
HAL Id: hal-03266009
https://enpc.hal.science/hal-03266009v1

Submitted on 21 Jun 2021

HAL is a multi-disciplinary open access archive
for the deposit and dissemination of scientific re-
search documents, whether they are published or not.
The documentsmay come from teaching and research
institutions in France or abroad, or from public or pri-
vate research centers.

L’archive ouverte pluridisciplinaireHAL, est des-
tinée au dépôt et à la diffusion de documents scien-
tifiques de niveau recherche, publiés ou non, émanant
des établissements d’enseignement et de recherche
français ou étrangers, des laboratoires publics ou
privés.

Distributed under a Creative Commons CC BY 4.0 - Attribution - International License

Constraining a lumped rainfall-runoff model with
piezometry to improve low-flow simulation

Antoine Pelletier, Vazken Andréassian

To cite this version:
Antoine Pelletier, Vazken Andréassian. Constraining a lumped rainfall-runoff model with piezometry to
improve low-flow simulation. European Geosciences Union General Assembly, Apr 2021, Vienne (virtual),
Austria. ⟨10.5194/egusphere-egu21-4402⟩. ⟨hal-03266009⟩

https://enpc.hal.science/hal-03266009v1
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://hal.archives-ouvertes.fr


❈♦♥str❛✐♥✐♥❣ ❛ ❧✉♠♣❡❞ r❛✐♥❢❛❧❧✲r✉♥♦✛ ♠♦❞❡❧ ✇✐t❤
♣✐❡③♦♠❡tr② t♦ ✐♠♣r♦✈❡ ❧♦✇✲✢♦✇ s✐♠✉❧❛t✐♦♥

❆♥t♦✐♥❡ P❡❧❧❡t✐❡r
1,2

✕ ❱❛③❦❡♥ ❆♥❞ré❛ss✐❛♥
1

1 ❯♥✐✈❡rs✐té P❛r✐s✲❙❛❝❧❛②✱ ■◆❘❆❊ ✕ ❯✳ ❘✳ ❍②❞r♦s②stè♠❡s ❈♦♥t✐♥❡♥t❛✉① ❆♥t❤r♦♣✐sés ✲ ❘❡s✲

s♦✉r❝❡s✱ ❘✐sq✉❡s✱ ❘❡st❛✉r❛t✐♦♥ ✭❍❨❈❆❘✮ ✕ ❆♥t♦♥②✱ ❋r❛♥❝❡
2 ➱❝♦❧❡ ❞❡s P♦♥ts P❛r✐s❚❡❝❤ ✕ ❈❤❛♠♣s✲s✉r✲▼❛r♥❡✱ ❋r❛♥❝❡

❲❛t❡r s❝❛r❝✐t② ❤❛s ❜❡❝♦♠❡ ❛ ❝r✉❝✐❛❧ ✐ss✉❡ ✐♥ ❋r❛♥❝❡✿ ❞✉r✐♥❣ t❤❡ ✷✵✶✾✲✷✵✷✵ ❞r♦✉❣❤t✱ s❡✈❡r❛❧ ❛r❡❛s ❡①♣❡r✐❡♥❝❡❞
❞r✐♥❦✐♥❣ ✇❛t❡r s✉♣♣❧② ✐♥t❡rr✉♣t✐♦♥❀ ✇❛t❡r tr❛♥s♣♦rt❛t✐♦♥ t❤r♦✉❣❤ t❛♥❦ tr✉❝❦s ✇❛s ♥❡❡❞❡❞ ✐♥ ❛r❡❛s t❤❛t ❛r❡ ✉s✉❛❧❧②
r❡❣✐♦♥❛❧ ✇❛t❡r t♦✇❡rs✱ ❧✐❦❡ ❏✉r❛ ♦r ❙♦✉t❤❡r♥ ❱♦s❣❡s✳ ❘❡❧✐❛❜❧❡ ❧♦✇✲✢♦✇ ❢♦r❡❝❛st✐♥❣ t♦♦❧s ✇♦✉❧❞ ❛❧❧♦✇ ❞❡❝✐s✐♦♥✲♠❛❦❡rs
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t❤❡ ❞❛t❛s❡t ❝♦♠♣r✐s❡s ✶✻✵ ❝❛t❝❤♠❡♥t ✴ ♣✐❡③♦♠❡t❡r ♣❛✐rs✱ ❢♦r ✇❤✐❝❤ ❛✈❛✐❧❛❜❧❡
❞❛t❛ ❤❛✈❡ ❛t ❧❡❛st t❡♥ ②❡❛rs ✐♥ ❝♦♠♠♦♥✳ ❘❛✐♥❢❛❧❧ ❛♥❞ ♣♦t❡♥t✐❛❧ ❡✈❛♣♦r❛t✐♦♥
❞❛t❛ ✇❡r❡ t❛❦❡♥ ❢r♦♠ ❙❆❋❘❆◆ r❡❛♥❛❧②s✐s ✭❱✐❞❛❧ ❡t ❛❧✳✱ ✷✵✶✵✮✳

❚❤❡ ❛♥❛❧②s✐s ✉s❡s ❛ ♠♦❞✐✜❡❞ ✈❡rs✐♦♥ ♦❢ t❤❡ ❞❛✐❧② ❧✉♠♣❡❞ ❝♦♥❝❡♣t✉❛❧
r❛✐♥❢❛❧❧✲r✉♥♦✛ ♠♦❞❡❧ ●❘✻❏ ✭P✉s❤♣❛❧❛t❤❛ ❡t ❛❧✳✱ ✷✵✶✶✮✱ t♦ ✇❤✐❝❤ ♦♥❡ st❛t❡
✇❛s ❛❞❞❡❞ t♦ ❡①♣❧✐❝✐t❧② s✐♠✉❧❛t❡ ❛ ♣✐❡③♦♠❡tr✐❝ ❛♥♦♠❛❧②✳ ❚❤❡ ♠♦❞❡❧ ✐s ❝♦♠✲
♣♦s❡❞ ♦❢ t❤r❡❡ ❝♦♥❝❡♣t✉❛❧ r❡s❡r✈♦✐rs ✭t❤❡ ♣r♦❞✉❝t✐♦♥ ♦♥❡✱ t❤❡ r♦✉t✐♥❣ ♦♥❡
❛♥❞ t❤❡ ❡①♣♦♥❡♥t✐❛❧ ♦♥❡✮❀ t❤❡✐r ❧❡✈❡❧s ❛r❡ t❤❡ ♠❛✐♥ st❛t❡s ♦❢ t❤❡ ♠♦❞❡❧ ❛♥❞
s✐♥❝❡ t❤❡② r❡♣r❡s❡♥t ✇❛t❡r ❝♦♥t❡♥ts✱ ✇❡ ❡①❛♠✐♥❡❞ ✇❤❡t❤❡r ♦♥❡ ♦❢ t❤❡♠ ❝♦✉❧❞
❜❡ ✉s❡❞ t♦ r❡♣r❡s❡♥t ❣r♦✉♥❞✇❛t❡r ❝♦♥t❡♥t ❛♥❞ t❤✉s✱ ♣✐❡③♦♠❡tr②✳

❋✐❣✉r❡ ✶ ✿ ♠♦❞✐✜❡❞ ●❘✻❏ s❝❤❡♠❡

✶



❋✐❣✉r❡ ✷ ✿ ❞✐str✐❜✉t✐♦♥s ♦❢ ❝♦rr❡❧❛t✐♦♥ ❜❡t✇❡❡♥ ♠♦❞❡❧
st❛t❡s ❛♥❞ ♣✐❡③♦♠❡tr②

❚❤❡ ♦r✐❣✐♥❛❧ ✈❡rs✐♦♥ ♦❢ ●❘✻❏ ✕ ✐♥ ❜❧❛❝❦ ♦♥ ✜❣✉r❡ ✶ ✕
✇❛s ❝❛❧✐❜r❛t❡❞ ♦♥ t❤❡ ✶✵✼ ❝❛t❝❤♠❡♥ts✱ ✉s✐♥❣ t❤❡ ◆❛s❤✲
❙✉t❝❧✐✛❡ ❡✣❝✐❡♥❝② ❝r✐t❡r✐♦♥ ✇✐t❤ sq✉❛r❡ r♦♦t tr❛♥s❢♦r♠✲
❛t✐♦♥ ♦❢ str❡❛♠✢♦✇ ❛♥❞ ❛❧❧ ❛✈❛✐❧❛❜❧❡ ❤②❞r♦♠❡tr✐❝ ❞❛t❛
♦♥ t❤❡ ✶✾✺✽✲✷✵✶✽ ♣❡r✐♦❞ ✕ ♦♥ ✇❤✐❝❤ ❙❆❋❘❆◆ ❝❧✐♠❛t✐❝
❞❛t❛ ✐s ❛✈❛✐❧❛❜❧❡✳ ❚❤❡♥✱ ❝♦rr❡❧❛t✐♦♥s ❜❡t✇❡❡♥ ♣✐❡③♦♠❡tr②
❛♥❞ ♠♦♥t❤❧② ♠❡❛♥s ♦❢ t❤❡ t❤r❡❡ r❡s❡r✈♦✐rs✬ ❧❡✈❡❧s✱ ♣❧✉s
s✐♠✉❧❛t❡❞ str❡❛♠✢♦✇✱ ✇❡r❡ ❝♦♠♣✉t❡❞ ❢♦r ❡❛❝❤ ♦❢ t❤❡ ✶✻✵
❝❛t❝❤♠❡♥t ✴ ♣✐❡③♦♠❡t❡r ♣❛✐rs✳ ❘❡s✉❧ts ❛r❡ s❤♦✇♥ ♦♥ ✜❣✲
✉r❡ ✷✳

■t ❛♣♣❡❛rs t❤❛t t❤❡ ❡①♣♦♥❡♥t✐❛❧ r❡s❡r✈♦✐r ✐s t❤❡ ♠♦st
❝♦rr❡❧❛t❡❞ ✇✐t❤ ♣✐❡③♦♠❡tr②✱ ✐♥ t❤❡ ♠❛❥♦r✐t② ♦❢ ❝❛s❡s ✇✐t❤
❛ ❧✐♥❡❛r r❡❧❛t✐♦♥s❤✐♣ ❜❡t✇❡❡♥ t❤❡ t✇♦ ✈❛r✐❛❜❧❡s✳ ❚♦ ❛✈♦✐❞
s❝❛❧❡ ✐ss✉❡s✱ ♣✐❡③♦♠❡tr✐❝ ❞❛t❛ ❛r❡ ❝♦♥✈❡rt❡❞ t♦ ❛♥♦♠❛❧✐❡s
δz✱ ✉s✐♥❣ t❤❡ ❢♦❧❧♦✇✐♥❣ r❡❞✉❝t✐♦♥✱ σz ❜❡✐♥❣ t❤❡ st❛♥❞❛r❞
❞❡✈✐❛t✐♦♥ ❛♥❞ z̄ t❤❡ ♠❡❛♥ ♦❢ ❡❛❝❤ s❡r✐❡s✿

δz =
z − z̄

σz

❲❡ ❝❛♥ ♥♦✇ ❛❞❛♣t t❤❡ ♠♦❞❡❧ t♦ s✐♠✉❧❛t❡ ♣✐❡③♦♠❡tr②
❛s ❛♥ ♦✉t♣✉t ✈❛r✐❛❜❧❡✱ t❤r♦✉❣❤ ❛ s✐♠♣❧❡ ❧✐♥❡❛r ❢✉♥❝t✐♦♥
♦❢ ❡①♣♦♥❡♥t✐❛❧ st♦r❡ ❧❡✈❡❧❀ ✐t ❛❞❞s t✇♦ ♥❡✇ ♣❛r❛♠❡t❡rs✱
X7 ❛♥❞ X8✿

δz =
1

X7

(

Exp

X6

+X8

)

X7 ✐s ♣♦s✐t✐✈❡ ✕ t②♣✐❝❛❧❧② ❜❡t✇❡❡♥ ✵ ❛♥❞ ✺ ✕ ❛♥❞ X8 ✐s
♥♦♥✲♥❡❣❛t✐✈❡ ✕ ❜❡t✇❡❡♥ ✵ ❛♥❞ ✷✵✳ ❆s s❤♦✇♥ ✐♥ r❡❞ ♦♥
✜❣✉r❡ ✶✱ t❤❡r❡ ✐s ♥♦ ❞✐r❡❝t ❝❤❛♥❣❡ ♦♥ t❤❡ str❡❛♠✢♦✇ ♠♦❞✲
❡❧❧✐♥❣ ❝❤❛✐♥✱ ❜✉t ❝❛❧✐❜r❛t✐♥❣ t❤❡ ♠♦❞❡❧ ♦♥ ❜♦t❤ ♦❜s❡r✈❡❞
str❡❛♠✢♦✇ ❛♥❞ ♣✐❡③♦♠❡tr② ❝❛♥ ❧❡❞ t♦ ❛ ❞✐✛❡r❡♥t s❡t ♦❢
♣❛r❛♠❡t❡rs t❤❛♥ ✉s✉❛❧ ❝❛❧✐❜r❛t✐♦♥ ♣❡r❢♦r♠❡❞ ♦♥ str❡❛♠✲
✢♦✇ ♦♥❧② ❛♥❞ t❤❡r❡❢♦r❡✱ t❛❦✐♥❣ ✐♥ ❛❝❝♦✉♥t ♣✐❡③♦♠❡tr②
❝❛♥ ❝❤❛♥❣❡ str❡❛♠✢♦✇ ♠♦❞❡❧❧✐♥❣✳

❆ ❝♦♠♣♦s✐t❡ ❝r✐t❡r✐♦♥ t❛❦✐♥❣ ✐♥ ❛❝❝♦✉♥t str❡❛♠✢♦✇
❛♥❞ ♣✐❡③♦♠❡tr② ✐s ✉s❡❞✳ ❋♦r str❡❛♠✢♦✇✱ ✉s✉❛❧ ◆❛s❤✲
❙✉t❝❧✐✛❡ ❡✣❝✐❡♥❝② ✇✐t❤ sq✉❛r❡✲r♦♦t tr❛♥s❢♦r♠❛t✐♦♥ ✐s
❦❡♣t❀ ❢♦r ♣✐❡③♦♠❡tr②✱ ❜② ❛♥❛❧♦❣② ✇✐t❤ ◆❙❊✱ ✇❡ ✉s❡ ❩❊r✲
r♦r✱ ❞❡✜♥❡❞ ❜② t❤❡ ❢♦❧❧♦✇✐♥❣ ❢♦r♠✉❧❛✿

ZError = 1−

T
∑

t=1

(δzsim(t)− δzobs(t))
2

▲✐❦❡ ◆❙❊✱ ✐t ✐s ❡q✉❛❧ t♦ ✶ ✐♥ ❝❛s❡ ♦❢ ♣❡r❢❡❝t s✐♠✉❧❛t✐♦♥
❛♥❞ t❤❡ ❤✐❣❤❡r ✐t ✐s✱ t❤❡ ❝❧♦s❡r s✐♠✉❧❛t❡❞ ❛♥❞ ♦❜s❡r✈❡❞
♣✐❡③♦♠❡tr✐❝ ❛♥♦♠❛❧✐❡s ❛r❡✳ ❚❤❡ ❝♦♠♣♦s✐t❡ ❝r✐t❡r✐♦♥ ✐s ❛
❧✐♥❡❛r ❝♦♠❜✐♥❛t✐♦♥ ♦❢ t❤❡s❡ t✇♦ ❝r✐t❡r✐❛✱ ✇✐t❤ ❛ ✇❡✐❣❤t α
❜❡t✇❡❡♥ ✵ ❛♥❞ ✶✿

Crit(α) = α ZError + (1− α) NSE

❚♦ ❛ss❡ss t❤❡ ✐♠♣❛❝t ♦❢ t❤❡ ♥❡✇ ❝❛❧✐❜r❛t✐♦♥ s❝❤❡♠❡
♦♥ ♠♦❞❡❧ ♣❡r❢♦r♠❛♥❝❡✱ ❛ s♣❧✐t✲s❛♠♣❧❡ t❡st ✐s ♣❡r❢♦r♠❡❞✿
❢♦r ❡❛❝❤ ❝❛t❝❤♠❡♥t ✴ ♣✐❡③♦♠❡t❡r ♣❛✐r✱ ❛✈❛✐❧❛❜❧❡ ♦❜s❡r✈❡❞
❞❛t❛ ❛r❡ ❞✐✈✐❞❡❞ ✐♥t♦ t✇♦ ❡q✉❛❧ ♣❡r✐♦❞s P1 ❛♥❞ P2✱ ✇✐t❤
❛ ❝♦♥❝❡r♥ ❢♦r ❝♦♥t❡♠♣♦r❛♥❡✐t② ❜❡t✇❡❡♥ ♦❜s❡r✈❡❞ ♣✐❡③♦✲
♠❡tr② ❛♥❞ str❡❛♠✢♦✇✳ ❈❛❧✐❜r❛t✐♦♥ ✐s ♣❡r❢♦r♠❡❞ ♦♥ P1

❛♥❞ t❤❡ ♠♦❞❡❧ ✐s t❤❡♥ ❡✈❛❧✉❛t❡❞ ♦♥ P2✱ ✉s✐♥❣ t❤❡ ♣❛r❛✲
♠❡t❡r s❡t ❢r♦♠ t❤❡ ❝❛❧✐❜r❛t✐♦♥✱ ❛♥❞ ✐♥✈❡rs❡❧②✳ ❋♦r t❤❡
s❛❦❡ ♦❢ s✐♠♣❧✐❝✐t②✱ ◆❛s❤✲❙✉t❝❧✐✛❡ ❡✣❝✐❡♥❝② ✇✐t❤ sq✉❛r❡✲
r♦♦t tr❛♥s❢♦r♠❛t✐♦♥ ✐s ✉s❡❞ ❛s ✈❛❧✐❞❛t✐♦♥ ❝r✐t❡r✐♦♥✳ ❖t❤❡r
✈❛❧✐❞❛t✐♦♥ ❝r✐t❡r✐❛ ♠♦r❡ ❢♦❝✉s❡❞ ♦♥ ❧♦✇✲✢♦✇s ✕ s✉❝❤ ❛s
◆❙❊ ✇✐t❤ ❝✉❜✐❝ r♦♦t tr❛♥s❢♦r♠❛t✐♦♥ ✕ ✇❡r❡ tr✐❡❞ ❜✉t
t❤❡② ❞✐❞ ♥♦t ❤✐❣❤❧✐❣❤t ❞✐✛❡r❡♥t tr❡♥❞s✳

✸ ❘❡s✉❧ts

✺✶ ✈❛❧✉❡s ♦❢ α ❤❛✈❡ ❜❡❡♥ t❡st❡❞✱ ❢r♦♠ ✵ t♦ ✶ ✇✐t❤ ❛
✵✳✵✷ st❡♣✳ ❋✐❣✉r❡ ✸ s❤♦✇s t❤❡ ♥✉♠❜❡r ♦❢ ❝❛t❝❤♠❡♥ts
✇✐t❤ ❛ s✐❣♥✐✜❝❛♥t ✐♥❝r❡❛s❡ ✭∆NSE > 0.05✮ ♦r ❞❡❝r❡❛s❡
✭∆NSE < −0.05✮ ♦❢ t❤❡ ✈❛❧✐❞❛t✐♦♥ ❝r✐t❡r✐♦♥✱ ✇✐t❤ r❡✲
s♣❡❝t t♦ t❤❡ r❡❢❡r❡♥❝❡ ✈❛❧✉❡ ♦❜t❛✐♥❡❞ ❢♦r α = 0✳ ■t ❛♣✲
♣❡❛rs t❤❛t ❢♦r ✈❛❧✉❡s ♦❢ α ❣r❡❛t❡r t❤❛♥ ✵✳✸✱ t❤❡r❡ ❛r❡
♠♦r❡ ❝❛t❝❤♠❡♥ts ♦♥ ✇❤✐❝❤ t❤❡ ♠♦❞❡❧ ♣❡r❢♦r♠❛♥❝❡ ❛r❡
❞❡t❡r✐♦r❛t❡❞ t❤❛♥ t❤❡ ♦♥❡s ♦♥ ✇❤✐❝❤ ✐t ✐s ✐♠♣r♦✈❡❞✳ ❆t
♠♦st✱ ♣❡r❢♦r♠❛♥❝❡s ❛r❡ ✐♥❝r❡❛s❡❞ ♦♥ ✶✸ ❝❛t❝❤♠❡♥ts ♦✉t
♦❢ ✶✵✼✱ ❢♦r α = 0.04✱ ✵✳✵✻✱ ✵✳✶✻ ♦r ✵✳✷✷✳

❚♦ ❡✈❛❧✉❛t❡ t❤❡ ♠♦❞❡❧ ♣❡r❢♦r♠❛♥❝❡s ♦♥ t❤❡ ✇❤♦❧❡ s❡t
♦❢ ❝❛t❝❤♠❡♥ts✱ ❛ ❲✐❧❝♦①♦♥✲▼❛♥♥✲❲❤✐t♥❡② t❡st ✇❛s ✉s❡❞
t♦ ❝♦♠♣❛r❡ t❤❡ s❡t ♦❢ ✈❛❧✐❞❛t✐♦♥ ❝r✐t❡r✐❛ ♦❜t❛✐♥❡❞✱ ✇✐t❤
α = 0 ❢♦r ◆❙❊ ❛♥❞ α = 1 ❢♦r ❩❊rr♦r✱ t♦ t❤❡ s❛♠❡ s❡t
♦❜t❛✐♥❡❞ ❢♦r ♦t❤❡r α ✈❛❧✉❡s✳ ❘❡s✉❧ts ❛r❡ s❤♦✇♥ ♦♥ ✜❣✉r❡
✹✳

❋✐❣✉r❡ ✸ ✿ ♥✉♠❜❡r ♦❢ ❝❛t❝❤♠❡♥ts ✇✐t❤ ❛ s✐❣♥✐✜❝❛♥t ❝❤❛♥❣❡
✐♥ ✈❛❧✐❞❛t✐♦♥ ❝r✐t❡r✐♦♥

✷



❋✐❣✉r❡ ✹ ✿ r❡s✉❧t ♦❢ t❤❡ ❲✐❧❝♦①♦♥✲▼❛♥♥✲❲❤✐t♥❡② t❡st ❚❤❡ st❛t✐st✐❝❛❧ t❡st ❝♦♠♣❛r❡s t❤❡ ♠❡❞✐❛♥s ♦❢ t❤❡ ❝r✐✲
t❡r✐❛ s❡ts✳ ■t ❛♣♣❡❛rs t❤❛t ❢♦r α > 0.2✱ ♣❡r❢♦r♠❛♥❝❡ ❛r❡
s✐❣♥✐✜❝❛♥t❧② ❞❡t❡r✐♦r❛t❡❞ ❢♦r str❡❛♠✢♦✇❀ ❢♦r α > 0.14✱
t❤❡ ♠♦❞❡❧ ✐s ❛❜❧❡ t♦ s✐♠✉❧❛t❡ ♣✐❡③♦♠❡tr② ✇✐t❤ ♥♦ s✐❣♥✐✲
✜❝❛♥t ❞✐✛❡r❡♥❝❡ ✇✐t❤ r❡s♣❡❝t t♦ α = 1✳ ❚❤❡r❡❢♦r❡✱ t❤❡
✈❛❧✉❡ α = 0.16 s❡❡♠s t♦ ❜❡ ❛ ❣♦♦❞ ❝♦♠♣r♦♠✐s❡ ❜❡t✇❡❡♥
♣❡r❢♦r♠❛♥❝❡ ✐♥ s✐♠✉❧❛t✐♥❣ str❡❛♠✢♦✇ ❛♥❞ ♣✐❡③♦♠❡tr②✳

■t ❝❛♥ ❜❡ s❡❡♥ ♠♦r❡ ♣r❡❝✐s❡❧② ♦♥ ✜❣✉r❡ ✺✱ ✇❤✐❝❤
s❤♦✇s t❤❡ ♣❡r❢♦r♠❛♥❝❡ ❞✐str✐❜✉t✐♦♥ ♦♥ t❤❡ ❝❛t❝❤♠❡♥t
s❡t ❢♦r t❤❡ ❞✐✛❡r❡♥t α ✈❛❧✉❡s✱ ✇✐t❤ r❡s♣❡❝t t♦ r❡❢❡r❡♥❝❡
❝r✐t❡r✐♦♥ ✈❛❧✉❡s ✕ t❤❡ r❡❞ ❞♦tt❡❞ ❧✐♥❡s✱ ∆NSE = 0 ❢♦r
str❡❛♠✢♦✇ ❛♥❞ ♠❡❞✐❛♥ ❩❊rr♦r ❢♦r α = 1 ❢♦r ♣✐❡③♦♠❡tr②✳
P❡r❢♦r♠❛♥❝❡ ✐♥ str❡❛♠✢♦✇ s✐♠✉❧❛t✐♦♥ ✈✐s✐❜❧② ❞❡❝r❡❛s❡
❛❜♦✈❡ α = 0.3 ❛♥❞ ❢♦r ♣✐❡③♦♠❡tr②✱ ✉♥❞❡r α = 0.12✳
❍❡r❡ ❛❣❛✐♥✱ α = 0.16 s❡❡♠s t♦ ❜❡ ❛♥ ❛❝❝❡♣t❛❜❧❡ ❝♦♠✲
♣r♦♠✐s❡✱ ❡✈❡♥ t❤♦✉❣❤ ♥❡❛r❜② ✈❛❧✉❡s ❜❡t✇❡❡♥ ✵✳✶✷ ❛♥❞
✵✳✸ ✇♦✉❧❞ ❣✐✈❡ ❛ s✐♠✐❧❛r r❡s✉❧t✳ ❚❤❡ ♠❡❞✐❛♥ ❩❊rr♦r ✐s
0.71 ✇✐t❤ ♠♦r❡ t❤❛♥ 3

4
♦❢ ♣✐❡③♦♠❡t❡rs ❛❜♦✈❡ 0.3✱ ✇❤✐❝❤

✐s ❛ ♥♦t❡✇♦rt❤② ♣❡r❢♦r♠❛♥❝❡✳

❋✐❣✉r❡ ✺ ✿ ❞✐str✐❜✉t✐♦♥s ♦❢ ♠♦❞❡❧ ✈❛❧✐❞❛t✐♦♥ ♣❡r❢♦r♠❛♥❝❡ ❢♦r ❞✐✛❡r❡♥t α ✈❛❧✉❡s

✸



❋✐❣✉r❡ ✻ ✿ ♠❛♣ ♦❢ t❤❡ r❡s✉❧ts ❢♦r α = 0.16

❚❤❡ ❣❡♦❣r❛♣❤✐❝❛❧ ❝♦♥✜❣✉r❛t✐♦♥ ♦❢ t❤❡ r❡s✉❧ts ❝❛♥
❜❡ s❡❡♥ ♦♥ ✜❣✉r❡ ✻✳ ❋♦r ❡❛❝❤ ❝❛t❝❤♠❡♥t✱ t❤❡ ❝♦❧♦r ♦❢
❣❛✉❣✐♥❣ st❛t✐♦♥ ♦♥ t❤❡ ♠❛♣ s❤♦✇s t❤❡ ✐♠♣r♦✈❡♠❡♥t ♦❢
t❤❡ ❜❡st ◆❙❊ ❛♠♦♥❣ t❤❡ ❛✈❛✐❧❛❜❧❡ ♣✐❡③♦♠❡t❡rs✳ ❋♦r ❡❛❝❤
♣✐❡③♦♠❡t❡r✱ t❤❡ ❜❡st ❩❊rr♦r ❛♠♦♥❣ ❝❛t❝❤♠❡♥ts t❤❛t ❛r❡
❝♦✉♣❧❡❞ ✇✐t❤ t❤❡ ♣✐❡③♦♠❡t❡r ✐s ❤✐❣❤❧✐❣❤t❡❞✳

◆♦ ♦❜✈✐♦✉s s♣❛t✐❛❧ ♣❛tt❡r♥ ❡♠❡r❣❡s ❢r♦♠ t❤❡ ♠❛♣✱
❜✉t ✇❡ ❝❛♥ s❡❡ t❤❛t s✉r❢❛❝❡ ❛q✉✐❢❡rs t❤❛t ❛r❡ ❝❧♦s❡❧②
❧✐♥❦❡❞ t♦ s✉r❢❛❝❡ ✇❛t❡r ❜♦❞✐❡s✱ ❧✐❦❡ ✐♥ ❇r✐tt❛♥② ♦r ✐♥ t❤❡
❙❛♦♥❡ ❜❛s✐♥✱ ❤❛✈❡ ❤✐❣❤ ♣❡r❢♦r♠❛♥❝❡ ✐♥ s✐♠✉❧❛t✐♥❣ ♣✐❡③♦✲
♠❡tr② ✇✐t❤♦✉t ✐♠♣r♦✈✐♥❣ str❡❛♠✢♦✇ s✐♠✉❧❛t✐♦♥✳ ❘❡s✲
✉❧ts ❛r❡ ✈❡r② ❤❡t❡r♦❣❡♥❡♦✉s ✐♥ t❤❡ ❇❡❛✉❝❡ r❡❣✐♦♥✱ ✇❤❡r❡
❝❛t❝❤♠❡♥ts ❛r❡ ✈❡r② ✐♥✢✉❡♥❝❡❞ ❜② ❛ ❧❛r❣❡ s❧♦✇ ❛q✉✐❢❡r
❛♥❞ t❤✉s ✇❤❡r❡ ✇❡ ✇♦✉❧❞ ❤❛✈❡ ❡①♣❡❝t❡❞ s✐❣♥✐✜❝❛♥t ❣❛✐♥s
❢r♦♠ t❛❦✐♥❣ ✐♥ ❛❝❝♦✉♥t ♣✐❡③♦♠❡tr✐❝ ❞❛t❛✳ ❚❤✐s ❝❛♥ ❜❡
♠♦st❧② ❡①♣❧❛✐♥❡❞ ❜② t❤❡ ❧♦✇ ♣❡r❢♦r♠❛♥❝❡ ♦❢ t❤❡ ♦r✐❣✐♥❛❧
♠♦❞❡❧ ❞✉❡ t♦ ✇❛t❡r ❜❛❧❛♥❝❡ ✐ss✉❡s✿ ✐♥❞❡❡❞✱ ❞✉❡ t♦ t❤❡
✈❡r② ✢❛t t♦♣♦❣r❛♣❤② ♦❢ t❤❡ r❡❣✐♦♥ ❛♥❞ t❤❡ ❤✉❣❡ ♣❛rt
♦❢ ❣r♦✉♥❞✇❛t❡r ✢♦✇s ✐♥ ✇❛t❡r tr❛♥s♣♦rt✱ t♦♣♦❣r❛♣❤✐❝

❝❛t❝❤♠❡♥ts ❝❛♥ ❜❡ r❡❛❧❧② ❞✐✛❡r❡♥t ❢r♦♠ r❡❛❧ ♦♥❡s ❛♥❞
t❤❡r❡❢♦r❡✱ t❤❡ ♠♦❞❡❧ ❤❛s t♦♦ ♠✉❝❤ ♦r t♦♦ ❧✐tt❧❡ ✇❛t❡r t♦
❝♦rr❡❝t❧② s✐♠✉❧❛t❡ str❡❛♠✢♦✇✳ ❚❤❡ s❛♠❡ ✐ss✉❡ ✐s ✈✐s✐❜❧❡
✐♥ t❤❡ ❇✐è✈r❡ ❣❧❛❝✐❛❧ ♣❧❛✐♥ ✐♥ t❤❡ ❘❤♦♥❡ ✈❛❧❧❡②✳

■t ✐s ♥♦t s✉r♣r✐s✐♥❣ t❤❛t t❤❡ ❢❡✇ ♣✐❡③♦♠❡t❡rs ✐♥ t❤❡
❞❛t❛s❡t t❤❛t ❛r❡ ✐♥ ❦❛rst✐❝ ❛q✉✐❢❡rs ✕ ✐♥ t❤❡ ❇❡rr② ❧✐♠❡✲
st♦♥❡s ♦r ✐♥ t❤❡ ✉♣♣❡r ▼❡✉s❡ ❜❛s✐♥ ✕ ❞♦ ♥♦t ✐♠♣r♦✈❡
str❡❛♠✢♦✇ s✐♠✉❧❛t✐♦♥ ❛♥❞ ❤❛✈❡ ❧♦✇ ❩❊rr♦r✳ ▼♦st ♦❢ t❤❡
❝❛t❝❤♠❡♥ts ✇❡r❡ ♣❡r❢♦r♠❛♥❝❡ ❛r❡ s✐❣♥✐✜❝❛♥t❧② ✐♠♣r♦✈❡❞
✕ ❜r✐❣❤t r❡❞ ❞♦ts ✕ ❛r❡ ✐♥ t❤❡ ❝❤❛❧❦② ♣❛rt ♦❢ P❛r✐s ❜❛s✐♥✱
❜✉t t❤❡ r❡s✉❧ts ❛r❡ ❢❛r ❢r♦♠ ❜❡✐♥❣ ❤♦♠♦❣❡♥❡♦✉s ✐♥ t❤✐s
r❡❣✐♦♥✳ ❋✐❣✉r❡ ✻ s❤♦✇s t❤❡ s✐♠✉❧❛t❡❞ ❛♥❞ ♦❜s❡r✈❡❞ ❤②✲
❞r♦❣r❛♣❤s ♦❢ t❤❡ ❙♦♠♠❡ r✐✈❡r ✐♥ ❍❛♠✱ ♦♥❡ t❤❡ ♠♦st
♣❡r❢♦r♠❛♥t ❝❛t❝❤♠❡♥ts ✕ ∆NSE = 0.15✳ ❚❤❡ s✐♠✉❧❛✲
t✐♦♥ ♦❢ ❧♦✇✲✢♦✇s ✐s ❛ ❜✐t ✐♠♣r♦✈❡❞ ✐♥ s♦♠❡ ♣❛rts ♦❢ t❤❡
❤②❞r♦❣r❛♣❤✱ ❜✉t t❤❡ r❡s✉❧t ✐s ❤❛r❞❧② ✈✐s✐❜❧❡ t♦ t❤❡ ♥❛❦❡❞
❡②❡✳ ❍♦✇❡✈❡r✱ t❤❡ ♣✐❡③♦♠❡tr② s✐♠✉❧❛t✐♦♥ ✕ ♥♦t s❤♦✇♥
❤❡r❡ ✕ ✐s ❝❧❡❛r❧② ❝❧♦s❡r t❤❛♥ ✇❤❛t ✇❛s ♦❜t❛✐♥❡❞ ✇✐t❤ t❤❡
♦r✐❣✐♥❛❧ ❝❛❧✐❜r❛t✐♦♥✳

✹



❋✐❣✉r❡ ✻ ✿ s✐♠✉❧❛t❡❞ ❛♥❞ ♦❜s❡r✈❡❞ ❤②❞r♦❣r❛♣❤s ♦❢ t❤❡ ❙♦♠♠❡ r✐✈❡r ✐♥ ❍❛♠

✹ ❈♦♥❝❧✉s✐♦♥✿ s❤♦✉❧❞ ✇❡ ❜❡ ❞✐s❛♣✲

♣♦✐♥t❡❞❄

❆❢t❡r s❡❡✐♥❣ t❤❡ ✐♥s✉✣❝✐❡♥❝② ♦❢ t❤❡ ●❘✻❏ ♠♦❞❡❧ ✐♥ s✐♠✉✲
❧❛t✐♥❣ ❧♦✇✲✢♦✇s✱ ❡s♣❡❝✐❛❧❧② ❢♦r ❝❛t❝❤♠❡♥ts ❡♥❝♦✉♥t❡r✐♥❣
❧♦♥❣ ❛♥❞ s❧♦✇ ❞r♦✉❣❤ts✱ ✇❡ ❡①❛♠✐♥❡❞ ✇❤❡t❤❡r ❛♥ ❛❞❛♣✲
t❡❞ ❝❛❧✐❜r❛t✐♦♥ s❝❤❡♠❡✱ ✐♥❝♦r♣♦r❛t✐♥❣ ♣✐❡③♦♠❡tr✐❝ ❞❛t❛
❛s ♥❡✇ ✐♥❢♦r♠❛t✐♦♥✱ ✇♦✉❧❞ ✐♠♣r♦✈❡ t❤❡ ♠♦❞❡❧ ♣❡r❢♦r♠✲
❛♥❝❡✳ ■t ❛♣♣❡❛rs t❤❛t t❤❡ ❝❤❛♥❣❡ ✐♥ str❡❛♠✢♦✇ ♠♦❞✲
❡❧❧✐♥❣ s❝♦r❡ ✐s ❣❡♥❡r❛❧❧② ♠✐♥✐♠❛❧✱ ✇❤✐❝❤ ❝❛♥ ❜❡ s❡❡♥ ❛s
❞✐s❛♣♣♦✐♥t✐♥❣✳ ❍♦✇❡✈❡r✱ t❤❡ ♠♦❞❡❧ t✉r♥❡❞ ♦✉t t♦ ❜❡ ✉♥✲
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