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Abstract:  

This paper aims to model the thermo-mechanical behavior of saturated clays under undrained 

conditions. Classic thermo-hydro-mechanical formulations obtained using different approaches 

were compared and discussed, showing their compatibility and differences. A thermo-elasto-

plastic model called TEAM, using a two-surface approach, was developed for saturated clays 

under undrained conditions in the framework of thermo-poro-mechanics. The aim of the model 

is to predict a smooth transition between the elastic and elastoplastic states. Two additional 

physical parameters, namely volumetric thermal expansion coefficient and pore water 

compressibility, were back analyzed from the results of the undrained heating tests. By 

simulating experiments found in the literature, it was shown that this model is appropriate in 

capturing the evolution of pore water pressure of saturated clays under non-isothermal 

undrained conditions. 

Keywords: clays; elasto-plastic model; temperature effects; undrained clay behavior; thermal 

failure; validation 
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1. Introduction 

The thermo-mechanical behavior of clays has been widely investigated over the past decades 

through the analysis of geomechanical problems such as nuclear waste geological disposals and 

reservoir engineering. It is worth noting that under undrained heating conditions excess pore 

water pressure in saturated clays is induced because of the thermal expansion of water which is 

higher than that of the soil skeleton. For instance, considering a temperature range between 

20 °C and 90 °C in geoenvironmental applications, the volumetric thermal expansion 

coefficient of pore water is around 6 to 18 times that of the soil skeleton for clays (e.g. Boom 

clay, Callovo-Oxfordian claystone, Opalinus claystone)  [1, 2, 3, 4, 5].  This effect will lead to 

a decrease in mean effective stress, which might lead to a critical situation in engineering 

practice. It is therefore important to investigate the thermo-mechanical behavior of clays under 

undrained condition. 

Various thermo-mechanical constitutive models for saturated clays were developed in the 

context of elastoplasticity and critical state theory (e.g. [6, 7, 8, 9, 10, 11]). These elastoplastic 

constitutive models are formulated in terms of effective stress and temperature based on drained 

heating tests, allowing the description of the thermo-mechanical behavior of the soil skeleton. 

The evaluation of the pore water pressure and the undrained behavior can be predicted by 

imposing an extra condition such as a volumetric condition even though the effective stress path 

is not given during loading. It should be pointed out that the undrained behavior prediction was 

not considered in some existing constitutive models (e.g. [8, 9]). In some others (e.g. [6, 7, 10, 

11]), different extra conditions were applied for undrained behavior analysis. Hueckel et al. [6, 

12] analyzed the undrained heating process by combining the thermal volume change of pore 

water and the thermo-mechanical model for skeleton thermo-elasto-plasticity developed from 

the well-known Cam-Clay model. Robinet et al. [7] and also Yao et al.  [11] predicted the 

undrained behavior by imposing a constant volume condition as classically done in the 

isothermal undrained condition. However, the volume change of the clays in the undrained 

thermal mechanical loading conditions cannot be neglected and does not hold constant due to 

the thermal expansion of the clay mass [13]. This expansion has a crucial importance in 

undrained heating analysis as shown by some researchers ([14, 15]).  Formally, undrained 

condition for both isothermal and non-isothermal evolutions should refer to evolutions under 

constant mass of water condition. Graham et al. [16] calculated the thermal volumetric strain 

for undrained heating analysis by simply assuming a constant undrained volumetric thermal 
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coefficient based on experimental results. Laloui and François [10] addressed the behavior 

under undrained non-isothermal condition within the framework of thermo-mechanics of 

saturated porous media as developed by Lewis and Schrefler [17].  

The co-existence of different volumetric conditions to model the thermomechanical behavior 

of saturated clays under undrained condition suggests the necessity to clarify and provide a 

rigorous approach to this problem. Although efforts have been made to develop thermo-hydro-

mechanical formulations for saturated clays (or porous media) by a number of researchers (e.g. 

[18, 19]), progress is still required in the framework of thermo-elasto-plasticity of the soil 

skeleton. In addition, the volumetric thermal expansion coefficient of pore water in low-

porosity clay is found to be different from that of bulk water by Baldi et al. [20]. This peculiar 

phenomenon is supported by other experimental observations [21, 22]. This feature should be 

taken into account in the determination of volumetric thermal expansion coefficient of pore 

water in saturated clays for the pore water pressure calculation. 

Besides this important issue related to the governing condition for the undrained test, the 

thermo-mechanical model for the soil skeleton would greatly influence the undrained behavior 

prediction. Hong et al. [23]  have developed a two-surface thermo-mechanical model called 

TEAM in the context of elasto-plasticity theory, with emphasis put on describing some 

important features of the thermo-mechanical behavior of natural clay evidenced experimentally 

such as the limited thermo-mechanical elastic zone and the smooth transition from the elastic 

behavior to the plastic one. However, it should be pointed out that the formulation of TEAM 

model is restricted to and validated for drained conditions. In this study, the thermo-elasto-

plastic model TEAM is extended to account for undrained conditions, in the sense of constant 

mass of pore water. 

The main features of temperature effects on undrained saturated clays are first briefly analyzed. 

Then, the thermo-hydro-mechanical equations proposed by Campanella and Mitchell [14], 

Lewis and Schrefler [17] and Coussy [18] are recalled, compared and discussed, showing the 

compatibility and difference among them. Afterwards, the thermo-hydro-mechanical elasto-

plastic constitutive formulation under undrained condition for saturated clays is presented in 

the framework of TEAM model. The procedure for parameter determination is then described. 

Finally, the TEAM model under undrained conditions is validated by simulating experiments 

on natural Boom Clay and reconstituted Pontida Clay. 
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Throughout this paper, the sign convention of soil mechanics is used, that is contractive strain 

and compressive (effective and total) stress are taken as positive. 

 

2. Temperature effects under undrained conditions 

Experimental evidences (e.g. [13]) clearly show that excess pore water pressure is induced 

during undrained heating of saturated clays. The mechanism of excess pore water pressure 

development upon heating can be simply analyzed. Saturated clays are composed of mineral 

solid (solid grains) and pore water. The soil skeleton can be defined as the part formed by the 

mineral solid and the pore space full of pore water. Due to heating, the temperature of soil 

skeleton and pore water will increase so that they will experience volumetric expansion. Since 

pore water expands more than the soil skeleton, its pressure tends to increase. If the heating 

process is performed under drained conditions (provided that the characteristic time of pressure 

diffusion is much shorter than the characteristic time of heating), pore water will be able to 

drain out of the specimen with no significant thermally induced excess pore water pressure. 

However, under undrained or partially drained conditions, since pore water cannot be expelled 

fast enough, excess pore water pressure will build up. 

Especially under high deviatoric stress conditions, the pressurization of pore water induced by 

heating would bring the effective stress path close to the critical state line. A possible “thermal 

failure” could occur under these circumstances. Such thermally induced failure was observed 

by Hueckel et al. [12] in a laboratory experiment on reconstituted Pontida Clay as plotted in 

Fig.1, in which failure occurred when temperature was increased from 22 °C to 92 °C (path 

from A to B) under undrained condition and constant (total) stresses. At critical state, no further 

excess pore pressure develops.  
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(b) 

Fig.1 Undrained heating test of reconstituted Pontida clay: (a) effective stress path; (b) excess pore pressure 

versus axial strain 

3. Thermo-hydro-mechanical background 

Campanella and Mitchell [14] initiatively gave the expression for pore water pressure variation 

along thermal mechanical loading paths under undrained condition using a simple governing 

equation for the volume change of total clay mass. Lewis and Schrefler [17] combined the mass 

balance equation with Darcy’s law for the liquid phase in the pore space of porous media under 

non-isothermal condition. Coussy [18] analyzed this process and derived the equations in a 

thermo-poro-mechanical framework. In this section, these works are investigated in terms of 

compatibility in undrained heating analysis and compared to each other. To make the 

comparison easier, all the work is considered in the thermo-elastic zone. Note that the mineral 

solid is considered as compressible in all the cases. 

3.1. Expressions after Campanella and Mitchell (1968) 

Under undrained condition, the volume change of the total soil mass due to both temperature 

and stress changes is equal to the sum of volume changes of mineral solid and pore water. The 

expression can be written as: 

  (1) 

where dVs, dVw and dV are volume changes of mineral solid, pore water and clay mass, 

respectively, and the subscripts dT and dp denote 'due to' temperature change and mean total 

stress change, respectively. 
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The volume change of the mineral solid due to temperature change and total stress change can 

be respectively expressed as: 

  (2) 

and 
  (3) 

where as and Cs are the volumetric thermal expansion coefficient and the volumetric 

compressibility of mineral solid, respectively, Vs is the current volume of mineral solid, du is 

the pore water pressure change, dp' is the mean effective stress change defined as dp' = dp - du 

with dp being the total mean stress change. 

The volume change of pore water due to temperature change and water pressure change can be 

respectively expressed as: 

  (4) 

and 
  (5) 

where aw and Cw are the volumetric thermal expansion coefficient and the volumetric 

compressibility of pore water, respectively, Vw is the current volume of pore water. 

Campanella and Mitchell [14] suggested that the clay mass would experience the same thermal 

volumetric strain as that of each mineral solid particle. In other words, the thermal expansion 

coefficient of the total soil mass is assumed equal to that of the mineral solid (as). Thereby, the 

volume change of clay mass due to temperature changes can be calculated by: 

  (6) 

where V is the current volume of the total clay mass, V = Vs + Vw.  

The volume change of the clay mass due to effective stress changes can be calculated by: 

  (7) 

where Cd is the volumetric compressibility of soil skeleton that is effective stress dependent but 

temperature independent. 

Combining Eqs (1)-(7) and taking into account the Terzaghi's effective stress principle (p' = p-

u) gives the expressions for incremental volumetric strain and pore water pressure, respectively: 

( )s s sdT
dV V dTa=

( )s s s s sdp
dV V C du V C dp¢= - -

( )w w wdT
dV V dTa=

( )w w wdp
dV V C du= -

( ) sdT
dV V dTa=

( ) ddp
dV VC dp¢= -
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  (8) 

  (9) 

where   is the Eulerian porosity, defined as the ratio of the current porous volume to the 

current soil volume. 

3.2. Expressions after Lewis and Schrefler (1987)  

The Darcy velocity of the water within the pore space of porous media is defined as: 

  (10) 

where μ is the dynamic viscosity of the water, k is the absolute permeability matrix, u is the 

pore water pressure, ρw is the density of water,  stands for  the nabla operator, g is the gravity 

and h is the head above some arbitrary datum. 

In the isotropic state, the total mean stress p is decomposed into a pore water pressure u and a 

mean effective stress p′. The rate of water accumulation can be attributed to: 

(a) Rate of change of total volumetric strain: .  

(b) Rate of change of the mineral solid volume due to changes of pore water pressure and 

temperature: , where   is the Lagrangian porosity defined as the 

ratio of the current porous volume to the initial clay volume, as  and Cs are the volumetric 
thermal expansion coefficient and the volumetric compressibility of mineral solid, respectively. 

(c) Rate of change of the mineral solid volume due to changes of mean effective stress: 

. 

(d) Rate of change of water density: . 

 
The water mass balance equation under non-isothermal conditions, in combination with   
Darcy’s law (Eq (10)) is given by:  
  (11) 

Under undrained conditions, no flow occurs and γ = 0 holds. Thus, the rate of water 
accumulation is null, resulting in: 
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  (12) 

and 
                                         (13) 
The constitutive equation relating the effective stresses to the strains of the soil skeleton can 
be written as [38]: 
                                                                                (14) 
where K is the bulk modulus of soil skeleton.   
Substituting Eq (13) into Eq (14) gives the expression for incremental pore water pressure: 

                                        (15) 

where Cd = 1/K is the volumetric compressibility of soil skeleton. 
With infinitesimal transformation, Eqs (13) and (15) can be written using Eulerian porosity n: 
                                      (16) 

                                                                        (17) 

3.3. Expressions after Coussy (2004) 

The undrained heating process is analyzed and all the formulations are derived on the basis of 

thermo-poro-elastic theory. In the isotropic stress state and under non-isothermal condition, the 

total mean stress change (dp) and Lagrangian porosity change ( ) can be expressed by 

changes of volumetric strain (dev), pore water pressure (du) and temperature (dT), as follows: 

  (18) 

  (19) 

with the Maxwell’s symmetry condition given by: 

  (20) 

The volumetric compressibility of soil skeleton Cd, the Biot coefficient b and the volumetric 

thermal dilation coefficient of soil skeleton ad appearing in Eq (18) are defined as: 

  (21) 

The Biot coefficient b, Biot modulus N and the volumetric thermal expansion coefficient of 

pores  appearing in Eq (19) are defined as: 
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  (22) 

Eqs (21)-(22) are partial differential equations and the subscripts indicate that the corresponding 

variables are kept constant, e.g. expression of 1/Cd in Eq (21) corresponds to an isothermal 

drained compression test in which the pore water pressure and temperature are unchanged. 

Considering the relations between the skeleton and mineral solid properties, the compatibility 

relations can be obtained: 

  (23) 

where Cs and as are the volumetric compressibility coefficient and the thermal dilation 

coefficient of mineral solid, respectively. 

In a saturated porous media, the current water mass (mw) per unit volume can be expressed as: 

  (24) 

Differentiating Eq (24) gives: 

  (25) 

The state equation of water writes as follows: 

  (26) 

where Cw is the volumetric compressibility of water. 

From Eqs (18)-(19), (23), (25)-(26), it  gives: 

  (27) 

Under undrained conditions, the mass of the fluid phase is constant and dmw = 0 holds. Thus, 

the expressions for incremental volumetric strain and pore water pressure from Eqs (18) and 

(27) can be obtained, as follows: 

  (28) 
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  (29) 

With infinitesimal transformation, Eqs (28) and (29) can be written as Eqs (16) and (17) using 

Eulerian porosity n. 

3.4. Comparison and discussion 

Comparison of the final expressions for pore water pressure changes, i.e. Eqs (9), (17) and (29), 

suggests that the expression proposed by Lewis and Schrefler [17] and Coussy [18]  are the 

same but different from the one proposed by Campanella and Mitchell [14]. However, if the 

solid grain is assumed incompressible, i.e. Cs = 0, the three approaches unify.  

The volume change of mineral solid due to the mean effective stress change is expressed as -

CsVsdp' by Campanella and Mitchell [14] (see Eq (3)). This assumption may be questioned and 

requires further examination according to Ranjan et al. [24]. The mean effective stress acting 

on the mineral solid is dp'/(1-n), and the corresponding volume change is given by: 

  (30) 

Thus, the expression for the volume change of mineral solid due to the mean effective stress 

change now has the same form as the ones derived by Lewis and Schrefler [17] and  Coussy 

[18]. 

Moreover, since a compressible mineral solid is considered by Campanella and Mitchell [14], 

Eq (7) for calculating the volume change of clay mass due to stress should be rewritten to 

consider also the volume change caused by isotropic compression of mineral solids by the pore 

water [38] as follows: 

  (31) 

Hence, using Eqs (30) and (31) in the approach of Campanella and Mitchell [14] provides the 

same expressions for the pore water pressure increment as that of Lewis and Schrefler [17] and 

Coussy [18]. 

The equations proposed by Campanella and Mitchell [14] can also be examined from a 

mechanical point of view. For a non-isothermal loading process, the basic governing equation 

under undrained condition (see Eq (1)) holds. However, it should be noted that: 
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( ) ( )
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  (32) 
i.e. 
  (33) 

 Thus: 
  (34) 

This means that each term in Eqs (33) and (34) that describe the temperature and stress effects 

on the clay volume change respectively are not defined in a decoupled manner and thereby do 

not work independently. It appears then necessary to present the equations in a different form 

within the framework of Campanella and Mitchell [14], where each term is defined in a 

decoupled manner to highlight more clearly their physical meaning; this is possible because u, 

p and T are independent variables that define the state of the system during reversible processes. 

The non-isothermal loading process for the whole clay mass can be further divided into two 

processes: (i) a heating one with a temperature change dT and (ii) an isothermal loading one 

with a mean stress change dp. In a heating process (process i) under undrained condition, a 

temperature increase dT generates a pore water pressure (du1), thus changing the mean effective 

stress (dp'1 = -du1). During this process, the volume changes of pore water, mineral solid and 

the whole mass due to temperature can be expressed as: 

  (35) 

  (36) 

  (37) 

In an isothermal loading process (process ii) under undrained condition, pore water pressure 

(du2) is generated by the mean stress changes (dp). Accordingly, the mean effective stress 

changes (dp'2 = dp - du2). During this process, the total pore pressure increment is du = du1+du2. 

The volume change of pore water, mineral solid and the whole mass due to pressure can be 

expressed as: 

  (38) 

  (39) 

  (40) 

Substituting Eqs (35)-(40) into Eq (1) leads to the same expressions as that of Lewis and 

Schrefler [17] and Coussy [18], showing the compatibility among the above three different 

approaches. 
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4. Thermo-elasto-plastic constitutive modeling 

4.1 Thermo-elasto-plastic framework for undrained conditions 

The thermo-elasto-plastic framework for clays under undrained conditions was elaborated by 

extending the thermo-hydro-mechanical equations in the elastic state by Coussy [18] (see 

section 3.3) to the elasto-plastic state. As pointed out by Coussy [18], plastic evolutions are 

induced by the irreversible relative sliding of solid grains (or particles) forming the solid matrix 

of clays. Thus, the plastic change of the solid part is negligible, while the plastic strain of solid 

skeleton due to temperature and stress changes should be considered. The skeletal thermal strain 

is assumed to be entirely elastic. The mechanical stress-strain relation is elasto-plastic, 

considering the skeleton modulus changes due to both temperature and stress. Equation (18) for 

the total strain is extended for this purpose: 

  (41) 

where C is the elasto-plastic compliance matrix of the soil skeleton, Cs is the volumetric 

compressibility coefficient of mineral solid and mt denotes the identity matrix. 

The relation of stress-strain-temperature increments can be obtained from Eq (41): 

  (42) 

where D = C-1 denotes the elasto-plastic stiffness matrix of the soil skeleton.  

Consider the isotropic stress state, the expression of the total mean stress change (dp) and 

lagrangian porosity change ( ) for the thermo-elasto-plasticity state are derived: 

  (43) 

  (44) 

where  with C′d denoting the elasto-plastic compressibility of the soil skeleton. 

Proceeding as in Section 3.3, the thermo-elasto-plastic expressions of volumetric strain in the 

undrained heating process is same as Eq (28)  and pore water pressure can be obtained: 

  (45) 

Since the constitutive equations are developed from the formulations proposed by Coussy [18], 

the compressibility of mineral solid part is included. This is different from the conventional 
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=
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constitutive models for clays under undrained conditions. Thus, it is worthwhile to examine the 

effects of Cs on the clay response. For this purpose, a parametric study on Cs has been performed 

by numerical simulation of an undrained heating test of natural Boom Clay sample from 25 °C 

to 65 °C under a constant total stress of 3.25 MPa. An initial back pressure of 1 MPa is applied. 

Cs varies from 2´10-3 to 0 MPa-1. Note that the value Cs = 2x10-6 MPa-1 is the actual value 

according to McTigue [25].  

All the other parameters involving the parameters for soil skeleton (see Table 1) and the variable 

volumetric thermal expansion coefficient of pore water are adopted (see Eq (61)).  

                                 Table 1 Numerical simulations of an undrained heating test with different values of Cs. 
Simulation test Cs (MPa-1) C′d  (MPa-1)* b′= 1- Cs/C′d 

A 2´10-3 5.4´10-3 0.63000 
B 2´10-4 5.4´10-3 0.963000 
C 2´10-5 5.4´10-3 0.99630 

D 2´10-6 5.4´10-3 0.99963 
E 0 5.4´10-3 1 

* value for the initial state with p' = 2.3 MPa and T = 25 °C. 

Fig. 2 presents the results of this parametric study. Taking simulation E (i.e. Cs = 0) as the 

reference calculation, it is found that varying Cs from 0 to 2x10-4 (MPa-1), which induces initial 

values of coefficient b′ ranging from 1 to 0.96300 respectively, has a negligible effect on the 

simulation results (Simulation B, C and D). However, with b′ = 0.63, a significant effect is 

observed when Cs reaches 2´10-3 (MPa-1) (Simulation A). It is worth noting that the 

compressibility of solid grain (Cs) and the soil skeleton (C′d) in saturated porous rock and 

concrete are of the same order of magnitude, i.e., the value of b′ may be as low as 0.5, and the 

Cs effect could not be neglected. On the contrary, Cs is much smaller than C′d for most clays, 

i.e., b′ » 1, and the compressibility of solid grain can be neglected in this case (i.e. Cs = 0) [14, 

26]. In other words, the following incremental stress-strain-temperature relation can be applied 

with Cs = 0: 

  (46) 

with the volumetric strain in the undrained heating process: 

  (47) 

It is worth noting that Eq (47) developed from Coussy [18] implies an undrained heating 

condition with a constant water mass content per initial unit volume. Equations (46) and (47) 

allow the pore water pressure calculation and undrained behavior prediction. The variation of 

σ D ε m Dmt t
d

1d d du dT
3

a= + +

( )( )v w s wd 1 dT C due fa f a f= - + - +
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the elasto-plastic stiffness tensor of the soil skeleton, i.e. D in Eq (46) can be obtained from any 

thermo-mechanical model developed in drained conditions. 

 

 
Fig. 2   Numerical simulation results with different Cs values. 

4.2 A two-surface thermo-mechanical model 

Hong et al. [23] developed a two-surface thermo-mechanical model, namely TEAM model to 

reproduce the drained thermo-elasto-plastic behavior, in which the elastoplastic stiffness tensor 

D for the soil skeleton is defined. An isothermal version of this two-surface elastoplastic 

constitutive model was presented in [40]. In that work, the advantages of the intrinsic features 

of this two-surface model compared to a conventional Modified Cam Clay model were 

discussed. Of course, these advantages remain valid for the thermal extensions of these models. 

TEAM model itself is now extended in a straightforward manner to account for undrained 

conditions. The validation of such an extension is conveniently performed at the material point 

level. In the present section, TEAM model is briefly reviewed. It is formulated in the triaxial 

stress space considering non-isothermal conditions, i.e. in (p'-q-T) space with q being the 

deviator stress. 

4.2.1 Elastic behaviour 
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The elastic strain increment is decomposed into volumetric and shear components,  and 

, the shear strain being assumed to be temperature independent. Thus, the elastic behavior 

is expressed as follows: 

  (48) 

where k is the elastic slope in (v, ln p') space, assumed temperature independent, v0 is the initial 

specific volume, ad is the drained thermal volumetric expansion coefficient of soil skeleton 

which is assumed constant; G is the shear modulus. 

4.2.2 Plastic behavior 

Following the thermo-mechanical model of Cui et al. [8], the conventional yield surfaces -

namely Yield surfaces-comprising LY (loading yield limit) and TY (thermal yield limit) are 

introduced (see Fig. 3): the evolution of LY is controlled by the pre-consolidation pressure ( ) 

at a reference temperature (T0), and the plastic volumetric strain in normally consolidated state 

depends on the evolution of LY; TY is used to govern the thermal plastic behavior inside LY. 

To achieve a wide variety of yield surface shapes in p'- q plane, a generalized yield surface 

proposed by McDowell and Hau [27] is adopted for LY at a given temperature T. The yield 

surface LY in (p'-q–T) space is given as follows: 

  (49) 

with 

  (50) 

where Mf and kf are parameters to specify the shape of LY in (p', q) plane at a given temperature; 

 and  are defined as the apparent pre-consolidation pressures at a reference temperature 

T0  and the actual temperature T  respectively; a0 controls the curvature of LY. 

The expression of TY is defined as follows: 

  (51) 
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where  p'ref  is a reference pressure and taken equal to the atmospheric pressure (0.1 MPa);  

and T are the yield temperature corresponding to p′ref and p′ respectively; b is a parameter  

governing the shape of TY curve.  

To account for a smooth transition from the elastic state to the elastoplastic state, Inner yield 

surfaces comprising ILY (inner loading yield limit) and ITY (inner thermal yield limit) are 

introduced with the hardening variables Tc and  respectively. As illustrated in Fig. 3, the 

variables Tc and p′c0 are analogous to Tc and  respectively. The introduction of these inner 

yield surfaces allows the progressive generation of irreversible deformation before the 

corresponding formal yield surfaces are reached by the point representing the material state of 

stress and temperature, thus inducing a smooth transition in the vicinity of the yield limit and 

more realistic simulations. 

 
Fig. 3 Yield locus in (a): (p'- q) plane at two different temperatures (with T1 > T0); and (b): (p'-T) plane. 

Two scalars are introduced for each mechanism, given by the ratio of the size of a given Yield 

surface to that of the corresponding Inner yield surface. Their values are always smaller than or 
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equal to unity. Thus, the ratios rLY and rTY for LY (loading yield limit) and TY (thermal yield 

limit) plastic mechanisms are respectively defined as: 

  (52) 

ILY is chosen as homologous to LY with respect to the origin in (p'-q–T) space; the definition 

of ILY is therefore given by: 

  (53) 

Similarly, the expression of ITY is defined as follows: 

  (54) 

The hardening parameters rLY and  are defined to control the size of ILY and LY, 

respectively. The internal variable increment depends on the volumetric plastic strain 

increment associated with LY plastic mechanism. Furthermore, experimental observations in 

Cui et al. [8] show that LY curve hardens when TY is activated while activation of LY does not 

produce any hardening of TY, so that a unidirectional coupling between TY and LY is taken 

into account. Therefore, the plastic strain increment associated with TY plastic mechanism and 

LY plastic mechanism will also generate an increase of   and the plastic hardening law for 

 can be defined as: 

  (55) 

where  and  are the plastic volumetric increments associated with TY mechanism 

and LY mechanism, respectively. 

To describe the variation of the hardening modulus upon thermo-mechanical loading as ILY is 

activated, the evolution law of rLY can be defined as: 

  (56) 

where sLY is a material constant used to control the rate at which ILY approaches LY and thus 

the evolution of the slope of the stress/temperature-strain curve inside LY can be described. Ad 

is a parameter that controls the contribution of shear plastic strain  to soil hardening. 
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Experimental results show that the thermally induced plastic strain on TY is dependent on the 

given stress state (OCR effect). Thus, the hardening laws for TY and ITY are respectively 

defined as: 

  (57) 

with the function f (OCR) reading: 

  (58) 

Similarly, to describe a smooth elasto-plastic transition as ITY is activated, rTY is defined as 

follows: 

  (59) 

where sTY is a material constant controlling the rate at which ITY approaches TY along thermo-

mechanical loading paths and thus the evolution of the slope of the stress/temperature-strain 

curve inside TY can be described.  

 A non-associated flow rule in the case of triaxial compression is given with the following 

dilation ratio:   

  (60) 

where Mg is the slope of the critical state line in (p', q) plane; h is the stress ratio q/p'; kg is a 

parameter used to specify the ratio between plastic volumetric strain increment and plastic shear 

strain increment. kg = 2 would lead to the flow rule of Modified Cam Clay model.  

 

5. Determination of the thermo-hydro-mechanical parameters 

For the undrained behavior prediction, the calculation requires determining the parameters 

involving the soil skeleton (i.e, TEAM model) and these parameters can be determined 

according to their physical meaning. More details can be found in the work of Hong [23]. In 

addition, it is necessary to determine the hydro-mechanical parameters including the volumetric 

thermal expansion coefficients of mineral solid and pore water (as and aw, respectively) as well 

as the compressibility coefficient of pore water (Cw). The volumetric compressibility of mineral 

solid Cs can be neglected (Cs = 0) in the case of clayey soils as discussed in Section 4.1.        
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The volumetric thermal expansion coefficient of solid (as) can be determined using the data 

from a physical handbook for the substances similar to the clay minerals, as recommended by 

Campanella and Mitchell [14]. In another way, since the values of as and the volumetric thermal 

expansion coefficient of the soil skeleton (ad) are equal (see Equation(23)), as can take the 

value of ad, which can be calibrated from the cooling stages of a drained heating-cooling test 

in (ev-T) plane. 

As described in the international-standard IAPWS-IF97 steam tables, the volumetric thermal 

expansion coefficient and compressibility of pore water, aw and Cw, vary with temperature and 

pressure [28, 29]. Fig. 4 presents the values of aw and Cw for the considered range of 

temperatures (from 20 °C to 90 °C) and pressures (at 0.1 MPa, namely atmospheric pressure 

and 20 MPa) [1]. It shows that aw varies significantly with temperature and less with pressure, 

while Cw varies in a small range [4.6x10-4; 4.8x10-4] (MPa-1) for the considered temperature 

and pressure ranges. 
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Fig. 4 Variation of properties of pore water with temperature and pressure: (a) volumetric thermal expansion 
coefficient aw; (b) compressibility Cw. 

The thermal expansion coefficient of pore water aw can be approximated by the following 

function involving the current pore pressure and temperature [20]: 

  (61) 

where parameters x0, x1, x2, y1, y2 and m are determined by fitting the data in Fig. 4 (a): x0 

=4.2´10-4 °C-1, x1 = 5.7´10-5 °C-1, x2 = 2.4´10-6 °C-1, y1 = -1.3´10-6 °C-2, y2 = -5.6´10-8 °C-2,  m 

= 0.0001 MPa-1. 

However, in several THM models [14, 34, 35], the thermal expansion coefficient of pore water 

aw is often regarded as a constant (normally 3.3~4.5´10-4 °C-1 in the temperature range of 

16.5~40 °C) for simplicity. In the following sections, the undrained heating test is conducted in 

the temperature range of 25~65 °C, 21~92 °C, 22~95 °C, respectively. Therefore, the effects of 

variable aw(T, u) and constant aw (5´10-4 °C-1) under undrained heating conditions are also 

investigated in the following sections. 

Furthermore, the volumetric compressibility of pore water is assumed to be equal to the one of 

bulk water in the absence of any relevant experimental data. 

 

6. Experimental validation 

The capability of the proposed model for describing the undrained behavior of saturated clays 

has been validated based on some undrained heating tests on natural Boom Clay and 

reconstituted Pontida Clay. 

6.1 Undrained heating test under isotropic stress conditions on natural Boom Clay  

An undrained heating test on natural Boom Clay was performed by Monfared et al. [13] using 

a temperature-controlled triaxial equipment. The sample was saturated under the in-situ mean 

effective stress of 2.25 MPa and a back pressure of 1 MPa. Then the sample was submitted to 

a heating process from 25 °C to 65 °C under undrained condition at a constant total stress of 

3.25 MPa. The heating rate was 1 °C/hour. The pore water pressure change was monitored by 

a pressure transducer at the bottom of the sample and the volume change of the sample was 

monitored by LVDT transducers installed on the specimen. The experimental results are shown 

in Fig. 5. 

( )20 1 1 2 2( , ) ( ) ln( ) ( ) ln( )w T u x x y T mu x y T mua = + + + +
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The volumetric thermal expansion coefficient of solid as is estimated to be 5´10-5 °C-1, which 

is equal to the value of ad by Hong et al. [2]. The equality of these two coefficients can easily 

be demonstrated in the case of a homogeneous solid phase [41]. A constant value for the 

volumetric compressibility of pore water, Cw = 4.7´10-4 MPa-1, is chosen since it does not vary 

significantly for the considered temperature and pressure ranges, as seen previously.  For 

comparison purposes, a variable aw of pore water  calculated using Eq (61) and a constant value 

of aw (5´10-4 °C-1) are used in the simulations. For Eq (61), the required physical parameters 

were not measured in this test and thus are calibrated from other studies[1]. The other 

parameters of TEAM model for Boom clay’s elastoplastic behavior were evaluated on the basis 

of drained tests described in Hong [23] and presented in Table 2. 
Table 2 Material parameters of TEAM model for soil skeleton elastoplasticity 

 Natural Boom Clay reconstituted Pontida Clay 

λ 0.180 0.103 
k 0.020 0.016 

ad (1/°C) 0.00005 0.00005 

a0 (1/°C) 0.005 0.0035 
* 0.33 / 1 1.0 

 (MPa) * 6 / 6 0.1 

sLY 8 10 
b 0.021 0.072 

* 0.76 / 1 0.18 

 (°C) * 216 / 244 110 

sTY 1.2 12 

 
Mf 0.87 - 
kf 0.7 - 
v 0.3 - 

Mg 0.87 - 
kg 0.9 - 
Ad 0.1 - 

‘-’ means these parameters are irrelevant to simulation in the present study. 
                ‘*’ the former value is for Section 6.1 and the latter is for Section 6.2. 
 

Fig. 5 presents excess pore water pressure and volumetric strain simulated with the variable and 

constant volumetric thermal expansion coefficients of pore water. One can easily find that 

constant thermal expansion coefficient (5´10-4 °C-1) is much larger than the actual values of 

0
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pore water before around 57 °C and slightly smaller after 57 °C in Fig.4(a). However, 

comparison of the obtained results with the experimental data shows that the prediction results 

with the constant volumetric thermal expansion coefficient (5´10-4 °C-1) agree better with the 

experimental results than the variable value of pore water. This phenomenon can be attributed 

to two possible reasons. One is the material parameters of TEAM model which are calibrated 

in drained tests. The other is that there is an amount of adsorbed water in pores of low-porosity 

clays (e.g. Boom clay, Cox) which has sharply changed the thermal expansion behavior of pore 

water as described by Baldi et al [20]. However, this assumption requires more macro-

experimental observations and further insights from a microscale point of view. 

Fig. 6 presents the effective stress path of undrained isotropic heating test from 25 °C to 65 °C 

with αw(T, u). It indicates that the mean effective stress decreases faster than ILY, but slower 

than ITY so that plastic strains occur. During the heating stage, the mean effective stress will 

remain on ITY while it decreases slower than ITY. 

 

Fig. 5 Undrained isotropic heating test on natural Boom clay from 25 °C to 65 °C 
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Fig. 6 Effective stress path of undrained isotropic heating test from  25 °C to 65 °C with αw(T, u) 
 

6.2 Undrained heating test under constant deviatoric stress conditions on natural Boom Clay 

An undrained heating test in deviatoric stress conditions on natural Boom Clay was performed 

after an undrained triaxial compression to a constant deviatoric stress conditions in a 

temperature-controlled triaxial equipment, as reported by Hueckel et al. [12].  The sample was 

first isotropically consolidated and then gradually subjected to a deviatoric stress under 

undrained condition. When the target deviatoric stress (q ≈ 2.3 MPa) was attained, the sample 

was left at room temperature of 22 °C for 48 hours before the undrained heating stage from 

22 °C to 92 °C in controlled temperature steps. The experimental results are presented in Fig. 

7. The parameters of TEAM model for Boom clay’s elastoplastic behavior were selected in 

Table 2. Note that Boom clay’s stress states are different between Section 6.1 (OCR=3) and 

Section 6.2 (OCR=1). As a consequence, the four state parameters ( , , , ) should 

be updated, while the other 13 parameters remain the same.   

    Fig. 7 depicts the effective stress path and excess pore pressure assuming variable and 

constant thermal expansion coefficients for the pore water. During the undrained heating stage, 

excess pore pressure would build up and the mean effective stress would decrease towards the 

critical state line (CSL), eventually leading to thermal failure. This phenomenon is well 

captured by TEAM model. At the beginning of the heating process, the effective stress-

temperature state (T-p'-q) is assumed to lie on the Inner Yield surface. ILY decreases faster than 

the mean effective stress, so plasticity occurs before 35 °C. Between 35 °C and about 80 °C, 

the effective stress-temperature path (T-p'-q) moves inside the Inner Yield surface and the 

response is purely elastic. Then the continuous heating makes the effective stress-temperature 

path (T-p'-q) touch ITY and a plastic response reappears. Eventually, the effective stress-
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temperature path (T-p'-q) would stop on the CSL, as shown in Fig. 7(a) and Fig. 7(c). Excess 

pore pressure prediction using constant thermal expansion coefficient (5´10-4 °C-1) is slightly 

larger than using a variable value. Compared with the constant value (5´10-4 °C-1), the model 

with the variable value has a tendency of building up less excess pore pressure at low 

temperature, but more excess pore pressure at high temperature.  
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Fig. 7 Undrained heating test under constant deviatoric stress condition from  21 °C to 92 °C: (a) (p', q) plane; 
(b) excess pore pressure vs temperature; (c) (p', T) plane with αw(T, u) 

 

6.3 Undrained heating test under isotropic conditions on reconstituted Pontida Clay 

Hueckel et al. [33] reported the results of undrained heating-cooling tests on reconstituted 

Pontida Clay. From an initial mean effective stress of 2.5 MPa, the sample was submitted to a 

heating-cooling cycle from 22 °C to 65 °C and back to 22 °C, then a heating to 95 °C under a 

constant total isotropic stress. The experimental results are shown in Fig. 8. as is 5´10-5 (1/°C) 

same as ad, which was calibrated from a drained heating test [2]. As done in Section 6.1, Cw = 

4.7´10-4 MPa-1 is adopted for both cases. The variable aw calculated using Eq (61) and a 

constant value of aw (5´10-4 °C-1) are used for pore waters. Other parameters of TEAM model 

for Pontida clay were calibrated in drained heating conditions from Hong [23]  and presented 

in Table 2. 

The simulation results of excess pore water pressure are compared with the experimental data 

in Fig. 8. In the heating-cooling phase from 22 °C to 65 °C (Fig. 9(a)) and back to 22 °C (Fig. 

9(b)), irreversible pore water pressure change is observed, and this behavior is well captured by 

the proposed model. The initial effective stress-temperature state (T-p') is assumed to lie on 

ILY.  During the heating stage, the mean effective stress will decrease with temperature due to 

the generation of excess pore pressure. The response is purely elastic and equivalent to a 

mechanical unloading before the effective stress-temperature path (T-p') reaches ITY plastic 

mechanism. With the plastic hardening of ITY, excess pore water pressure is increased while 

the loading state remains on the ITY surface, which happens while ITY decreases faster than 

the mean effective stress. One should also note that if mean effective stress decreases faster 

than ITY, the effective stress-temperature path (T-p') would move inside ITY and the behavior 

would remain purely elastic [39]. Then during the cooling stage, the response is purely elastic 

with a decrease of the pore water pressure. Thereby, an irreversible excess pore water pressure 

is predicted after the heating-cooling cycle because of the plastic regime attained during the 

heating stage. The model prediction fits experimental data very well. During the re-heating (Fig. 

9(c)), the clay response is firstly elastic and then elasto-plastic after the T-p′ loading path 

reaches ITY surface again. The irreversible response of the excess pore water pressure upon 

this heating-cooling process justifies the introduction of a thermal yield mechanism, such as the 

ITY plastic mechanism in a complete thermo-mechanical model. 
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On the other hand, the variable value of volumetric thermal expansion coefficient of pore water 

varies three times from 22 °C to 95 °C. It can sharply influence the prediction of excess pore 

water pressure. Compared with the constant value (5´10-4 °C-1), the model predicts less pore 

pressure accumulation under the thermal cycle from 22 °C to 65 °C and back to 22 °C. From 

heating phase from 65 °C to 95 °C, the model predicts more pore pressure buildup with the 

variable value than the constant one. 

 
(a) 

 

 
(b) 

Fig. 8 Undrained heating-cooling test on reconstituted Pontida Clay: (a) aw(T,u); (b) constant aw 

 

   
(a)                                                       (b)                                                        (c)  

Fig. 9 Effective stress path of undrained isotropic heating-cooling test on reconstituted Pontida Clay  
with αw(T, u): (a) 22 °C to 65 °C; (b) 65 °C to 22 °C; (c) 22 °C to 95 °C 
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6.4 Discussion of the simulation results 

The above numerical simulation results show that the undrained heating behaviors of both 

natural Boom Clay and reconstituted Pontida Clay are deeply affected by the volumetric 

thermal expansion coefficient of pore water. Different from reconstituted Pontida Clay, 

aw=5´10-4 °C-1 gives better simulation results under undrained heating test of Boom clay. One 

possible reason is that a large amount of adsorbed water exists in pores of this low porosity clay, 

and that the thermal properties of this water are affected by the physical interactions with the 

pore walls. Depending on its fraction with respect to the total water amount, adsorbed water 

can sharply change the effective thermal expansion of pore water. Determining these properties 

is not an easy task since they certainly depend on the clay material.  

It should be emphasized that the estimation of such effective thermal properties requires macro-

experimental observations combined with a back analysis and a calibration exercise. A deeper 

insight could be obtained from a microscale point of view. Recently, Brochard and co-workers 

have investigated this aspect from a fundamental point of view using molecular dynamics. 

Interested readers are referred to [36,37] for more details. Further systematic study on the 

effective thermal expansion coefficient of pore water and the corresponding mechanisms are 

therefore needed for better describing the undrained thermomechanical behaviour of clays. 

 

7. Conclusion 

The thermo-hydro-mechanical equations proposed by Campanella and Mitchell [14], Lewis and 

Schrefler [17] and Coussy [18] were presented. A comparison of these three different 

approaches was made. The work of Campanella and Mitchell [14] has been revisited and same 

equations as those derived by Lewis and Schrefler [17], and Coussy [18] were obtained in the 

thermo-elastic state, showing their general compatibility and some differences. 

A thermo-elasto-plastic model for saturated soils accounting for multiple surface plasticity and 

called TEAM was extended to undrained conditions in the framework of thermo-poro-

mechanics. Contrary to conventional critical state models, this model is capable to predict a 

smooth transition between the elastic and elastoplastic states. This extension to undrained 

conditions required the introduction of two additional physical parameters for the water phase: 
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volumetric thermal expansion coefficient of pore water aw, and pore water compressibility Cw. 

It was demonstrated that the mineral solid compressibility Cs can be neglected in the case of 

clayey soils (Cs being much smaller than C′d).  

Comparisons with experimental results on natural Boom Clay and reconstituted Pontida Clay 

suggest that TEAM model is able to capture the evolution of pore water pressure of saturated 

clays in non-isothermal undrained conditions, especially the irreversible response of pore water 

pressure in a heating-cooling process. 

More systematic studies on the thermal expansion of pore water in low-porosity media should 

be conducted, including at the molecular scale, for better describing the undrained thermal 

behavior of clayey soils and rocks. 
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