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Motivation

We do not want to use a conforming mesh!
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Heterogeneous (Classical) Finite elements

Element stiffness matrix

K, = [2 €@, ) : C(x): e((I)n,j)(x) dx

n

®;: classical shape functions

inclusion 3D

L A S )
T

s
5 1
Caa e 4

. FEM non conforming [alpha = 0.42] ——

-2.6 Ty IFEM 1 {+ smoothingl (alpha = D.65] —-3— =

',.K I{] KPEM 2 (alpha = 0.91] --3%--
L b E Efﬂ" FEM {alpha = 1] —8-
F & 4
-3 L | L L 1

-3 -2.5 -2 -1.5 -1 -0.5 a

inih}

Reproduced from Moés et al. [Moé+03]
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Multiscale Finite Elements in a nutshell

m Classical shape functions — overly stiff heterogeneous elements
m MSFEM uses enriched shape functions [EH09]
m MSsFEM shape functions should reflect the heterogeneity

= MSFEM shape functions ¥, ; solve a “simi-
lar”, local problem

div[C : (¥, )] =0inQ,
an,i = ¢n,i on aQn

= Reminiscent of the “corrector” problem in homogenization

m Continuity of displacements is ensured
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An offline/online strategy

Offline stage
m Solve the local problem for each macro-element and shape function

m Compute element stiffness matrix

K, = /Q e, )(x) : C(x) : (¥, ;)(x)dx

e

m Assemble global stiffness matrix

Online stage
m Assemble right-hand side for each loading
m Solve the macro linear system

m Combine MSFEM shape functions to reconstruct displacement
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Comments

m Requires a conforming mesh of each macro-element

= But resulting FE model is small

Comments on convergence

12 H
H . . H a a
eu’)—em)|:C: |lem”)—e(u } §C<—+—+ —)
{/Q[ (') — e(u)] [e™) — e(u)] T t7 7
H: size of macro-elements; a: size of heterogeneities

Two point of view on the separation of scales

m The mathematician m The mechanician

L /L
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Heterogeneous plates

Characteristic length-scales

m L: macroscopic length-scale I S 'i"" v‘ : 3
(span, size of load patch, etc...) ‘ S s

alt

m t: thickness

m a: typical size of heterogeneities

t<L and a<x L
Asymptotic regimes [CN84; KV84] a1
® a < t: 3D homogenization
t

® a > t: 2D homogenization i - -%

a~t

m a ~ t: the most interesting problem
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Ms-FEM strategy: guiding principles

One element in the thickness

Boundary conditions \Natural (free)

Natural (free)

Essential (continuity of displacement)

Thickness changes

At least quadratic transverse displacement [PRO7; Ros+99; BSS11]
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Displacement-based approach (2/3)

Linear-quadratic interpolation of boundary displacements

| |
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Displacement-based approach (3/3)

Boundary layers...
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Towards mixed MsFEM

A stress-based approach? [Rei47]

m Idea: construct trial stresses from enriched stress shape functions

= Problem: must be statically admissible
A mixed approach?

m See Refs. [CHO3] for porous media and XXXXX for conductivity
in plates

The Hellinger—Reissner principle
Find u and o such that, for all &t and &
bo,d)=[b-a+ [ T-a

Q 0Qr

a(6,6)—b@Ew= [ n-5-u  boV=/oie@®- [acn
0Q, ‘
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The trial and test stresses

The general form over €,

6=N,0,,+V,0,,+M,0,3+ N, 16,4+ V,110,5+M,,,0,6

The local problem

o, ; is the solution to

o(x = x,)-n =T

dive+b,; =0 :
{ n,i and O'(X — xn+1) n= T;l;ght

c=C:e(n)
o(y==xt/2)-n=0

Continuity of traction

T,fff_}f,. n Tj‘f},i =0 (i=123)
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The trial and test stresses

The six elementary load cases

. 2 2 2
=~
=~
st

7 7 7 7

+ body forces!
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The trial and test displacements

General form

u = [u(x) —yo(x)e, + v(x)e,,
How to discretize u, v and 6?

The most simple discretization strategy
m Piecewise linear interpolation
m Consistent with discretization of stresses (same number of unknowns)
m BUT major risk of shear locking: § = v’ for thin plates

m Reduced integration is not an option
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The problem with shear

0 X1 *2 XN-1 XN
—Z
o — s . o .
Z.

@ A
2

Generalized stresses

N,=2 V,=@ M,=6(L-x,)+%

Generalized displacements (homogeneous plate)
P(1-1?) 12 (1 -v?)

u, = Txn 9,, = Txn
But oscillatory solution for v,!
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Can we get rid of shear?

Attempt #1: Kirchhoff-Love approach
o= Nn o-n,l + Mn o-n,3 + Nn+l o-n,4 + Mn+1 Gn,6
u = [u(x) — yv'(x)le, + v(x)e,
Cannot apply a vertical force at the end of a cantilever!
Attempt #2: introduce shear forces that do not produce work
0= Nn cn,l + Vn o'n,2 + Mn o-n,3 + Nn+l o'n,4 + Vn+1 o-n,5 + Mn+1 o'n,6
u = [u(x) — yv'(x)]e, + v(x)e,

Inconsistent number of unknowns!
3 generalized stresses and 2 generalized displacements per node

S. Brisard, V. Ehrlacher MSFEM for heterogeneous plates — 26 august 2019 16



Summary and outlook

m Application of MSFEM strategies to plates is a natural extension

m The specific features of plates (essential vs. natural BCs, thickness
changes) must be accounted for

m Improper discretization may lead to problems that are reminiscent
of shear-locking issues for thin plates

m Quadratic variation of v and M through bubble nodes

m Quadratic variation of v (and M ?) through end slopes and conti-
nuity
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Thank you for your attention
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