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ABSTRACT
For elastic perfectly plastic bodies under cyclic load-
ings, Melan’s and Koiter’s theorems give conditions for
the energy dissipation to remain bounded with respect
to time. That last situation – classically referred to as
shakedown – is associated with the intuitive idea that the
body considered behaves elastically in the large time limit.
Regarding fatigue design, shakedown corresponds to the
most beneficial regime of high-cycle fatigue, as opposed
to the regimes of low-cycle fatigue or ratcheting. Although
the physical mechanisms in shape memory alloys (SMA)
differ from plasticity, the hysteresis observed in the stress-
strain response shows that some energy dissipation occurs,
and it can be reasonably assumed that situations where the
energy dissipation remains bounded is the most favorable
regarding the fatigue of SMA bodies. This raises the issue
of extending Melan’s and Koiter’s shakedown theorems to
shape memory alloys. In particular, SMA models coupling
phase-transformation with permanent inelasticity have been
proposed lately to capture degradation effects which are
frequently observed experimentally for cyclic loadings. To
model such a behavior, two internal variables are gener-
ally introduced: in addition to the (constrained) variable
describing the phase transformation, an additional variable
is used to describe permanent inelasticity. A coupling term
between those two variables is generally introduced in the
free energy. This communication discusses the extension
of Melan’s shakedown theorem to such a class of SMA
material models. That theorem gives conditions for the
energy dissipation to remain bounded, and is expected to
be relevant for the fatigue design of SMA structures.
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INTRODUCTION
Lately, models coupling phase-transformation and plasticity
have been proposed in an effort to describe permanent
inelasticity effects which are experimentally observed in
SMAs (see e.g. [Auricchio, 2007], [Barrera, 2014], [Gu,
2017]): although phase transformation in SMAs is the
main inelastic mechanism, dislocation motions also exist
and are (partly) responsible for such effects as training

and degradation in cyclic loadings. Extending the approach
introduced in [Peigney, 2010] and [Peigney, 2014], we
present a static shakedown theorem for SMA models cou-
pling phase-transformation and permanent inelasticity.

CONSTITUTIVE MODEL

In this communication, we consider the constitutive model
originally introduced in [Auricchio, 2007] and later refined
in [Barrera, 2014]. The state variables are the total strain
ε , the transformation strain etr and the permanent inelastic
strain q. Both etr and q are symmetric trace-free second
order tensors. The transformation strain etr is required to
satisfy the constraint:

‖etr‖ ≤ εL (1)

In Eq. (1), εL is a material parameter and the norm ‖ · ‖is
the Euclidean norm.
The Helmholtz free-energy density function is expressed as
Ψ = Ψ0 +IεL where

Ψ0(ε,etr,q) = 1
2 K(trε)2 +G ‖e− etr‖2 + τM‖etr−q‖
+ 1

2 H ‖etr‖2 + 1
2 h‖q‖2−Aetr : q

(2)
In (2), e is the deviatoric part of ε; K,G, τM , H, h, A are all
material parameters. The energy term IεL(e

tr) is defined
by IεL(e

tr) = 0 if ‖etr‖≤ εL and IεL(e
tr) =+∞ otherwise.

The energy Ψ is strictly convex provided that hH−A2 > 0,
which is assumed to be satisfied in the following
The stress-strain relation is obtained by differentiating the
free energy function Ψ with respect to the strain ε as:

trσ = 3K trε, s = 2G(e− etr) (3)

where s is deviatoric part of the stress σ . Since Ψ is
only subdifferentiable in (etr,q), the thermodynamic forces
(X ,Q) associated to the internal variables (etr,q) are de-
fined by

−(X ,Q) ∈ ∂Ψ (4)

where ∂ denotes the subdifferential operator with respect
to (etr,q) [Brézis, 1972].
Let C be the elasticity domain of the material. A possible
choice for C is {(X ,Q) : ‖X‖2 + κ2‖Q‖2 ≤ R2

Y} where
κ and RY are material parameters (see [Barrera, 2014],



[Peigney, 2018]). A normality flow rule is considerd for
the variables (etr,q):

(ėtr, q̇) = λ

(
X
‖X‖

,κ2 Q
‖Q‖

)
(5)

with conditions λ ≥ 0, ‖X‖2+κ2‖Q‖2−R2
Y ≤ 0, λ (‖X‖2+

κ2‖Q‖2−R2
Y ) = 0.

QUASI-STATIC EVOLUTION OF A
CONTINUUM

Consider a continuum occupying a domain Ω and sub-
mitted to a prescribed loading history. Body forces are
denoted by f d . Displacements ud are imposed on a part
Γu of the boundary Γ, and tractions T d are prescribed
on ΓT = Γ−Γu. The given functions f d ,ud ,T d depend on
position x and time t. Assuming quasi-static evolutions, the
stress and strain fields satisfy

σ ∈K σ , ε ∈K ε (6)

where

K σ = {σ : divσ + f d = 0 in Ω;σ .n = T d on ΓT},
K ε = {ε : ε = (∇u+∇T u)/2 in Ω; u = ud on Γu}.

Starting from a given initial state, Eqs. (3), (4), (5) and
(6) govern the evolution of the continuum. Besides from
nonlinearity, the main difficulties in solving the evolution
problem lie in the nondifferentiability of the free energy
(2) and in the constraint (1) on the internal variable. In the
following, we examine conditions under which the energy
dissipation remains bounded in time for all solutions of
the evolution problem. Such a situation is referred to as
shakedown.

SHAKEDOWN THEOREM

Consider the fictitious elastic response (σE ,εE) of the
continuum, defined by

σ
E ∈K σ ,εE ∈K ε , trσ

E = 3K trε
E , sE = 2GeE

where eE and sE are the deviatoric part of εE and σE ,
respectively. The following result can be proved:

If there exists m> 1 and a time-independent field B(x) such
that ‖msE(x, t)−B(x)‖ ≤ RY for all (x, t), then shakedown
occurs whatever the initial state.

The proof builds on techniques introduced in [Peigney,
2010] and is not reported here because of space limitations.
It can be observed that the obtained shakedown condition
reduces to a restriction on the diameter of the curve
t 7→ sE(x, t). We emphasize that the presented shakedown
theorem is path-independent - in the sense that it gives a
sufficient condition for shakedown to occur, whatever the
initial state is.

CONCLUSION
An interesting feature of the presented shakedown theorem
is that it relies only on elastic calculations (so as to obtained
the elastic response σE ). Incremental nonlinear analysis is
thus bypassed completely. Since there is an established
connection between fatigue and energy dissipation, the
proposed theorem is expected to be relevant for the fatigue
design of SMA systems in the presence of permanent
inelasticity and degradation effects. It should also be men-
tioned that the presented theorem can be extended to other
constitutive models of permanent inelasticity in SMAs. In
particular, a nonconvex mixing energy, as notably consid-
ered in [Hackl, 2008], [Peigney, 2009], [Peigney, 2013a],
[Peigney, 2013b], can be taken into account.
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