, C - 5) are partial differential equations and the subscripts indicate that the
corresponding variables are kept constant.

Considering the relations between the skeleton and mineral solid properties, the compatibility
relations can be obtained:

G 1_

bzl—cd, v (p-b)C, (C-96)

where C; is the volumetric compressibility coefficient of mineral solid.
In a fully saturated porous medium, the current fluid mass (mw) per unit volume can be expressed

as:
m,=p.¢ (C-7)

Differentiating Eq (C - 7) gives:

dm,,

—dp+gTPn (C-8)
pw pw

The change of fluid density reads as follows:
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4P _ ¢ gu, -9
P

where Cy is the volumetric compressibility of pore fluid.
From Eqs (C-1,C-2,C-6,C -8, C-9), the following equation can be obtained:

dm,

P

:_(Cd _Cs)dp_((¢cs _¢Cw)_(cd _CS))duw (C - 10)

In undrained conditions, the mass of the fluid phase is constant and dm, = 0 holds. Thus, the

expressions for incremental pore water pressure can be obtained:

C,-C,

B ‘ B de,—Cdp
" C,-C, +¢(CW -C,

d dp =
! )Y T9(c.-c)

(C-11)

The well-known Skempton coefficient B which indicates the ratio between pore pressure

increment and total isotropic stress increment is thus given by:

B = Cd_Cs
Cd _Cv +¢(CW_CY)

(C-12)

The compressibility of pore fluid is usually dozens of times that of solid grain. For most clays, the
compressibility of solid grains can be neglected (C;~=0). With infinitesimal transformation, Eq (C

- 11) can be written using Eulerian porosity n and pore fluid’s bulk modulus & (kv=1/Cw).

de,-Cdp de, ks,
du,, = SR (C-13)
¢(C,-C,) nC, n
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Table 1. The selected parameters of ACC2 model for natural Boom clay

A K % p.: MPa My kr
0.18 0.02 0.3 6 0.67 0.7
Mg kg ) s Aa
0.67 0.9 - 8 0.1
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Table 2. Summary of material properties of natural Boom clay

Case | OCR | o/:MPa | o,:MPa | o/:MPa | ks kg Aa 70 p.:MPa | Ko | wo | su:MPa
1 1 2 2 2 0.7 0.9 0.1 1 2 1 1.76 0.60
2 1 10 10 10 0.7 0.9 0.1 1 10 1 1.47 2.95
3 1 50 50 50 0.7 0.9 0.1 1 50 1 1.19 14.29
4 1 5.1 5.1 6 * 0.9 0.1 1 * 0.85 1.59 1.55
5 1 5.1 5.1 6 0.7 * 0.1 1 5.51 0.85 1.59 1.55
6 2.9 1.91 1.91 2.25 0.7 0.9 0.1 0.34 6 0.85 1.61 1.39
7 2.9 1.91 1.91 2.25 0.7 0.9 * 0.34 6 0.85 1.61 1.39

vi=1.84, M,=0.67, ‘*’ means different values are taken.
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