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KINETIC BGK MODEL FOR A CROWD:
CROWD CHARACTERIZED BY A STATE OF EQUILIBRIUM

ABDELGHANI EL MoUsAOUI, Marrakech, PIERRE ARGOUL, Paris,
MoHAMMED EL RHABI, Rouen, ABDELILAH HAKIM, Marrakech

(Received October 23, 2019)

Abstract. In this paper we are interested in a dynamic description of the collective pedestrian motion based on the kinetic
model of Bathnagar-Gross-Krook (BGK). In this model a pedestrians trend towards a state of equilibrium in a certain
relaxation time is modeled. An approximation of the Maxwellian function that represents this equilibrium state is determined.
A result of existence and uniqueness of the discrete velocity model is demonstrated. Thus the convergence of the solution to
the solution of the continuous BGK equation is proven. Numerical tests are developed to validate the proposed mathematical
model.

Keywords: Discrete kinetic theory, Crowd dynamics, BGK model, Semi-Lagrangian schemes
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1. Introduction

Mathematical representations of crowd motion from the microscopic to macroscopic scale have been an active field
of study for the last three decades. An overview of the most important models at microscopic, macroscopic, and
mesoscopic scale is reviewed in [I]. Indeed, the most popular crowd simulation models are the individual models,
namely the heuristic rule-based models [2], mechanical models [3, 4] [5], and cellular automate [6], continuous models
are based on fluid dynamics [7, 8, 9], and the kinetic (Gas-kinetic) models are intermediate models between the
two discrete and continuous models [10} [IT], 12]. Handerson was the first to apply this type of ”kinetic gas” model
to empirical pedestrian crowd data [I3] [14].

In 2011 Bellomo et al. [I5] [16] [1'7, (18] [19] 20] have developed the kinetic approach for crowds in a recent approach
called, the kinetic theory for active particles. This approach considers the crowd as a complex system. The
microscopic state of each particle is characterized by a geometric variable, position x = (z,y) and a mechanical
variable velocity v = (vz,vy). In addition there is a microscopic state related to their socio-biological behavior,
called activity, it noted u. The representation of the system is defined by a distribution function noted f(¢,x,v,u),
where f(t,x,v,u)dxdv represents the number of active pedestrians who at the moment ¢ are in the elementary
volume [x, x+dx] x [v, v+dv] and who have activity u. Pedestrian movements are governed by the partial derivative
equation (PDE) of transport applied to f, I" characterizing the different interactions between pedestrians and their

environment

af(t7 X? v? u)

(1.1) -

+ v.Vi f(t,x,v,u) = T[f](t,x).

In our previous work [21], we considered the model (1.1]). The term I'[ f](¢, x) which models the interactions between
pedestrians with various obstacles, is treated from a probabilistic point of view.
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In this paper, we are interested in one of the simplest ways to model the term T'[f](¢,x). It consists of describing a
pedestrian tendency to equilibrium similar to the BGK operator which replaces the collision operator of the Boltz-
mann equation. Specifically, the case where the pedestrian system is characterized by an equilibrium configuration
fe and a relaxation term 7[p]. In an emergency evacuation case, pedestrians try to achieve a desired velocity noted
v4 to reach a target. 7[p] is the relaxation term describes the adaptation of the density f to the equilibrium density
feq (v). Therefore the interactions term takes the following simple form:

(12) PUNEX) = 1 (g (v = va) = ).
7p]

This paper develops a special theory for pedestrian motion and these interactions namely deceleration avoidance.
Consequently the BGK model , proposed in this work does not use the assumptions of conservation
of momentum and energy. Only the conservation of mass must be verified in our study. The equilibrium state
function of pedestrians is developed and based on Henderson works [I3] 14]. A mathematical framework for a
theoretical study of the proposed model is determined. The rest of this paper is organized as follows: section 2
provides the discrete velocity model derived from the continuous BGK equation. This model describes the motion
of pedestrians reaching an equilibrium configuration in a domain 2. Then an approximation of the Maxwellian
discrete density representing this state of equilibrium is presented. In section 3, a result of existence and uniqueness
for the discrete velocity model is demonstrated. Then we prove the convergence of this solution to a solution of
the continuous BGK equation. Section 4 is devoted to numerical simulations to validate the proposed model, and
to show its ability to describe the main features of the dynamics of pedestrians.

2. Mathematical model

2.1. Boltzmann equation: the BGK model for a crowd. We consider a system composed of N particles
(pedestrians) randomly distributed in a two-dimensional bounded domain Q C R?.
At the moment ¢t = tg, the pedestrians are distributed in a disk Dy of radius rp and center My(xo,yo). The initial

overall density is then py = ﬁJTVQD (ped/m?).

This group of N pedestrians present in the domain {2 at the initial time ¢y,. They are in a normal traffic situation,
i.e. they have the ability to direct themselves towards all possible directions. After, all pedestrians have the
tendency of a comfortable destination noted v, (state of equilibrium). The group of pedestrians wants to reach a

target located at the point x. ( see Fig.

Va Xc Xc
. [ d -
Target Target

Vs

Va

Density of
pedestrians

Mo

Density of
pedestrians

" 0 0

I
e

X

(a) Normal state (b) Equilibrium state

Figure 1. Density of pedestrians characterized by (a) normal state: pedestrians have the ability to direct
towards n possible directions. (b) the equilibrium state: all pedestrians look for a certain destination
comfortable noted v4 to achieve the target located at the point x. .



50

55

60

The state of the crowd is represented by the density f(¢,x,v). They move with a velocity v € Dy,.
The average crowd quantities obtained by integrating f in the velocity space Dy, :

o density:
e = [ ftxviv,
D,
e average velocity:

€(t7 X) =

o X)/D vf(t,x,v)dv,

e total energy:

1

E=3 [ Vst x vy,
2 Dy

The evolution of the particle density f(¢,x,v) is described by the following equation:

af(t7 X’ V)

(2.1) =

1
+v.Vsf(t,x,v) = — (feq (V) — f) .

Xf( ) T[p] (f(’fl( ) f)
The coefficient 7 can depend on the density p(t,x), this term expresses that the distribution f would not go
instantly to the desired velocity distribution f.,, but would need some time called relaxation time 7. For reasons

of simplicity, we assume that this relaxation term is a constant i.e. 7[p] = 7. According to this hypothesis, the
model (2.1)) takes the following form:

of (t,x,v)

(2.2) -

1
+ V'vxf(taxv V) = ; (feq (V) - f(t,X,V)) .
We consider the model (2.1)) with following initial data:
(2.3) ft=0,x,v) = fo(x,v), x €, veDy.

The system defined by the two equations , represents the Bhatnagar-Gross-Krook model. In this paper
it describes the temporal evolution of the distribution of particles (pedestrians). This model is less expensive than
the Boltzmann equation because it is sufficient to update the macroscopic fields at each time step. On the other
hand it provides qualitatively correct solutions for macroscopic moments. These two aspects, namely the relatively
low cost of calculation and the correct description of the hydrodynamic limit, explain the interest in the BGK
model during the last decades.

It also shares important features with Boltzmann’s original equation, such as the following conservation laws:

(2.4) conservation of mass / feg(V)dv :/ ft,x,v)dv.
Dy, Dy

Thus, the BGK equation is a kinetic collision equation that takes into account only the overall effect of pedestrian

interactions.

Remark 1. The BGK model for pedestrian motion contains corrections due to interactions such as avoidance and
deceleration. Therefore this model does not obey the conservation of momentum and energy. In our case, the only
law of conservation which must be respected by the model is the conservation of the mass. It is expressed by the
following equation:

(2.5) | Sl = / (e vy
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2.2. Maxwellian approximation: equilibrium density f.,(v). In 1971 L.F.Henderson [13], suggested that
the motion of people in a crowd represents a system similar to a gas molecule collection. Specifically, he suggested
that the classical Maxwell-Boltzmann theory of a molecular system could also describe the velocity distribution of
individuals.

Henderson measured the speed distribution function for 3 crowd categories: a crowd of university students walking
from the library to the university, an adult crowd of all ages using a pedestrian crossing on a street, and children in
a playground air. Analyses and estimates are made under certain numbers of assumptions about the crowd, namely,
the movement is defined in every moment ¢ by position (z,y) and the velocity v = (vg,vy). All the individuals in
the crowd have the same mass.

The two figures [2| (a), (b) show that Henderson’s empirical results agree with the classical Maxwell-Boltzmann
theory. The distribution of the v, component of the velocity is given by the following equation:

1 dN,, 1 ( 1v2>
2.6 () = — Ve V)
(2.6) fealv2) = 5o = e g
where,

e v, is the square root of the average module value of speed.

e N the total number of pedestrians.

e N, is the number of pedestrians with speed v,.
In a similar way for the equation of the v, component distribution of velocity, Henderson found the result for the
distribution of v = (v, vy), is given by the following equation :

1 dNy 1 ( 1v? )
2. — - -
(2.7) Jea(V) N dv 2mv2, ep 202, )’

where N, is the number of pedestrians with velocity v.
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Figure 2. The density function of the first component v, of the speed (a) for 693 students walking outside
the library at the University of Sydney. Curve a represents the measured distribution and curve b represents
the Maxwell-Boltzmann distribution, v, = 1.53m.s_1,vnm7s = 0.201m.s_1, (b) for 628 pedestrians on a
pedestrian crossing in Sydney, v, = 1.44m.371,vhm75 =0.228m.s"!
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According to the above and the last remark, we define in our case the density of equilibrium for pedestrians, with
the following formulation:

p(t,x) L[|v = val]?
(2~8) feq(V7P) = M€$p(—2v72n )

where, v, = \/% va [[V]|2f(t,x,v)dv; v4 is the desired direction.

feq models the equilibrium state that each pedestrian wishes to achieve. Indeed the tendency of all pedestrians to
reach a comfortable destination defined by the direction vy.

The density of equilibrium that we have defined satisfies the conservation of the mass defined by the equation 7

indeed: ,
/Dv feq(v)dv = /D M‘?l"p(—%Hv;iz‘IdH)dv =p(t,x) = /Dv ft,x,v)dv.

. 2mu2, 2
2.3. Model of discrete velocities. The number of pedestrians N is generally insufficient to justify the hypothesis
of continuity of the particle distribution function f(t,x, v) with respect to velocity. Thus for numerical simulations,
a discrete velocity approximation of the BGK equation is introduced. We refer to the discrete velocity models for
the Boltzmann equation developed by Rogier and Schneider [22], Buet [23], Heintz and Panferov [24], and Mieussens
[25]. The proposed approximation in this work has the same conservation properties as the continuous BGK model.
Let K be a set of multi-indices of Z2, defined by K = {k = (ki, k2), |k| < B}, with B is a scalar.
We define V C R?, a set of N,, discrete velocities, V = {vx = kAv /k € K}, where Av is a scalar.
The distribution f of the continuous velocities is then replaced by the following N, vector, fi = (f(t,X))wcx
where each component fi(¢,x) is an approximation of the function f(t,x, vi).
Thanks to the previous discretization of the velocity, we define the local density by the following equation:

(29) p(tx) = 3 felxt).

kel

The discrete kinetic model associated with the equation BGK ([2.2)), is defined by the set of the following equations:

afk(t, X)

(2.10) T

1
+ Vk-vxfk(tax) = ; (feq,k (Vk7p> - fk(tvx)> 5 kek Vk € Va
where feqk is an approximation of the equilibrium density defined by (2.8) .
The main problem is to define this approximation of the discrete density feq k such that the property of conservation
of mass is satisfied. We used the natural approximation used by Yang and Huang [26] and which has been developed
by Luc [27]:

(2.11) feqx (Vi p) = feq(vi), k € K,
hence,

p(t, x) 1 [[vic = val[?
where

kek
We considered the mathematical model (2.10)) with an initial data defined by:

om = ¢ s 2 I,

(2.13) fk(t=0,x)=fox(x) kek.xe.
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Boundary condition on 02

In our study, we are interested in the adaptation of an equilibrium situation of the pedestrians inside the domain
Q). We assume that their target is inside the domain. The disk diameter 2rp, occupied by pedestrians is always
less than the distance between the target in x. and the edge of the domain 0f2, i.e.

2rp < d(Xc,09).

According to this hypothesis, the theoretical study of our problem is reduced to all plane R? in places .

3. Theoretical study of the proposed mathematical model

Some important mathematical results concerning the BGK equation have been obtained during the last decade. For
example, Perthame has proved in [28] the existence and stability of a distribution solution throughout the space.
This result has been extended to a bounded domain with various boundary conditions by Ringeisen [29]. More
recently, Perthame and Pulvirenti have proved the existence and uniqueness of a ”mild” solution with weighted
estimates in L [30]. We also mention the result of Issautier [3I] which proved that the "mild” solution of
Perthame and Pulvirenti is strong, if certain assumptions of regularity on the initial condition are made. However,
it is important to note that in all these results, the authors assume the relaxation time is constant (i.e. 7= 1).
In our study we are interested in the existence and uniqueness of the BGK model with a different source or a
different equilibrium density to that defined in the case of fluid dynamics. Namely a density that is suitable for
pedestrian movement. In addition, we assume that 7 = 1.

It is interesting to study the convergence of such an approximation to the continuous BGK equation. We refer
to Mischler’s proof for the convergence of a discrete velocity model for the Boltzmann equation [32]. There are
essentially two distinct points to prove:

e The existence and uniqueness of a discrete velocity model solution.
e Convergence of the discrete kinetic equation towards the continuous equation.

3.1. Existence and uniqueness of the model solution. To define a discrete velocity model of approximation
we consider the following notations:

We consider V" a grid of N,, velocities defined by: V* = {v}! = kAv, /k e K"}

where, K" = {k = (k1,k2) € Z?,|k| < B, }.

Av,,, B,, are two real suites, assumed such that:

Av, — 0 Av,B, — +o0.

n—-+oo n—-+oo

We also define velocity’s cells Zj* par Z* = [vy, ,vp, + Av,[x v, vp, + Auv,].
The discrete velocity model approximation [4.1]is then given by the following systems:

Ofi (t,%)

(3.1) ot + Vﬁ' xfl:L(t’X) = f:é,k (Vkap) - fl? (t,X)) D/ ([07T] X Ri) k ek,

fet=0,x) = fo'y(x) kek,
where f¢', is an approximation of the initial density fo,
(3.2) D ([0,7] x R2) = {W: D ([0,T] x RZ) — R, W continuous, linear},

(3.3) D([0,T] x R}) = {f €C™([0,T] xR}) : supp(f), compact}.
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Our goal is to show the existence and uniqueness of the model
We consider the characteristic curves associated with the problem that are given by:

(34) ’Yk(t) = (’Wﬁ (t)a Vk2 (t)) = (33 + t,U]Tng Y+ tvl?g) ) k= (klz kQ) e K.
These curves are solutions of the following equations:

(3.5) g vkkek

Y (0) = (z,9)" ke K.

with vl = (vgl7vg2).

Along these curves, the system solution [3.1] satisfies the following system of ordinary differential equations:
dfi (&, 7)) n

(3.6) SR = [l (Vi p) — i (Endlt) ke,
f(tE=0,%x) = fir(x) kek.

We pose f{j (t,x) = fiz(t,v(t)) for k € K, where, ]?{j is the value of f" along these characteristic curves.
We introduce the "mild” form of the system (3.6)) obtained by integration along the characteristic curves (3.4]), for
kel

o~ t o~ o~
(3.7) £t = st [ (Faclvien) = B2 (5:30) ds.

For a given time, we define the following functional space:

L' (R) = {f(t) = (e IO = 3 [ 1At < oo} .

kek

For a time T > 0, consider the following Banach space:
Xp =C ([0,T],L* (R})), with the following norm: ||f||x, = supsejo,r||f(t)]]1-
Our theoretical study is based on the following theorem:

Theorem 1. (Local existence)
Let f = <f&k)kelc € L (R2) NL* (R2) with f§' > 0, then there is a time T > 0 and a constant R such as

Vt < T, the problem admits a unique solution " = (f!) e € C ([O,T],]L1 (Ri)) and which satisfies the
following estimates:

(3.8) suposupoir) |3 i (6% dx < (1),
RS kek
and
(3.9) p(t,x) =Y fr(t,x) <R
ke

If furthermore )y - || f¢'x||oo < 1 then the solution of the model has a physical meaning i.e. :

(3.10) plt,x) < 1.



Since this theorem is independent of n, for simplicity, the exponent n is omitted in this section.
Proof of the theorem
We introduce the following function:

~

P (t,x) = fx (t,x)exp (At) for ke K X >0.
Therefore, the system equivalent to the following system:

dibie(t, ~ - -
(3.11) % = M (t, %) + eq i (1, %) — i(t,x)  keK,

Dt =0,%) = fox(x) kek.

For all ¢ € [0,T], we integrate the equation [3.11] we deduce the following ”mild” formulation:
~ t ~ ~ ~
Pk (t,x) = fox(x)+ / ()\wk(s,x) + Yeq x (5,%x) — wk(s,x)) ds Vk € K.
0

Consider the following operator A = (Epk)kEK:

— t o~ o~ o~
Ay (t,x) = fox(x) +/0 ()\wk(s,x) + Yeg x (5,%x) — wk(s,x)> ds Vk e K.

To show that the system (3.11) has a solution, it is enough to show that the operator A has a unique fixed point
in the Banach space Xr. Indeed, we introduce the set defined by:

~

Brag R = {¢ = (9),p €X0: D=0, [[9llxr < aollfolls,

S” i (6,%) < Reap(M), ¢ € [0,T], xeRi}.
ke

Lemma 1. Let 1?6 Bt 3R>

(1) There is A, such that VA > Ao, we have : (Zz\/))keK > 0.

(2) Iy ek {/?k (t,x) < Rexp(\t) then, there are two constant Ry, T, such that: ¥V R > Ryandt € [0,T],

3" Ay (t.x) < Reap(M).
kex

(3) Let Cy = (2;]2 exp (—%%) — 1) such that (Cy + A\) T # 1, then there is a constant ag such that:
(3.12) [AY|[x, < aollfollx
(4) Let z/b\l,{ph € Br 4.0, R, then there exist Cy such that:
|Ap(t) — Ap2(t)|[1 < (AT + CsT + 1) [|[9p* — 92|[x,

Proof of the lemma:



(1) Since fok(x) >0k € £, then (Zq\/")kelc > 0 if,

()‘ﬂ)\k(svx) + qz;eq,k (S,X) - ﬂ)\k(s,x)> >0kek.

We have
~ ~ ~ -~ > i (s,%) 1lv—vaql|? ~
/\l/fk(S,X) + weq,k (S;X) - l/}k(S,X) = )\’l/}k(S,X) W;Texp(fiHUiQdH> - 7/]1:(53)()
1 1||V1<—Val||2) > ~ ek 1 1 (5,%) ( 1\|v—vd\|2>
= —— eap( —= P} g _Ll .
<)\+ 27w72nexp< 2 v2, Vacls, x) + 272, P\ 73 v2,

Since M (*% HU;;IdHQ) > 0 then )\TZk(S,X) + Qz;eq.,k (s,%) — T,/Z;k(S,X) >0 if:

2
2mvE, 2.

1 1||Vk*Vd||2) )
ST [T S
( + 272, P\ 73 v2 -

m

L. (_}||Vk—Vd||2)
om2 P\ 7 v2 '

m

(2) we have ), o Uk (t,x) < Rexp(At), hence:

Z @k (t,x) = Z fox(x)+ / <Z Aie(s, %) + Z Yeqx (8,%) Z @k(s,x)> ds

hence, if:

A> X =1-

kel ke ke ke ke
1 1 ||Vk — V(,i”2 ~
-3 fuat /ZMSx@;Wm42M21+zwm@@
kek ke kek m m kek
< 3 foudloo + S (eap(rt) — 1) + Reap(nt) -
ke
145 with Cy = (Zke/c 27r1v2 exp ( 1 Hvkvz\'dll ) _ 1).

Assuming that the choice of vk and vy, is made such that C'y > 0.
Hence )y i Ay (t,x) < Rexp(At) if,

(313) ™ oulle + 2 (eap(rt) —1) ~ R <0

kel

(3.14) hence R > R; = Z I okl
kek

1
(3.15) and,tﬁT)\ln(lJr( ))
ke

(3) Since ¥ € By g,,a,r, We have ||%]]x, < aol|fol|1, moreover,

(3.16)
t o~ o~ o~
Z/ |Awk (t,x) |dx = Z/ | fox(x —|—/ (/\z/Jk(s,x) + Yeq x (8, %) —wk(s,x)) ds|dx
kek kek 0
—~ 1 — 2
(3.17) < |Ifollx + A\T||%]|x, + / / Z Pk (s, x) e:cp (—§HVI‘072WH) — 1) ds|dx
kelc m

(3.18) < [lfolly + ATl + TCol bl

(319) < (1 +)\CL0T+TG(]CQ) Hf()”l,



2
with Cy = (27&;2 exp( 17Hvkv2vd” ) - 1).

m

150 Whence, ||A1/J||XT < a0||f0||1,

if (Co+N)T #1,ie A £ 1 7 — Cy and ay, satisfies the following equation: 1+ AagT +TagCa = ap. Indeed,
the constant ag is given by:

1

(320) apg = m Where 5 (CZ -+ )\) T 7é ].
(4)
IAGL(t) — AGE(D)]): = Z/ AGT (t,%) — AG2y (%) [dx
ke
_ Z/ / 1/;k 8,X) zjj\i(s,x)) ds+/0 (@;q,k(s,x) - &gq’k(s,x)) ds
ke

+ / (G2(5,%) — D5, %) ) dslax.

By definition of the equilibrium density, we have,

~ 1 1 — ~
{Z)\zq k(s X) _wéq,k(svx) = 272 655?( 2 Hvk VdH ) (Zwl S, X Z?/J%(S,X))

m leK leK

1]|lvk—v
We pose U3 = > 1 o 27”)2 exp( %)

Hence by a change of variable, we find:

[ AYL(t) — A2(1)||1 < AT|[9! — 2|, + CsT[pr — 2|, + T[3b — 92| 5,
< (AT + C5T +T) || — 92|,

Which ends the proof of the lemma.

According to 1, 2, 3 of the lemma, for any A\g < A (X # % —C3), R> Ry, t <T and ag verifies (3.20]), we have:
if ¥ € BT,ao,/\,R then A’ll) € BT,aO,)\,R-

According to 4 of the lemma, we have

APt — A2|[x, < (AT + CsT +T) [[¢pt — 2|,

Moreover A\ < (f —(Cs + )) := )\; then:
(ANT+CsT+T) < 1.
Hence the operator A : By 4, x,r — B7,q0,2,r IS @ contraction.
Banach’s fixed point theorem refers to the local existence of the model solution.
From the foregoing, there exist A, (Ag < A < A1, A # % — (Cs), T, ap and R, such that the problem has a
unique positive solution f" = (fi!), . €C ([O, T],L! (Ri)) and which satisfies :

/ > f (%) dx < agl| folly exp(—At)  ( since 19 ]lxz < aoll foll1)-
RS kek

Hence,

sup[o,ﬂ/ S7 A (%) dx < aol fol .

R kek

10
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Since agl|foll1 does not depend on n and ag = ag(7), then:

supnsup[OT]/ ka (t,x)dx <O (T).

Ry kek

where, O (T') = ao(T)|| fol|1, from where the estimation (3.8).
In addition the solution satisfies

pt,x) <R, t €[0,T] x€Q, R> Ry,

where

= > Nfoxlle-

kek
Moreover if )7, i | fox|loo < 1, (R1 < 1), then we choose R = R; such that

pt,x)<1, Vt €[0,T], V x€Q,

Hence the estimation (3.10). That ends the proof of the theorem 1.
Remark 2. In our proof we have demonstrated the local existence of problem in [0,T]. Through an iteration
process. We can successively solve the equation with initial conditions in tg = 0 until T, t; = T until t5 = 27T,

By concatenation we build a maximum solution on [0,Tez[, With Tpey = supt;. This solution belongs
J
C ([0, Thnas[, L* (R2))

3.2. Convergence of the discrete kinetic equation towards the continuous one. According to the pre-
views section, we have shown the existence and uniqueness of the discrete model solution(3.1) f™ = (fi) e €
C ([O, Traz|, Lt (Ri)), moreover satisfies the following estimate:

(3.21) SUPRSUP|, T]/ Z R,x)dx<6(T).

Ry kek

In order to prove the convergence of this solution, we define the following functions:

(3.22) (tx,v) =Y A(tX)1E(v)
ke

(3.23) (tx,v) = o (6 x)1E(v),
ke

(3.24) Cr(v) = > VPIE(v)
ke

(3.25) 00,x,v) = > f
ke

with 1y the indicator function on the velocity cells Z}7.
Then the discrete model [3.1] can be linked to the BGK equation [2.1] by the following equation:

af"(t,x,v) N

o C™(v).Vaf (t,x,v) = f7 (v) — f"(t,x,v) D' (10, Trax[xR2 x R2),

€q

OXV Z

ke

(3.26)

11
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where,

(3.27) D' (10, Trrax[xR2 x R2) = {W: D (]0, Trnaa[*RZ x RZ) — R, W continuous, linear},
(3.28) D (]0, Trnaa [xRE x RZ) = {f €C™ (10, Thas[xR% x R2) : supp(f), compact}.

We now denote our convergence result in the following theorem:

n——+0o0o n—r+00

Theorem 2. let v™ such that Awv, —+> 0 Av, B, —+> +o00, and
2

cr : R2 =  R? '

v o Cn(v) such that:
(3.29) C™ is locally, uniformly bounded in  (LjS, (R2))?,
(3.30) Cc"(v) WY simply.

Then we can extract a sub-sequence noted (f™), which converges weakly in L' (]0, Trnaz[xR2 x R‘z,) s VT ae >0
to a solution of the equation (12.1)).

Proof
We refer to the works of Perthame [28] and [25], we divide the proof into 4 steps:

step 1: weak convergence of f"
According to (3.21)), (3.22), it is clear that f™ satisfies the following estimate:

(3.31) SUPRSUP[0,T) / f"(t,x,v)dxdv <01 (T),

R2 xR2

which implies that the following (f"),, is equi-integrable.

According to Dunford-Pettis theorem [33], we can extract a subsequence noted (f™), which converges weakly in
L' (]0, Trao [XR2 x R2), towards f € L' (]0, Tiao [XRZ x R2), ic.:

N : 1 2 2
(3.32) f e f inL (}0, Trnaz [ xRy X RV) .
Hence
n . ! 2 2
f ST f inD (]0, Tmaz[xRs x RY),

for all Thee > 0. We thus obtain the convergence of the transport term of (3.26) towards df + v.Vf in
D' (0, Trax[¥R2 x R2) ., ie.:

(3.33) Of" +C"(V) Vuf" 2 Of +V.Vxf in D (10, Tax[xRE x R2).

Indeed, let ¢ € D (]0, Tpaa [xRZE x R2),

/ (O f™" + C™ (V). Vx f") pdtdxdv = — / I (O + C™(v).Vxp) dtdxdv
10, Tnaq [XRZ xR2 10, Tmaz [XRZ XR2
=- / I (Ovp) dtdxdv — / I (C™(v).Vxp) dtdxdv.
10, Trmax [ XRZ XRZ 10, Trmasz [XR2Z xR2Z

12
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We have :

/ f"(C™(v). Vi) dtdxdv = / M (C™(v) — v) .Vxpdtdxdv + /
10, Traqz [XRZ XR2 10, Trmaz [XRZ XR2Z

10, Tnaz [XRZ XRZ

According to (3.29)), (3.30))

[0 P [ (C™(v) = v) Vxpdtdxdv < || f™[|L110,Tmae [xR2 xB2) [[C™ (V) = V|Loo ®2) [| VxPl|Lo% (10, Tran [x B2 xR2) -
sdmae | XIRE XIRG

From (3.30)), [|C"™(v) — v||Ler2) Do 0, consequently,

(3.34) / " (C™(v) —v) .Vxpdtdxdv — 0.
10, T [XR2Z X R2 n—+4oo
Moreover, since v.Vxp € L™ (]0, Trnaz[xRZ x R3)7 then

(3.35) / f'v.Vxedtdxdv — / fv.Vxedt.
10, Traz [XRZ XR2Z 10, Traz [ XRZ xXR2Z

n—-+4oo

In addition, 9y € L (]0, Tinax[xRZ x R2), then

(3.36) / I (0pp) dtdxdv — / f (Orp) dtdxdv.
10, Trmax [XRZ xR2 10,Tmax [XRZ xR2

n—-+oo

From, (3.34)),(3.35) and (3.36)), we have

/ f" (Orp + C™(v).Vxp) dtdxdv — / f (Orp + v.Vxp) dtdxdv,
10, Trmaz [XRZ XR2 10, Trmaz [XRE XRS

n—-+oo
hence the result (3.33)).

For the convergence of the non-linear part, we first have the convergence of p", according to (3.32)):

T tx,v)ydv — f(t,x,v)dv weakly in L' (]0, Tynaq [ RZ) ,

ie.
n N : 1 2
(3.37) p"(t, %) e p(t, x) inL' (]0, Taa [¥RZ) .

Step 2 : weak convergence of f[,
We need the following lemma:

Lemma 2. Suppose that f" = (fy!),cx satisfies the inequality (3.21), then
VT >0, there is C (T) such that

(3.38) SUPRSUP|o, T / feq (t,%,v)dxdv < C(T),

R2 xR2

Proof of the lemma 2
We have

fg] (t,X,V) = Z fgq,k(tax)]lﬁ(v)v

kel

13
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205

_ 2
Wltha fenq,k(tvx) = 271-%)'72” 6%‘])(—%%), p(t,X) = ZkEIC .fk (X7t) :

n 1 L[[vic—vall®\ .
/RixR%, feq (t,%,v) dxdv = / Zfl (x,1) Z 52 exp(ngn 1 (v)dxdv

RIXRS 1exc kek “7m
1 1 —va|l?
= / Zfl (x,1) dx/ Z 3 exp(—fu)]lﬁ(v)dv
RIRY 1exc B2 g 2MVm 2 Um
1 1 Vk — V¢ 2
- [ o ntmtas [ 32 o pem(-g M
RX ek K kex “7Tm m

from where,

fog (t,%,v) dxdv < supp,supjo,r) / Z H(x,t)dx.C(Z¥)
R2

SUPp SUP[0, T /
x lelC

R2 xR2

according to (3.21) < C(T),

where C (T') := O(T).C (Z}}).

According to this lemma (f7) is weakly compact in L' (]0, Tnae[¥R3E x R2), so we can extract a subsequence

noted (fZ,) such that fZ, 9 inL! (]0, Trnaz[xRZ x R2), where from the step (1) and (2), the low limit of
n—-+0oo

f satisfies the equation
(3.39) Of +v.Vfi=g—f inD (10, Thes[xRE x R2).

The next step is to show that g = feq

Step 3: strong convergence of p”.

According to the compactness lemma on averages obtained by Mischler [32], and [?], on sets of bounded velocities
f™ is strongly compact therefore. Indeed, we have for any Ro (extracting again subsequences):

(3.40) / rtx,v)dv — / f(t,x,v)dv,
IvI<Rc nH Jivi<Re

strongly in L' (]0, Tnae [¥R2) .

From the uniform estimates (3.31]), we thus obtain

(3.41) i - f in L' (]0, Tnao[xKx x R2) . V K, compact of RZ.

n—-+4o00

Hence from the above and the equation (3.37))

(342) p"(t,x) = ftx,v)ydv — p(t,x) = ft,x,v)dv L (]0, Trnaw [ X Kx) - VK compact.

Step 4: Passing to the limit

According to the step (3),

(3.43) p"(t, %) - p(t,x) L (10, Trnaw [ < Kx) VK compact,
n—-+0oo

then, we can extract a sub-sequence again, as

(3.44) pt(t,x) — p(t,x) a.e [0, Taz[xR2.

n—-+oo

14
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230

On the other hand, by hypothesis we have:

(3.45) ||Vk_vd”n—>_+>oo||v_vd” vk € K.

Hence from (3.44), (8.45),

(3.46) o feq aee [0, Than[<RZ x RZ.

€q n—-+4oo

Combine this results with those of the step (2) we have:

(347) g= feq-

As a result, the left side of the equation (3.26) converges to (feq — f) weakly in L' (]0, Tyae [ xR x RZ). We
conclude that f is solution of the equation BGK (2.1)).

4. Results and numerical simulations

4.1. Numerical method. The general idea of the semi-Lagrangian method used is to fix a grid in the velocity
space and to transform the kinetic equation into a set of linear hyperbolic equations with source terms. We refer
to [34], B5] for the detailed description of this numerical method. Here we recall only the basic principles.

We summarize the semi-Lagrangian numerical method used in this work as follows:

(1) the discretization of the BGK model equation in the velocity space.

(2) A splitting procedure of time between transport and relaxation operators for each of the system evolution
equations .

(3) The exact resolution of the transport part which means without using a spatial mesh, the initial data of
this step are given by the solution of the relaxation operator.

(4) The resolution of the relaxation part on the grid with initial data defined by the value of the distribution
function at the center of the cells after the transport step.

We introduce a Cartesian grid ¥ in R? in two-dimensional velocity space, and a set K multi—indices of Z2, such
that:
K ={(=1,0); (=1,1);(0,1); (1,1); (1,0); (1, =1); (0, =1); (=1, = 1)}

which means we discretize the square [—1,1] x [—1, 1].
In what follows, all the simulations are done in a square space domain Q = [0, 20] x [0, 20].
Thanks to the discrete velocity approximation above, the continuous distribution function f is replaced by 8 vector
where each component is supposed to be an approximation of the distribution function f,i.e. fi(¢,x) =~ f(t,x,vk),
and the original kinetic equation is replaced by a set of 8 evolution equations for fx of the following form:

Ofx(t,x)

DR+ vie Vi filt %) =

(4.1) ot . (feqx (Vi) — fi(t,x)) kek,

T

fk(t=0,x) = fox(x) kek.

We describe the first step of the [t° — ¢!] method, starting from t° = 0 and then we generalize at an arbitrary time
step.
With splitting, the first step is reduced to the N, linear transport equation resolution of the form

(4.2) w Vi Vafult,x) =0 k € K.

In order to solve this part, we consider for each equation of the system (4.2)), the initial data defined by:

(4.3) Fulx,t=0) = for(x) x€Q, kek.

15



Thanks to this reconstruction, the exact system solution (4.2)) at time ¢! = t° + At = At is given by:

-~

(4.4) Fx) = fulx —vicAt) x€Q, keK.

To complete a step of time, we must calculate the solution of the interaction part of the equation (4.1) on the
points of the grid,

(4.5) O fx = %

(feq,k - fk) ke ICv

where the initial data is given by the resolution of the transport step to time t' = t% + At, (ﬁ(x))ke)c.

To solve (4.5)), we define the value of the equilibrium distribution at the instant ¢! ,<f61q7k)k€]c,

2mv2 2 2

r,m,s r,m,s

t 1 —vq|l?
felq,k(vk): IO( ’X) exp(_HVk Vd” )7 ke,c7

with

p(t,%) = > fi(x).
kel
235 Finally, the solution of relaxation equation (4.5 is given by:

(4.6) fo= e (1-eC3)) flp ke K

eq,k>

Given a density value (flf(x)) at the moment " for x € Q, k € K, then the density at instant t"*! can be

calculated as follows:
o fi(x) = fi(x — viAt).
At At
° f11:+1 — e(_T)ff: + (1 _ e(‘?)) fn+1

ke

eq,k "
The local density at the instant t*! defined by:

p(t" %) =Y it (x).

kel

20 By Referring to [34] 36] 37, ?], this scheme is unconditionally stable , however for reasons of precision, the time
step is chosen to satisfy the condition: % < 1 because the maximum speed of the pedestrians is fixed at one.
In conclusion, we summarize the procedures where the steps of this scheme in the following algorithm:

Require: (fio(x))ielc: initial data.
form=0: Nt—1do
e Resolution of the transport part the Nv equations of the system @ with ( f'm)ielC the initial data, we get

1
A’IYL
(fi >ielc'

e Computation of equilibrium density ( o i)'elc'
’ 1
e Relaxation term resolution (4.5) with <fim)'elc initial data.
1
end for

i (fim(x))ieKj'

The output parameters of the algorithm are the numerical solution of the original problem defined by the two

equations (4.1)) .

245
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4.2. Convergence test for the semi-Lagrangian scheme. Our goal in this paper is to validate the proposed
mathematical model for pedestrian motion. This choice is motivated by considering a small number of pedestrians
(N < 100 pedestrians).

In order to analyze the convergence of the spatial discretization of the semi-Lagrangian method. We solve the
kinetic equation 7 with initial data that is a piecewise constant function in two-dimensional space. They are
concentrated densities in a center disk xg with radius Rg:

Fe (), llx = xol| < Ra,

(4.7) Vk €K, fi(t=0,x)= { .

This initial data corresponds to a small number of pedestrians N = 100.

We performed the simulation with a temporal discretization step, At = 2.1072.

In order to estimate the accuracy of the method, we used as a reference a solution f, computed with a space step
Az = Ay = 2% = 0.0156, then we estimate the solution with different steps Az = 2%1, n=1,...,5 with Az = Ay.
To evaluate the convergence, we calculated the difference between the norm L' of the reference solution and the
density p(x) estimated at time ¢t = 2.5 s with different steps Az and Ay,

(4.8) Error(Azx) =||p(Ax,t = 2.5) — p.(Ax,t = 2.5)]|L1,

with p (., t =2.5) = > e fix (-, = 2.5).
We illustrate the results obtained in Fig3]

0.7

Error (Ax)
o o o o o
nN w £ (&)} »

e
p—ry
T
i

0 i i i i i
0 1 2 3 4 5

n the order of refinement of the mesh

Figure 3. Precision of the schema in space with the error given by (4.8).

The Fig. [3| shows that the norm of error ! decreases linearly with respect Az.
In order to demonstrate the convergence order, we compute the so called experimental order of convergence (EOC),

llp(Az,t = 2.5) — pu|i1
(55,1 = 2.5) = pullLs’

(4.9) EOC :=logs

17



265 for considered spacial steps Ax = 2%1, n =1,...,5, the obtained results are given in the following table (see Table

)

Table 1. Experimental order of convergence (EOC) for the semi-Lagrangian scheme.

n the order of refinement Az = 7+ Error(Azx) EOC
1 1 0.6138 -
2 0.5000 0.2964 1.0502
3 0.2500 0.1450 1.0315
4 0.1250 0.0715 1.0200
) 0.0625 0.0362 0.9820

According to the results in Table [ the experimental order of convergence EOC ~ 1 showing that the method is
first order accurate in space.
Then, to show the possible directions for pedestrians

K= {(_17 _1)5 (_17 0)7 (_17 1); (17 _1); (170); (15 1); (07 1); (07 _1)}7

= {vik =kAv /ke K, Av =1}, we represented the solution at 6 different moments, with the same initial
condition defined by (4.7)), and space step Az = Ay = 5.1072 and At = 2.1072, the results obtained are represented

in Figl] a-f.
1
oE:
e
s il
0.4 04
0.2 0.2

0

1 1
15

o8 0.6

e 10 06

0.4 0.4

02 0.2
i i

0

)t = 3 163 )t =4.2s
Figure 4. The evolution of the density p(x,y) during the instants, (a): ¢t = 0s, (b): t = 2s, (¢): t = 2.44s
(d): t =3.16s, (e): t =4.2s, (f): t = 6s.
We observe that pedestrian density diffuses into space and pedestrians point to the following directions:

{1,050, 20 (121 0,41 .
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4.3. Movement of a group of pedestrians towards a single desired direction v,. In this paragraph our aim
is to show the adaptation of all pedestrians to a desired configuration namely the movement in a desired direction
vgq. We consider the BGK model with the same initial condition corresponding to 100 pedestrians. The
equilibrium density modeling the trend towards the desired configuration is defined as follows:

p(t,x) 1[vi = vall®
(4.10) feax(v1) = gmg,nﬁp(‘ng  keKva=[L1,

r,Mm,s

K={(-1,0);(1,-1);(1,0); (1,1); (0,1)} vk e V={vk =kAv /ke K, Av=1}.

We assume that all pedestrians have the same speed v = 1.00 m /s. We considered the same time step as in the
first case At =2.1072 Az = Ay = 5.1072.

We then represent the evolution of pedestrian density for 6 different instants and for two values of relaxation time
T =15.10"3 (see Fig[5) and 7 = 5.1072 (see Figlf])

)

(d) t =2.52s (e) t =3.16s

Figure 5. Evolution of the local density during the times : (a): ¢ = 0s, (b): ¢ = 1.04s, (c): t = 1.76s (d):
t = 2.52.16s, (e): t = 3.16s, (f): t = 6s, with a relaxation time 7 = 5.107%.
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a 15

(d) t =2.52s (e) t =3.16s

Figure 6. Evolution of the local density during the times : (a): ¢ = 0s, (b): ¢ = 1.04s, (c): t = 1.76s (d):
t =2.52.16s, (e): t = 3.16s, (f): t = 6s, with a relaxation time 7 = 5.1072.

At the moment ¢ = 0, we have the possible directions {(£1,0);(1,+1);(—1,%1);(0,£1)} . Then all pedestrians
have the tendency to direct towards a desired direction v4 = [1,1]7. Firstly, the figures show the adaptation of the
desired direction v4 = [1,1]7 by the pedestrian group, on the other hand the figure [5| shows that the time taken
by the group of pedestrians that they have a relaxation time 7 = 5.1072 to direct towards v4 is minimal compared
to the time taken by the group who have 7 = 5.1072 fig. @

4.4. Motion of a group of pedestrians towards 2 desired directions v41,v42. Consider a group of pedes-
trians defined by the same initial data. This initial density corresponds to a number of pedestrians equal to 100
pedestrians have the tendency to direct towards two desired directions vq1 = [1,1],vg2 = [—1, 1], all pedestrians
have the same speed v = 1.00m/s.

The results obtained are given in the figure [7] for 7 = 5.1072 and the figure |8 for 7 = 5.1072.

(d) t=3.2s

Figure 7. Evolution of local density during the times : (a): ¢ = 0s, (b): ¢t = 1.12s, (c): t = 2.08s (d):
t =3.2s, (e): t = 4.24s, (f): t = 65, with a relaxation time 7 = 5.107>.
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315

(d) t=3.2s (e) t = 4.24s

Figure 8. Evolution of local density during the times : (a): ¢t = 0s, (b): ¢t = 1.12s, (c): t = 2.08s (d):
t =3.2s, (e): t = 4.24s, (f): t = 65, with a relaxation time 7 = 5.1072.

The figures show that the crowd is divided into two groups in order to reach their state of equilibrium. It consists
the movement of the two groups towards the two desired directions v 1,vg,2.

5. Conclusion and looking forward

In this paper we have developed the kinetic approach for the dynamics of a crowd, based on the BGK equation.
The existence and uniqueness of the proposed discrete velocity model solution has been demonstrated thanks to
the Banach fixed point theorem. Thus, the convergence of this discrete model towards the continuous BGK model
is proven. Numerical simulations using the semi-Lagrangian method are performed. The mathematical model
proposed is capable of describing the tendency of a crowd towards a situation of equilibrium, namely the tendency
towards a desired direction.

As already laid out in the introduction, it should be clear that the aim of this paper is only to adapt the BGK
model in kinetic theory to the movement of a crowd. In other words, the derivation of the equilibrium function
feq describing a pedestrian tendency to achieve a desired direction. The most important perspective, is related to
the derivation of a equilibrium function describing the panic conditions, evacuation problems or lane formation.
The relaxation time 7 is assumed constant this is a strong assumption considering the application. This coefficient
7 may depend on f., or on the density p.
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