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STOCHASTIC PARTICLE APPROXIMATION OF THE KELLER-SEGEL
EQUATION AND TWO-DIMENSIONAL GENERALIZATION OF BESSEL
PROCESSES

NICOLAS FOURNIER AND BENJAMIN JOURDAIN

ABSTRACT. The Keller-Segel partial differential equation is a two-dimensional model for chemo-
taxis. When the total mass of the initial density is one, it is known to exhibit blow-up in finite
time as soon as the sensitivity x of bacteria to the chemo-attractant is larger than 87. We
investigate its approximation by a system of N two-dimensional Brownian particles interacting
through a singular attractive kernel in the drift term.

In the very subcritical case x < 27, the diffusion strongly dominates this singular drift: we
obtain existence for the particle system and prove that its flow of empirical measures converges,
as N — oo and up to extraction of a subsequence, to a weak solution of the Keller-Segel equation.

We also show that for any N > 2 and any value of x > 0, pairs of particles do collide with
positive probability: the singularity of the drift is indeed visited. Nevertheless, when x < 27N,
it is possible to control the drift and obtain existence of the particle system until the first time
when at least three particles collide. We check that this time is a.s. infinite, so that global
existence holds for the particle system, if and only if x < 87(N —2)/(N —1).

Finally, we remark that in the system with N = 2 particles, the difference between the two
positions provides a natural two-dimensional generalization of Bessel processes, which we study
in details.

1. INTRODUCTION AND RESULTS

1.1. The model. The Keller-Segel equation, introduced by Patlak [30] and Keller and Segel [21],
is a model for chemotaxis. It describes the collective motion of cells which are attracted by a
chemical substance and are able to emit it. In its simplest form it is a conservative drift/diffusion
equation for the density f;(z) > 0 of cells (particles) with position # € R? at time ¢t > 0 coupled
with an elliptic equation for the chemo-attractant concentration. By making the chemo-attractant
concentration explicit in terms of the cell density, one obtains the following closed equation:

(1) Oy fi(@) + xdive (K« fi) (@) fi(2)) = Do fi(2),

where x > 0 is the sensitivity of cells to the chemo-attractant and where

—T

2 K(r) = ——.
® @) = 5o
In the whole paper, we adopt the convention that K (0) = 0.

This equation preserves mass and fi(x)/ [z fo(y)dy solves the same equation with x replaced
by X [gefo(y)dy. We thus may assume without loss of generality that [o., fo(x)dz = 1.
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As is well-known, we have formally 4 [, zf,(z)dz = 0 and < [0, [z]*fi(z)dz = 4 — x/(2).
Consequently, introducing Vi := o, |2 — [go yfe(y)dy|> fi(x)dz, it holds that LV, = 4 — x/(2m).
Since V; is nonnegative, some kind of blow-up necessarily occurs before time 27V /(x — 87) when
X is larger than the critical value 8.

Concerning the well-posedness theory, let us mention Jéger and Luckhaus [16], Blanchet, Dol-
beault and Perthame [1], Dolbeault and Schmeiser [4] and Egana and Mischler [5]. In particular,
the existence of solutions is verified in [16] (for sufficiently smooth initial conditions), these solu-
tions being local (in time) if xy > 0 is large and global if x > 0 is small. The existence of a unique
strong (in some precise sense) solution when y < 8 is shown in [1] (existence) and [5] (uniqueness),
still for reasonable initial conditions. The main tool is the free energy and its relation with its time
derivative. By passing to the limit in a sequence of regularized Keller-Segel equations where the
kernel K is replaced by a bounded kernel and by introducing defect measures to take into account
blow-up, the existence of generalized weak solutions to (1) is checked in [4], even when x > 8.
The blow-up phenomenon has been investigated by Herrero and Velazquez [13, 36, 37]. We refer
to Horstmann [14, 15] and Perthame [31] for review papers on this model.

1.2. Weak solutions. We denote by P(R?) the set of probability measures on R? and we set
Pi(R?) = {f € P(R?) : my(f) < oo}, where my(f) = [go|z|f(dz). We will use the following
notion of weak solutions.

Definition 1. Let x > 0 and T' € (0,00] be fized. We say that a measurable family (fi)icjo,r) of
probability measures on R? is a weak solution to (1) on [0,T) if the following conditions hold true:

(a) for all t € [0,T), fot Jre Jgelz =yl fo(dy) fo(da)ds < oo;
(b) for all ¢ € CE(R?), all t € [0,T),

Rng(x)ft(d:c) :/Wfb(z)fo(dz) +/0 /RQA¢(z)fs(dz)ds

' X/o /R K@= y)- Vo) fi(dy) fo(dw)ds.

Of course, (a) implies that everything makes sense in (b). Performing a symmetrization in
the last term leads to another weak formulation of (1) which requires less stringent integrability
conditions, but which is not suitable in view of the following probabilistic interpretation.

1.3. The associated trajectories. We now introduce a natural probabilistic interpretation of
the Keller-Segel equation.

Definition 2. Let x > 0 and T € (0,00| be fized. We say that a R?-valued continuous process
(Xt)iepo,r) adapted to some filtration (Ft)icpo,r) solves the nonlinear SDE (3) on [0,T) if, for
fr = L(Xy), it holds that

(a) fot Jze Jgelz — Y|~ fs(dy) fs(dx)ds < oo for all t € [0,T);
(b) there is a 2-dimensional (Ft)ielo,1)-Brownian motion (Bt)iejo,r) such that for allt € [0,T)

(3) X, :X0+\/§Bt+x/0t(K*fs)(Xs)ds.

The main idea is that (X¢)¢cjo,7) represents the time-evolution of the position of a typical cell,
in an infinite system of cells undergoing the dynamics prescribed by the Keller-Segel equation. The
following remark immediately follows from the It6 formula.
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Remark 3. Let x > 0 be fived. For (Xi)iepo,1) solving the nonlinear SDE (3), the family (f; =
L(Xt))tejo,r) is a weak solution to the Keller-Segel equation (1).

1.4. The particle system. We next consider a natural discretization of the nonlinear SDE: we
consider N > 2 particles (cells) with positions X}, ..., X}V'" solving (recall that K (0) = 0)

3

N
(4) XN = Xt 4+ V2B + % Z/ K(XPN — X7N)ds.

j=1"0
More precisely, a solution on [0,7T) is a continuous (R?)N-valued process (X;"™)i—y . N,te[0,T)
adapted to some filtration (F;)¢e[o,7) if the initial conditions X{, i =1,..., N are i.i.d. with com-
mon law fo € P(R?) and if there is a 2N-dimensional (F¢);e[o,)-Brownian motion (Bf, ..., Bl )0

such that (4) holds true for all t € [0,7) and all i = 1,..., N.

Of course, such a particle system is not clearly well-defined, due to the singularity of K. More-
over, the singularity is visited, as shown by the following statement.

Proposition 4. For any N > 2, any x > 0, any fo € P(R?), any to > 0 and any solution (if it
exists) (XZ’N)i:L...,N,te[o,to] to (4),

P(Ese[o,to],31§¢<j§N : X;,N:Xg,N)>0_

However, we expect that particles are almost independent (for N large) and look like N copies
of the solution to the nonlinear SDE, at least in the subcritical case x € (0,87) or locally in time
in the supercritical case y > 8m. This problem seems important, both from a physical point of
view, as a step to the rigorous derivation of the Keller-Segel equation, and from a numerical point
of view.

1.5. Main results. We first check that the particle system (4) exists when x is (very) subcritical.

Theorem 5. Let N > 2 and x € (0,2nN/(N — 1)) be fized, as well as fo € P1(R?). There exists
a solution (XZ’N)tG[O,oo),izl ,,,,, ~ to (4). Furthermore, the family {(XE,N)tE[O,oo)v i=1,...,N}is

exchangeable and for any o € (N — 1)x/(27N),1), any T >0,
T
2y/2 1 2 4/2T)«
(5) E[/ |X;,N_Xs2,N|oc—2ds} < (2v2(fo, /1 + |z[2) + 4V/2T) .
0 a(2a — (N = 1)x/(wN))
As already mentioned, such a result is not obvious, since K is singular and since its singularity
is visited. The main point is to observe that (5) a priori holds true for some o < 1. This will
imply that that E[|K (XY — X2N)|] should be controlled (with some margin since o — 2 < —1).

This will be sufficient to prove existence by compactness. The formal computation is as follows:
by the It6 formula, for o € (0, 1),

(6)  dIxN = X2V = Vaalx N - XPVe2 (XY - x2N) . (dB} - dBY)

+ 202 XN - x2N|e-2gy %p(t“v ~ XPNje—2g

N i, N 1,N 2,N iN
QX | 1,N 2N a—2/ v1,N 2,N X =Xy Xy =Xy
+ o X XX - X)) ( N N T TvaN il )t
2N ; X7 =X Xy - X2

The second term in the right-hand side is the It6 correction due to diffusion, the third term is the
contribution of the interaction between the particles 1 and 2 and the last term is the contribution
of the interactions with between particles 1,2 and the rest of the system. By exchangeability
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and Holder’s inequality, the expectation of the last term in the right-hand side is greater than
—[a(N = 2)x/(xN)E[| X" — X7V |*~2]. The assumption y < 2rN/(N — 1) ensures us that the
It6 correction dominates the drift contribution. More precisely choosing o € (x(N —1)/(27N), 1),
integrating in time and taking expectations, one obtains

N-1 i

(20— MDY [alxd - x2Np2jas < g - X,
mN 0

The right-hand side is easily bounded, uniformly in N, using the oddness of K, whence (5). A

similar computation was performed by Osada in [29, Lemma 3.2] for systems of stochastic vortices.

Next, and this is the main result of the paper, we show some tightness/consistency as N — oo in
the (very) subcritical case x < 27. Such a result follows quite easily from the the bound (5), which
is uniform in N (when y < 27). We endow C([0, 00), R?) with the topology of uniform convergence
on compact time intervals, and P(C([0, ), R?)) with the associated weak convergence topology.
Finally, we endow C([0,0), P(R?)) with the topology of uniform convergence on compact time
intervals associated with the weak convergence topology in P(R?).

Theorem 6. Let x € (0,27) be fired, as well as fo € P1(R?). For each N > 2, consider the
particle system (XE’N)te[o,oo),iﬂ ,,,,, N built in Theorem 5, as well as the empirical measure u~ =
N1t Zf[ 6(X;L,N)t€[0 . which a.s. belongs to P(C([0,00),R?)). For each t > 0, we also set pl¥ =

Nt Zf[ Oy, which a.s. belongs to P(R?).
(i) The sequence {u™, N > 2} is tight in P(C(]0,00), R?)).

(ii) Any (possibly random) weak limit point p of (W™ )n>2 is a.s. the law of a solution to the
nonlinear SDE (3) with initial law fj.

(i) In particular, we can find a subsequence Ny such that (uivk)tzo goes in law, as k — oo, in
C(]0,00), P(R?)), to some (ut)i>0, which is a.s. a weak solution to (1) starting from po = fo.

We are quite satisfied, since this result seems to be the first result concerning the convergence of
the true particle system (without cutoff) to the Keller-Segel equation. However, there are two main
limitations. First, this result should more or less always hold true in the subcritical case x € (0, 87).
Second, we are not able to prove the convergence, we have only compactness/consistency. This is
due to the fact that we are not able to prove that our limit point (u¢):>0 a.s. belongs to the class
of weak solutions in which uniqueness is known to hold true. Thanks to Egafia and Mischler [5], it
would suffice to show that (u;)¢>0 satisfies the free energy dissipation inequality, which is slightly
stronger than the requirement (u:)i>0 € Np>1LL.([0,00), LP(R?)) a.s. We believe this is a very
difficult problem.

We next prove that, when x < 27N, the particle system always exists until 3 particles encounter.
In view of (6), this is not surprising. Indeed, the assumption y < 27N ensures us that the
It6 correction still dominates the contribution of the interaction between the particles 1 and 2.
Moreover, it is not very hard to control the last term of (6) until a 3-particle collision occurs.

Theorem 7. Let x >0, N > max{2, x/(27)} be fized, as well as fo € P1(R?) such that fo({z}) =

0 for all z € R2. There exists a solution (X;’N)te[07TN)7i:1,___7N to (4), with

TN = sup inf {t >0 : Jdi,5,k pairwise different such that
>1

iN i\N i\ N kN kN i,N
XN = XN 1PN - XPN BN - XN <176
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The family {(Xf’N)te[OyTN), i=1,...,N} is exchangeable and for any a € (x/(27N), 1),
t
(7) a.s., for all t € [0,7n), / | XDV — X2V |25 < 0.
0

Finally, it holds that (i) v = o0 a.s. if x < 87(N —2)/(N —1) and (i) v < oo a.s. if
X > 87(N —2)/(N —1).

This result thus in particular shows the global existence for the particle system in the subcritical
case x < 87 for all N large enough. This result seems to be new, as well as our method to check
it, which is quite specific to the model.

As we will see in the proof of Lemma 15-Step 2, for any subsystem I C {1,..., N}, the process
Rl = 27", |xXp™N — X]|?, where X[ = [I|7'%,c; X", behaves like the square of a Bessel
process of dimension (|I|—1)(2—(x|I])/(4wN)), when neglecting the contribution of the interaction
with the other particles. Similar computations for I = {1,..., N} were performed by Haskovec
and Schmeiser [10, Page 139] and Fatkullin [6, Page 89]. The condition x < 87(N —2)/(N — 1)
implies that for all |I| = 3,..., N, the dimension (|I| — 1)(2 — (x|I|)/(47N)) is greater than 2, so
that R does never reach 0: there are no collisions involving more than two particles. Of course,
the situation is actually much more complicated, since we have to justify that of all I, we can
indeed neglect the contribution of the interaction with the other particles.

Remark 8. When x € (0,87), we thus show that, for N large enough, the particles labelled
1,2,3 do a.s. never encounter. To extend the tightness/consistency result of Theorem 6 to some
X € [2m,87), we believe that a quantitative and uniform (in N ) version of this fact might be
sufficient.

Finally, we study the case of two particles N = 2. The average of the two positions is a two-
dimensional Brownian motion and their difference D; follows an autonomous SDE with singular
drift driven by a Brownian motion, which can be seen as a natural two-dimensional generalization
of a Bessel process of dimension (2 — x/(47)). We show that the equation for D; (as well as (4)) is
nonsense when y > 47, in that there cannot exist global solutions. But this is only a small problem
related to the fact that a Bessel process with dimension ¢ € (0, 1] does not solve a classical SDE,
while its square does (see Revuz and Yor [32, Exercise 1.26 p 451]). We thus reformulate the
equation in an adequate sense and in such a way it has a unique solution (in law). We also prove
that this solution is stuck at 0 when x > 8, while it reaches 0 but escapes instantaneously when
x € (0,8m).

1.6. References. Approximating a large particle system by a partial differential equation (for
deriving the PDE) or a partial differential equation by a large particle system (to compute numeri-
cally the solution of the PDE) is now a classical topic, called propagation of chaos. This notion was
introduced by Kac [19] as a step to the rigorous justification of the Boltzmann equation. When
the interaction is regular, the situation is now well-understood, some important contributions are
due to McKean [24], Sznitman [35], Méléard [25], Mischler and Mouhot [26], etc. The main idea is
that one can generally prove true quantified convergence when the interaction is Lipschitz contin-
uous and tightness/consistency (and true unquantified convergence if the PDE is known to have
a unique solution) when the coefficients are only continuous. Of course, each PDE is specific and
these are only formal rules.

The case of singular interactions is much more complicated. In dimension one, let us mention
the works of Bossy-Talay [2] and Jourdain [17] which concern the viscous Burgers equation and
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more general scalar conservation laws (where particles interact through the Heaviside function)
and of Cepa-Lépingle [3] on the very singular Dyson model.

A model closely related to the one studied in the present paper is the 2d-vortex model, that
approximates the vorticity formulaltion of the 2d-incompressible Navier-Stokes equation. The PDE
is the same as (1) and the particle system is the same as (4), replacing everywhere the kernel K, see
(2), by the Biot and Savart kernel z+/(2|z|?). This kernel is as singular as K, but the interaction
is of course not attractive, so that the situation is simpler. In particular, there is no blow-up for
the PDE and Osada [27] has shown that the particle system is well-posed and that particles do
never collide. Osada [28, 29] has also proved the (true but unquantified) convergence of the particle
system to the solution of the PDE when Y is sufficiently small (in our notation), and this limitation
has been recently removed in [§8]. The method developed in [8] relies on a control of the Fisher
information of the law of the particle system provided by the dissipation of its entropy. It has
been applied to a subcritical Keller-Segel equation by Godinho-Quininao [9], where K is replaced
by —x/(27|x|*T*) with some « € (0,1) and to the Landau equation for moderately soft potentials
in [7]. Let us finally mention the propagation of chaos results for some particle systems with
deterministic dynamics by Marchioro-Pulvirenti [23] (for the 2d-Euler equation) by Hauray-Jabin
[12] (for some singular Vlasov equations) and by Jourdain-Reygner [18] (for diagonal hyperbolic
systems).

In the above mentioned works, some true convergence is derived. Here, we obtain only a
tightness/consistency result, but the singularity is really strong and attractive. Concerning the
Keller-Segel equation, we are not aware of papers dealing with the convergence of the true particle
system without any cutoff. Stevens [35] studies a physically more convincing particle system with
two kinds of particles (for bacteria and chemo-attractant particles). She proves the convergence of
this particle system when the kernel K is regularized. In [10], Haskovec and Schmeiser also prove
some results for a regularized kernel of the form K. (x) = —z/[|z|(|z] + ¢)]. Finally, Godinho-
Quininao [9] study the case where K is replaced by —z/(27|z|*T%) for some a € (0,1).

1.7. Plan of the paper. In the next section, we prove (5) for a regularized particle system. This
is the main tool for the proofs of Theorem 5 (existence for the particle system when x € (0,27))
and Theorem 6 (tightness/consistency as N — oo when x € (0,27)) given in Section 3, as well as
for checking Theorem 7 (local or global existence for the particle system in the general case) in
Section 4. We establish Proposition 4 (positive probability of collisions) in Section 5. Section 6 is
devoted to a detailed study of the case N = 2. Finally, we quickly and formally discuss in Section
7 how to build an relevant N-particle system when x > 87(NN — 2)/(N — 1) and we explain why it
seems to be a difficult problem.

2. A REGULARIZED PARTICLE SYSTEM

Let fo € P1(R?), x > 0 and N > 2 be fixed. We consider a family X¢, i = 1,...,N of
fo-distributed random variables and a family (B}):>0, i = 1,..., N of 2-dimensional Brownian
motions, all these random objects being independent. For ¢ € (0,1), we define the regularized
version K. of K as

—X

(8) Ke(x) = (el 722
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This kernel is globally Lipschitz continuous, so that the particle system
(9) XZ’N*E = Xi+ \/§Bz + X Z/ KE(X;’N’E . Xg’N’E)ds
N o

is strongly and uniquely well-defined. These particles are furthermore clearly exchangeable. The
following estimates are crucial for our study.

Proposition 9. For fo € Pi(R?), N > 2 and ¢ € (0,1), we consider the unique solution
i,N,e
(X )ez0,i=1,....3 to (9).

(i) For all t >0, E[(1 4 | X212 < (fo, /1 + [2]%) + 2t.
(i) For all « € (0,1), all T >0, alln € (0,¢],

T 2 o
(ga _ L)E[/ (XN X2Nep2 +772)a/2_1d8:| < (2v2(fo, /1 + [z[?) + 4V2T)

s «

T
4 (N — 2)XE[/ (|Xs1,N,s 7X3,N,s|2 +n2)(a71)/2(|X;,N,s *XSB’N’EF Jr52)71/2615}
N 0
Proof. We start with point (i). Using the It6 formula (with ¢(z) = (1 + |2]?)'/? whence V¢(x) =
(1+ |z|>)~Y22 and A¢p(z) = (1 + |z|>)73/2(2 + |z|?) and taking expectations, we find

1,N,
2+ |Xt E|2 d5:|
L | e )3/

X ! X Ne 1,N i, N

A S . s AVL,E VERARL

- N;EUO (14 |x3N=)2)1/2 Re(Xs XEN)ds|.
J

1,N,£1211/2] _ 112\1/2 !
B+ X <l g B [

By exchangeability and oddness of K., for j € {2,..., N},

t X1, N.e )
E| / ey - KX - X2 s
0 (14| XM
1 t X1Ne XJNe .
3 [ (e~ k) KXY - Xi
2 o (1+|Xs’ 76|2)1/2 (1+|X§’ ,8|2)1/2

This last expectation is non-positive since for x,y € R?, the inequality |z|* + |y|* > 2|z|?|y|?
implies (|z[*(1 + [y[*)"/? + |y[(1 + [2[)"/2)* > (|2[[y|((1 + [y[*)"/* + (1 + [2[*)'/?))?, whence
(@(1+[y[)? —y(1+|2[*)'/?)- (z —y) > 0 and thus (z(1+[z|*) "2 —y(1+]y[*)~1/?)-(z—y) > 0.
Hence

2+ |x; P

ds| <E[(1+ | X222 + 2t.
1+|X1£1,N,8|2)3/2 [( | O| ) ]

1,N,£1211/27 _ 112\1/2 !
B+ X = B 1 ]

as desired. To prove point (ii), we fix a € (0,1) and start from
XpMe— XPNE = X§ - X§ + V2(B} — BY) + xR* + xS,

where R}? = N~} 2?;3 fOt[KE(XSLN*E — XINeE) — K (X2Ne — XINe)ds and where S}2 =
2Nt fot K (XINe — X2Ne)ds. We next fix € (0,¢], introduce ¢,(z) = (|z[> + n?)*/? and
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use the It6 formula to write

T
Elgy (X3 — X3V)] =Elpy (X3 — X3)] +E| / 206, (X1VE = X2N2)ds]

T
+ XE[/ Vo (XPNe = X2N5) - (dRP + dssu)]
0

Since € (0,1), we have ¢y (z —y) < [V2((1+ [[%)*/? + (1 + [y[*)"/2))], whence E[g, (X7 —
X2 < (2v2(fo, VT + |2[2) + 4V/2T)* by (i). Since furthermore E[¢, (X¢ — X2)] > 0,

T
(10) E[/O 206, (X1NE = X2N4)ds|

T
<(2V2(fo, 1+ [2?) + 4V2T)* — XE[/ Voo (X1 = X2V4) - (AR + aS1?)|.

0
Using exchangeability and recalling the definition of R}?,

T
~B[ [ Vorive - x2ve) - are]
0

2(N —2 T
g ] [ W, (x5 - XN (0 - X3 s
0

N

But Vo, (z) = a(|z|> +7?)*/? 1z, whence |V, (z)| < a(|z|>+1?)*/271/2. Furthermore, | K. (z)| <
(|| +€2)~/2/(2r). Hence

T
(1) -E[ [ vo,(xie - X2 dnp?
0
T
<(N — Q)QE{/ (|X1,N,a _ X2,N,a|2 +n2)a/2—1/2(|X1,N,5 _ X3,N,a|2 +52)_1/2ds}.
—_— 7I_N 0 S S S S

Recalling the definition of S}? and using that |K.(z)| < (|z|> +7?)~/2/(27),
T T
(12~ 5[ [ VooxiVe - x2V) . asi?] < SB[ [ (X0 XEVP 4 gl ).
0 0

Finally, we observe that A¢,(z) = a(|z|? +7?)*/?72(a|z|> + 21?) > a?(|z|? + 7?)*/?~!. Inserting
this into (10) and using (11) and (12), we find

T
(13) QQQE[/ (|X51,N,57X52,N,5|2 +n2)a/271d5}
0
T
<@V fo, /TH o) + 4VED)" + SXE[ [ (X0 - XBNPR gyl ]
™ 0

N -2 T
4 ( FN)QXIE[/ (|Xs1,N,s 7X52,N,s|2 Jr772)(0¢71)/2(|X;,N,s 7X§>,N,s|2 +52)*1/2ds]
0

The conclusion immediately follows. O

3. TIGHTNESS AND CONSISTENCY IN THE (VERY) SUBCRITICAL CASE

The aim of this section is to prove Theorems 5 and 6. In the whole section, fo € P;(R?) is fixed.
First, we deduce from Proposition 9 an estimate saying that in some sense, particles do not meet
too much, uniformly in N > 2 and ¢ € (0,1) when x < 2.
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Corollary 10. For each N > 2, each x € (0,27 N/(N — 1)) and each ¢ € (0,1), consider the
,,,,, ~N to (9). For allT >0 and all « € (x(N —1)/(2xN), 1),

E[/T |X1,N,a B X2,N,E|a—2dsi| < (2\/§<f07 V1 z[?) + 4\/§T>a.

o ° ~ aa— (N -1)x/(7N))

Proof. We thus fix a € (x(N —1)/(27N), 1). By Holder’s inequality and exchangeability, we have,
for any n € (0,¢],

E[(|X81,N,s7X§,N,s|2+n2)(a71)/2(|Xsl,N,s7X53,N,s|2+€2)71/2] < E[(|X;’N’€7X52’N’E|2+7]2)a/271].

) . N
unique solution (th ’E)tzo,i:1

Applying Proposition 9-(ii), we thus find

(2a _ (N — 1)X) /TE[(|X51,N,5 _ X§2,N,a|2 + n2)a/2—1]ds < (2\/§<an \% 1+ |:C|2> + 4\/§T)a_

TN 0 o

It suffices to let 7\, 0 to complete the proof. O

Such an estimate easily implies tightness.
Lemma 11. For each N > 2, each ¢ € (0, 1), consider the unique solution (Xti7N7€)tE[O,OO),i:17...,N
to (9).

(i) For N > 2 fized, if x < 2xN/(N — 1), the family {(X}" )0, € € (0,1)} is tight in
([0, 00),R?).

(it) If x < 2, the family {(X;}"™")is0, N > 2, e € (0,1)} is tight in C([0,00), R2).

Proof. We first prove (ii) and thus suppose that y < 27. Since C([0, ), R?) is endowed with the
topology of the uniform convergence on compact time intervals, it suffices to prove that for all
T >0, {(X"" e, N >2, €€ (0,1)}is tight in C([0,7],R?). Let thus T > 0 be fixed and
recall that X""° = X} + v2B} + JV°, where

N t
LNe . X LNe _ yiNe
TN = 5 ;_2/0 K.(X] XINE)ds.

Observing that the laws of X and (B} )sec(o,r) do not depend on N > 2 nor on & > 0, it suffices
to prove that the family {(Jtl’N’E)te[OﬁT], N >2, ¢¢€(0,1)}, is tight in C([0,T],R?). To do so, we
fix @ € (x/(2m),1), and we use Holder’s inequality to write, for 0 < s <t < T,

N t
NN S G S [ e
j=2"3

N

t
<t = sl XS ([ v - xpvepetay
j=2 Vs

)1/(2,@

SZJZY’EM - Slﬁa

where 8 = (1—a)/(2—a) > 0 and where Z2 := (y/(27N)) Z;V:2[1+IOT | X LN XTI N a=2 gy,
Indeed, z'/=%) < 1+ 2 because o € (0,1). But we immediately deduce from Corollary 10 and
exchangeability that supee(oyl)ﬁNZQE[Z;V’a] < 00, so that there is a constant C'r, not depending
on e € (0,1) nor on N > 2 such that for all A > 0, P(ZN° > A) < Cr/A. Since J;V° =0

a.s., we conclude that for all A > 0, for all N > 2, all € € (0,1), ]P’[(Jtl’N’E)te[07T] ¢ Ka) < Cr/A,
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where K 4 is the set of all functions « : [0,7] — R? such that v(0) = 0 and for all 0 < s <t < T,
|v(t)—(s)| < AJt—s|?. The Ascoli theorem ensures us that K 4 is a compact subset of C([0, T, R?)

forall A > 0. Since lima— o0 SUPN>2 (0,1 P[(Jtl’N’E)te[OﬁT] ¢ K 4] = 0, the proof of (ii) is complete.

The proof of (i) is exactly the same: the only difference is that N is fixed so that we can choose
a€ (x(N-1)/(2rN),1). O

We now prove the existence of the particle system without cutoff in the very subcritical case.

Proof of Theorem 5. We divide the proof in two steps. Recall that x < 2aN/(N —1).

Step 1. For each ¢ € (0,1), we consider the unique solution (XZ’N’E)tG[OyoO)le _____ ~ to (9).
By Lemma 11-(i), we know that the family {(X;"");50, € € (0,1)} is tight in C([0, 00), R?).
By exchangeability, we of course deduce that {(X;™%,..., X}V'V),50, ¢ € (0,1)} is tight in
C(]0,00), (R*)N) and consequently that {((X;} "%, BY), ..., (XN BN))i>0, € € (0,1)} is tight
in C([0,00), (R? x R2)") (this last assertion only uses that the law of (B},..., B{¥)i>o does not
depend on ¢). It is thus possible to find a decreasing sequence e, N\, 0 such that the fam-
ily (X} BY), ... (XN BNY),5o converges in law in C([0,00), (R? x R2)N) as k — oco.
By the Skorokhod representation theorem, we can realize this convergence almost surely. All

this shows that we can find, for each k > 1, a solution (X" ... XNVNe) 50 to (5), as-

. . . 51N 5N, N .

sociated to some Brownian motions (B; " *,..., B, ""*);>¢, in such a way that the sequence
o1,N,er pHl1,N,ep o N,N,er, HN,N,cp 1,N 1 N,N N

(X, , By )y (X5 , B, ))t>0 a.s. goes tosome (X, , By),...,(X; 7, By ))i>o0

in C([0,00), (R? x R2)N) as k — oo. Let us observe at once that the family {(X;")i>0, i =
1,..., N} is exchangeable and that, by Corollary 10 and the Fatou Lemma, for all T > 0 and
a € (\(N —1)/(2nN), 1),

T T
(14) max {E[/O XN XS’N|O‘72ds},sng[/O | X DNer XS’N’E’“P‘*QCZS}}
(2v2(fo, V1 + [a?) +4V2T)*
a2a— (N =1)x/(xN))

Step 2. We introduce F; = o((XEV, Bé)i:l,...,N,se[O,t])- Of course, (XZ’N)z':l,...,N,tzo is (Fi)i>0-
adapted. The family (X2™)i—;
case of (Xé’N’E")i:17,,,7N for all k > 1) and (B!);—y,. N,sef0,4] is obviously a 2N-dimensional

<

~ is of course i.i.d. and fy-distributed (because this is the

.....

Brownian motion (because this is the case of (Bg’N’Ek)izl,___,N,sZO for all & > 1). We now
show that (BL)i—1,.. nsef0,y is a 2N-dimensional (F;);>o-Brownian motion. Let thus ¢ > 0,
¢ : C([0,00), (R?)N) and 9 : C([0,1], (R? x R?)Y) be continuous and bounded. We have to check
that

ERp (X", BYizr,...N,sef0,0)0(Birs — By)i=1,...N,5>0))]
— B((XY, B )i, nclo EO((Bles — Biict....x.s50)))
This immediately follows from the fact that for all £ > 1,
E[7/)((X;’N’Ek,Bg’N’Ek)i:l,...,N,se[o,t])¢((Biﬁ7€k - B?Nysk)izl,m,N,szo))]
= EW((X?N’E'“’B?N’E")iﬂ ..... N,se[o,t])]EW((Biﬁ’ak - Bi’N’Ek)i:1,...,N,szo))],

which holds true because (XZ’N’E’“)Z-:L__”NVQO is a strong solution to (9) and is thus adapted to
the filtration ]:tk = O’((Xé, Bg’N’Ek%:L__”NySZ()).
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Step 3. Tt only remains to check that for each i € {1,..., N}, each t > 0, X"V = Xé’N—I—\/iB,f—i—
(x/N) Zj\;l fot K(X?N — X7N)ds. We of course start from the identity X; "% = X3
V2B 4 (¢ /N) Zjvzl fot K., (XiNew — XINer)ds and pass to the limit as k — oo, e.g. in
probability. The only difficulty is to prove that J,ij (t) tends to J%(t), where

t t
T (t) = / K., (XbNew - X3Neryds  and  JY(t) = / K(XPN — XIN)ds.
0 0
We introduce, for n € (0,1),

T

t t
,m(t):/ K, (XBNee — x3Nek)ds  and Jj]i(t):/ K (XN — XN ds.
0 0

For a € (0,1) and k sufficiently large so that e < 7, we have

o ) 2 . 772 nl—a|$|a—2
(15) |K77( ) Kak( )|+|K”7( ) K( )| S 7T|:C|(|:L'|2+772) S T

We thus deduce from (14) that, for a € (x(N — 1)/(27N), 1), there exists Cy ¢ < +00 such that
E[|7Y(t) — J7 (1)) + limsup E[|J () — T, (D] < Caen' .
k

Next, since K, is continuous and bounded and since (X>V+5#) 50 goes a.s. to (X2V)>0, it holds
that J;? (t) — J;7(t) a.s. and in L' for each n > 0. Writing

E[|l7Y(t) — J (1)) S E[JY(8) = LI O +E[LT (1) = T, (O + E[lT, () — 7 (1],

we conclude that limsupy_, .. E[|J¥(t) — J}7 (t)[] < Ca,m'~®. Since 7 € (0,1) can be chosen arbi-
trarily small, we deduce that indeed, J,’ () tends to J¥(t) in L' as k — oo. O

Following some ideas of [8, Proposition 6.1], we now give the

Proof of Theorem 6. For each N > 2, we consider the particle system (Xti’N)te[o,oo),i:L...,N built
in Theorem 5, and we set pu’¥ = N~! Zf[ 6(Xi,N)t€[0 . which a.s. belongs to P(C([0,00), R?)).
For each t > 0, we also set plY = N=1 31 8 o.v, which a.s. belongs to P(R?).

t

Step 1. For each N > 2, (X:7N)t€[0,oo),i:1 ,,,,, ~ has been obtained as a limit point (in law), of
(XZ’N’E)te[O,oo),izl vvvvv ~ as € = 0. By Lemma 11-(ii), the family {(th’N)tzO, N > 2} is thus tight
in C([0,00),R?). As is well-known, see Sznitman [35, Proposition 2.2], this implies that the family
{uN, N > 2} is tight in P(C([0,00),R?)) (because for each N > 2, the system is exchangeable).
This proves point (i).

Step 2. We now consider a (not relabelled for notational simplicity) subsequence of y? going
in law to some p and show that u a.s. belongs to S := {L((Xy)i>0) : (Xi)i>0 solution to the
nonlinear SDE (3) with initial law fj}, recall Definition 2. This will prove point (ii).

Step 2.1. Consider the identity map v = (v¢)e>0 @ C([0,00),R?) = C(]0,00),R?). Using the
classical theory of martingale problems, we realize that Q@ € P(C(]0,00),R?))) belongs to S as
soon as, setting Q; = Q oy, * € P(R?) for each t > 0,

(a) Qo = fo;
() [ oo fun|z — Y17 Qs(dy)Qs(dzx)ds < oo for all T > 0;
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(c) forall0 <t; <---<tp <s<t all p1,...,0r € Cp(R?), all p € CZ(R?),

:/ Q(d=)Qd2)¢p1 (21,) - - - n(200)

[@(Zt) —p(zs) — X/St K(zy — 24) - V(24 )du — /St Acp(zu)du} =0.

Indeed, let (X;):>0 be Q-distributed, so that £(X;) = Q. for all £ > 0. Then (a) says that Xj is
fo-distributed, (b) is nothing but the requirement (a) of Definition 2, and (c) tells us that for all

¢ € CH(R?),
o(X;) — / /K (XS)Q(dZ)ds—/Ot Ap(X,)ds

is a martingale in the filtration (F;);>0 generated by (X;)¢>0. This classically implies the existence
of a 2-dimensional (F;)¢>o-Brownian motion (By)¢>o such that X; = Xo + v2B; + x fot JK(X,—
Zs)Qs(dZ)ds for all t > 0. It finally suffices to observe that for all z € R? and all s > 0, [ K(z —
Z)Q(dz) = (K * Qs)(x).

We now prove that p a.s. satisfies these three points. For each t > 0, we set u; = p o %—1

Step 2.2. Since pd) is the empirical measure of N i.i.d. fo-distributed random variables and
since 1o is the limit (in law) of p{Y, we obviously have that g = fo a.s., i.e. u a.s. satisfies (a).

Step 2.3. Using Corollary 10 and exchangeability, we see that for any o € (x/(27),1), any
T > 0, there is a finite constant C, 7 such that for all m > 0, all N > 2,

T T
T 1 ) )
E| / / (m A Lo — y|* =)l (dy)ul (de)ds| < + 5 S E| / [XEN = X2
o Jr2Jr2 N N2 vy 0

mT
<— +C,,
N + T

Since pV goes in law to p, the LHS converges to E[fOT Jaz Joo (M A |2 —y|*2) g (dy) pos (dz)ds] as

N — oco. Letting m increase to infinity and using the monotone convergence theorem, we find that

T
s [ [ [ o= sl udnmanis] < Cur.
0 R2JR2

Since a < 1, this of course implies that p a.s. satisfies (b).

Step 2.4. From now on, we consider some fixed F : P(C([0,00),R?)) — R as in point (c) and
we check that F(u) =0 a.s.

Step 2.4.1. Here we prove that for all N > 2,

Cr
Nyy2
(16) E|(F(M)?| < ==,
To this end, we recall that ¢ € CZ(IR?) is fixed and we apply the It6 formula to (4):
t
N () imp(XPN) BN N _ i Ny Je i\N
O () =p(Xp") - % Z/ e(XEN) . K(XPN — X3N)ds /0 Ap(XPN)ds

—p(§) + V2 [ VelxiN) - aB
0
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By definition of F (recall that K (0) = 0 by convention),

2 |

Z (XYY o (XEMON (1) — O (s)]

2|3

N t )
Z on(Xy )/ Vo(XPNY) . dB.

Then (16) follows from some classical stochastic calculus argument, using that 0 < ¢t; < -+ <
tr < s < t, that ¢1,...,0, Ve are bounded and that the Brownian motions B',..., BY are
independent.

Step 2.4.2. Next we introduce, for n € (0,1), F,, defined as F with K replaced by the smooth
and bounded kernel K, recall (8). Then one easily checks that Q — F,(Q) is continuous and
bounded from P(C([0,00), R?)) to R. Since ¥ goes in law to p, we deduce that for any n € (0,1),

Ef|F(wl] = 111{[11E[|]:n(MN)|]-
Step 2.4.3. We now prove that for all N > 2 all n € (0,1), all « € (x/(27), 1),
E[F (1) — Fy(w)l] + ;@gE[If(uN) — Fy(u)) < Car '

Using that all the functions (including the derivatives) involved in F are bounded and that we
have |K,(z) — K(2)| < n'~%z|* ?1,201/7 by (15), we get the existence of a finite constant C'x
such that

t
F@ - F@l <Crn= [ [ [ = 2" ndu QUnQ(:)

t
== [ ] =l Q) Qudn)a

The conclusion then follows from Step 2.3. combined with the estimate

T
/ [ o= ol G (s < 55 SE[ [ 1Y = X3V 2as] < Cur
R2JR? 0

i
deduced from Corollary 10 and exchangeability.
Step 2.4.4. For any n € (0,1), we write
E[F (] <E[JF (1) — Fy(u)l] + fim sup [E[|Fy ()] = E[F (™))
+limsup E[|F, (u) — F(u™)|] + lim sup E[| F(u™)]].
N N

By Steps 2.4.1 and 2.4.2, the fourth and second terms on the right-hand side are zero. We thus
deduce from Step 2.4.3 that E[|F(u)|] < Ca.r n'~. Since n € (0,1) can be chosen arbitrarily
small, we conclude that E[|F(u)|] = 0, whence F(u) = 0 a.s. as desired.

Step 8. Tt only remains to check point (iii). Consider the (not relabelled) subsequence p”¥ going
to uin P(C([0, 00), R?)) as in Step 2. This implies that (¥ )¢>0 goes to (1t )i>0 in C([0, 00), P(R?)).
By Step 2, p is a.s. the law of a solution to the nonlinear SDE (3). As seen in Remark 3, this
implies that a.s., (p¢)i>0 is a weak solution to the Keller-Segel equation (1). O
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4. (LOCAL) EXISTENCE FOR THE PARTICLE SYSTEM IN THE GENERAL CASE

The aim of this section is to prove Theorem 7. We thus fix x > 0 and fo € P;(R?). We introduce
the domain, for £ > 1 and N > 2,
DY = {(z1,...,on5) € (RN : |z—zj|+|v;—wp|+|zr—2;] > 1/ for all 4, j, k pairwise different},
and we consider the Lipschitz continuous function ®% : (R?)™ — [0,1] defined by
OV (x1,...,2N) =0V (2€i7j1kn(}%£inct{|xi — x|+ |x; — x| + |2k — x|} — 1) AL,

which satisfies ]_Dév < CIDéV < ]_DQJ\Z. As usual, the random variables X§, i = 1,..., N are i.i.d.

with common law fy and independent of the i.i.d. 2-dimensional Brownian motions (Bé)tzo,
i=1,...,N. For e € (0,1) and ¢ > 1, the particle system

.....

is strongly well-posed, since K. and @év are bounded and Lipschitz continuous. For a fixed ¢ > 1,
we can show as in Corollary 10 that particles do not meet too often.

Lemma 12. Fiz x > 0 and consider, for each N > 2, ¢ € (0,1) and £ > 1, the unique solution
(XN 150,21, v to (17).

(i) For allt >0, all >0, all £ € (0,1), E[(1 + [ X N =42)1/2] < (fo, /1 + [2]?) + 2t.

(i) For all T >0, all a € (0,1), all £ > 0, there is a constant Cr o (depending also on x and
fo) such that for all e € (0,1), all N > x/(2an),
)(a*2)/(1*a)

T
E[/ XNl XN 2] <14 O (20 - 2
0 TN

Proof. First, (i) can be checked exactly as Proposition 9-(i), using only that <I>év is nonnegative

and does break the exchangeability. We now prove (ii) and thus fix a € (0, 1). Proceeding exactly
as in the proof of Proposition 9-(ii), see (13), we find that for all n € (0, ¢],

(N 7 2)XQKN,E,Z

2 1N,e,l X« N,e b
2071307 < Aair + 2oy + P K

n,0, T — 1,0,

where A, 1 = (2v2(fo, /1 + [2[?) + 4v/2T)* and where

T
120 =B [ (X XEN ) ]
0

T
Tyt =B[ [ (X3l - XENAR e RN (XN )],

T
Kévaa; :E[/O (|XSI,N,a,é _XSQ,N,a,é|2 +n2)(a—1)/2(|Xsl,N,a,é _XS,N,8,€|2 +52)—1/2

O (XEN= N)dS]

Since <I>év < 1, we obviously have Jé\,féf,’ql: < Ig&f’f. We next note that for u,v > 0, wle=1)/2,=1/2 <

(1+u"2) (140" Y2) < (14 max{u, v} ?)(1 +u~1/2 4+ v~1/2) and that, for z = (21,...,2y) €
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(R%)N, N (x) > 0 implies that € D3}, whence |z1 — x| + |21 — 23| + |22 — 23| > 1/(2¢) and thus
max{|z1 — z2|, |z1 — 23]} > 1/(8¢). Consequently, since n € (0, ¢],

(|1 — zof? + ?) @V 2(|2y — a3)? +2) V20N (x)
<[1 4 max{n® + |z1 — z2|%,n? + |z1 — 9U3|2}_1/2]
X L+ (0 + |z —22) ™+ (0 + o1 — 23*) "L eepy
<(1+80[1+ (|21 — 222+ 72) V2 + (l21 — 23? +1?)~V/2.
This implies that

T
KNt o (1+8€)E{/ (1+(|X§,N,5,Z7XS2,N,5,€|2+772)—1/2+
0

n,a, T —

(|X;,N,s,€ _ XS,N,E,€|2 i 772)71/2)615}

T
<(1+80)T+2(1+ SE)E[/ (| XLNel _ x 2Nl 4 772)_1/2ds}
0

(1+8£)T+2(1+8€)T(1 a)/(2— a)[ Naj{]l/@ )

na,
by the Holder inequality. All in all, we have checked that

X Ned N 14 —a
oo e < s i

where By 10 = aT/a+ (1 + 80)Tx/m and Co,1¢ = 2(1+ 80)T T-a)/2-a X/Tr
Separating the cases I77 < 1 and I, N, Efi > 1, we easily conclude that
)(a 2)/(1- a)

Nt (2—a)/(1—a)
Loor <1+ (Ba,T,e + Ca,T,e) (2a -y

It finally suffices to let n \, 0 to conclude the proof. O
We now deduce some compactness, still for ¢ fixed.

Lemma 13. Fiz x > 0 and consider, for each N > 2, ¢ € (0,1) and ¢ > 1, the unique solution
(XN s00m1. N to (17). For all € > 1, the family {(X}™N =)0, N > max{2, y/(27)}, ¢ €
(0,1)} s tight in C(]0, 00), R?).

Proof. We fix £ > 1 and T > 0. As in the proof of Lemma 11, the only difficulty is to prove
that the family {(Jtl’N’E’e)te[QT],i:Lm,N, N > Ny, € € (0,1) > 0} is tight in C(]0,T],R?), where
No = |max{2, x/(27)| + 1 and

We consider « € (0,1) such that 2« — x/(7mNg) > 0, so that, by Lemma 12,

T
(18) sup E[/ | XpNet — XfaN’aﬂa—st} < o0.
N>Nog,e€(0,1) 0

Using that |®2| < 1, we check as in the proof of Lemma 11 that for all 0 < s < ¢ < T, we have
|JENEt _ gLNet) < ZNe8p _ g|8 where 8 = (1 — a)/(2 — a) and where

N T
Net X 1,N,e,l  vij,Nelja—2
Zpet = 2 ;2 K +/O X! XgNetjes2gs).
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But (18) and exchangeability imply that supysn, ce(0,1) IE[Z;V’E’Z] < oco. We conclude exactly as

in the proof of Lemma 11. O

We now make ¢ tend to 0 in the particle system (17), simultaneously for all £ > 1.

Lemma 14. Let x > 0, N > max{2,x/(27)} and fo € P1(R?) be fived. There exists, on some
probability space endowed with some filtration (F;)i>0, a family (X§)i=1,...n of ii.d. fo-distributed
Fo-measurable random variables, a 2N -dimensional (F;)>o-Brownian motion (Bf)i—1, . .N.t>0 and,
for each € > 1, an (F;)i>o0-adapted solution to

.....

The family {(XZ’N’Z)QO,@Zl i =1,...,N} is furthermore exchangeable. Moreover, for all £ > 1,
all t > 0, we have E[(1 + | X} 2)Y2] < (fo, /T + |2[?) + 2t and, for all o € (x/(27N), 1),

t
E|:/ |X§7N7é _XSQ,N,Z|()(—2] < 00.
0

Finally, we have the following compatibility property: for all ' > £ > 1, a.s., (X;™)iz1 v =
(X7 )iza,. o Jor all t € [0,74), where

T8 =inf{t >0 : (Xti’N’e)i:1 ..... N ¢ DY}

Proof. We thus fix x > 0, N > max{2,x/(2m)} and fo € P1(R?) and divide the proof in several
steps.

Step 1. We know from Lemma 13 that for each ¢ > 1, the family {(th’N’E’Z)tZO, e € (0,1)}
is tight in C([0,00), R2). By exchangeability, {(X/™*")>0.i=1...n, € € (0,1)} is thus tight in
C([0, 00), (R?)N), still for each £ > 1. Since C([0, 00), (R?)™) endowed with the topology of uniform
convergence on compact subsets of [0, 00) is a Polish space, by the Prokhorov theorem, for all n > 0,

ICfI) < 727*. We now introduce K, := [1es1 ICf], which is a compact subset of [C([0, 00), (R?)M)]N
(endowed with the product topology) by Tychonoft’s theorem. It holds that

sup P(((X; V) is0,im1,. 8ot €K5) <D sup PUXP ) is0,21,..8 € K7) <
e€(0,1) >1 e€(0,1)

Consequently, the family {((X/™5)50.21.. N)e=1, € € (0,1)} is tight in [C(]0, 00), (R2)N)]N,

Finally, we conclude that the family

(XY z0.=1, 8 ez1, (B iz0.i=1...8), € € (0,1)}
is tight in [C(]0, 00), (R?)M)]N x C([0, o0), (R%)N).

.....

Step 2. We now use the Skorokhod representation theorem: we can find a sequence g \, 0
and a sequence (((X;™*)z0,i-1...¥)ez1, (BI")iz0,i-1,....v) going a.s. in [C([0, 00), (R%)M)]N x
C([0, 00, (R?)N) to some (((XZ’N’Z)tzoﬁizl ,,,,, N)e>1, (BY)t>0,i=1....~) and such that, for each £ > 1,
each k > 1, ()N(Z’N’E’“’Z)t207i:1,___71v solves (17) with the Brownian motions (Bf’k)t207i:1,___7N and

some ii.d. fo-distributed initial conditions (Xé’N’E’“)izl ~ (not depending on ¢ > 1). The

.....
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exchangeability of {(XZ’N’Z)QO’@Zl, i=1,..., N} is inherited from that of {(XZ’N’E’“’Z)QO7421, 1=
., N}. Next, Lemma 12 and the Fatou Lemma imply that for all ¢ > 0, all £ > 1,

max {E[(1+ X} sup B[(L+ LX) 2] < (o, /T [P + 21
and that, for all @ € (x/(27N),1),all T > 0, all £ > 1,

T T
E[/ | X LN XSQ’N’ZP‘*st} + sup [/ | X LN ert XSQ’N’Ek’eP‘*QdS} < 00.
0 k>1LJo

Step 3. We introduce Fy = o((XZN4, Bl)im1 n.sefo.)s to which (X701,
course adapted for each ¢ > 1. We clearly have Xé’N’Z = Xé’N’ZI for all ¢ = 1,..., N and all
0,0 > 1 (because XNert = Xé’N’E’“’W forall k> 1,alli=1,...,N and all £,¢' > 1). We thus
may define X} := Xé’N’Z foralli=1,..., N, for any value of £. The family (X@)i=1, .~ consists of

iid. fo-distributed random variables (because it is the limit of such objects). ]F‘lnadly7 one checks
as in the proof of Theorem 5-Step 2 (B,f)tzo’izl,__,;v is 2N-dimensional (F;);>o-Brownian motion.

N is of

Step 4. Tt is checked exactly as in the proof of Theorem 5-Step 3 that for each ¢ > 1,
(XZ’N’Z)DOZ- 1.~ solves (19): it suffices to pass to the limit in probability as k — oo in the

equation satisfied by (XN k"
continuous.

+>0.4i—1.. . N, using the estimates proved in Step 2 and that & is
)t>0,i=1,...,N, using p P ?

Step 5. It only remains to prove the compatibility property. We introduce, for £ > 1 and k£ > 1,
oFi=if{t >0 : (XN v e DNY and 7k =inf{t >0 : (XPVZ0 N ¢ DN

Since (X755 021 R IR C’([O o0), (R?)V) and since (D¥)®
is an closed subset of (R?)Y, we deduce that Tﬁ, < lim infk_,oo N . But for all #/ > ¢ > 1, we have
(X]Emh), 1,..N = = (X]NEy 1,...~ on the time interval [0, le;,k] for any k£ > 1: this follows
from the pathw1se uniqueness for (19) and from the fact that @év = &) =1 on D). Using finally

that ( XpNen e,Xz Nient )t>01 1,..,N goeS as. to (X, NevXZ NE )e20,i=1,....5 in C([0,00), (R*)N
- ~ on [0, 7K]. O

~N goes a.s. to (X

.....

..........

yeeey =1,...,

Finally, we let ¢ increase to infinity.

Proof of Theorem 7. We fix x > 0, N > max{2, x/(2m)} and fo € P1(R?) such that fo({z}) = 0 for
all x € R2. We consider the objects built in Lemma 14: the filtration (Fi)e>0, the 2N-dimensional
(Ft)t>0-Brownian motion (B})i—1,.. n.t>0, the (Ft)i>o-adapted solution (XZ’ : )t>ol 1,...N, for

each £ > 1, to (17), and associated stopping times 'rﬁ,. Using the compatibility property, we

deduce that 7§ is a.s. increasing (as a function of £) and we define 7y = sup,~; 7. Still using
the compatibility property, we deduce that for all ¢ € [0,7y), all £ such thatin(, >t all ¢ >
l, (X’Ne)z LN = (X;’N’Z/L 1,...~. Hence for t € [0,7n), we can define (XZ’N)Z-Zl ,,,,, N as
(XPN9),21 . n for any choice of £ such that 74 > ¢. Since ®N (X1 n) = 1 for t € [0,74],
by the definitions of ®4; and of 7%, we conclude that indeed, ( ,:"N)te[o,rN),zzl,...,N solves (4) with
the Brownian motions (B})i—1... n.t>0, and that 75 = inf{t >0 : (XPM)ic1 N ¢ DX}, so that

.....

7y =sup inf {t >0 : (XZ’N)Z-Zl
>1
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as in the statement. The exchangeability and (F;)¢>o-adaptation of the family {(Xf’N)te[OJN), i=

1,..., N} is of course inherited from {(XZ’N’Z)tZO,Ql, i=1,...,N}. We also have a.s., for all
te[0,7n), all @ € (x/(27N), 1),

t t
/ |X§7N _ X§2,N|a—2d8 — / |XSI,N,Z _ XSQ,N,élOt—QdS
0 0

as soon as / is large enough so that 75 > t. This last quantity is a.s. finite by Lemma 14 again.

It remains to decide whether 7y is finite or infinite. For [ C {1,..., N} with cardinality |/| > 2
and t € [0,7y), let X/ = 1|71 3., XY and R =275, |X,N - X[ 2.

First assume that x > 87(N — 2)/(N — 1). Consider Iy = {1,...,N}. A direct computation
using the It6 formula (see (20) in the proof of Lemma 15 below, the last term obviously vanishes
when I = I) shows that (RtIN)tG[O,TN) is a squared Bessel process with dimension (N — 1)(2 —
x/4m) < 2, restricted to [0, 7x). But a squared Bessel process with dimension smaller than 2 a.s.
reaches zero in finite time, see [32, page 442]. We conclude that on the event {7n = oo}, RV
reaches zero in finite time, which of course implies that 7n < co. Thus P(7y = o0) = 0 as desired.

Assume next that y < 87(N — 2)/(N — 1). Observe that for (z1,z2,23) € (R?)? and z =
(:Cl + z2 + ZL'3)/3,

|21 — 2| + |v2 — w3] + |z — 21| > (Jo1 — 22f* + |22 — 23] + |23 — 21[*)"/?
= V3(Jzr — 2 + |oz — 2* + |25 — 7)) %.
Consequently, for £ > 1,

Pty < 0) =P(ry < oo,T]{, <7n)

)

| =

:]P)(TN<+OO, min  inf (|X7 — X7|+|X7 — XF| +|XF - X]|) <

4,5,k distinct t€[0,7n)

1
< ]P’( in  inf Rl < —)
s EN s Jroo’]:n\lfl\nzste[l(?m)Rt ~ 602

This last quantity tends to 0 as £ — oo thanks to the following Lemma, whence P(7y < c0) =0. O

Lemma 15. Let N > 3 and x € (0,87(N — 2)/(N — 1)]. Consider (Xti’N)te[o,rN),i:L...,N built
in the previous proof. For I C {1,...,N} with cardinality |I| > 2 and t € [0,7n), let X! =
7 e XN and RE =270, | XN — X]2. Forall I C {1,...,N} with |I| > 3,

P(7y <oo, inf Rl =0)=0.

te[0,7n)
Proof of Lemma 15. We divide the proof in several steps.

Step 1. Since the initial conditions (Xé’N)lgig ~ are independent and fy-distributed with
fo({z}) = 0 for all z € R? they are a.s. pairwise distinct and for all I C {1,...,N} with
|I| > 2, P(R} > 0) = 1. Also, by definition of 7x, we have a.s. Rf > 0 for all ¢ € [0,7y) and all
|I] > 3. For all |I| > 3 and t € [0, 7n), let

t
I 1 i, N v A
= | —= > (XN -Xx[)-dB.
ﬂt /O /—2RI ( s s) S

s el
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This process can easily be extended into a one-dimensional Brownian motion (8/):>0. In the
remaining of the step, we check that for t € [0, 7n),

x|L X i, o i j,
(20) dR{ =2y/RldB] + (1| — 1)(2 — 47l]\|])dt + 52 2 (XN = XD KN - XYt

We work on [0, 7y). Sarting from (4) and setting Bf = |[I|=* 3", Bi,
AP = XT) = V2d(B' = B)+ | SO KON = XPN) — 171 2]t

J#i
where Z{ =37, ., D itk K(XN — X7, Using the It6 formula, we thus find
. _ ) _ ) _ Il —1
dixPN — XH? =2v2(xPN — X!y (dBi — dB]) + 4' ||1| dt

+ 2PN D) [ RGN x| 2 ar

J#i
and thus
I _ i, N v ! i Nl
dR{ =v2) (x;"N = X[) - (dB} — dB[) + 2(|1| - 1)dt
el
YN = XD [ KGN - X - |1|-125}dt
iel j#i
We now observe that 3., (X{"™ — X[)- (dB} —dB}) = . ,c,(X;"™ — X]) -dB} = \/2R[dB} and

that ), (X} XN — Xzl =0, so that

AR} = 2[RI/ +2(|1| = )t + - > S (0N = X[) - KXY = XNt

ZEI Ve
To conclude the proof of (20), it suffices to note that 3=, ., ., X! KXY = x7N) =0 and that
iN iN Ny 1 iN i\N iN N (1] = 1)
S KRG N =L T (Y R -y = LD,
ijelj#i ijelj#i

Step 2: A key observation. We see in (20) that, up to the third-term in the right-hand side, the
process R evolves like the square of a Bessel process of dimension (|I| — 1)(2 — x|I|/(47N)). As
we will show in a few lines, the condition x € (0,87(N —2)/(N — 1)] implies that
(21) gnnN(n —1)(2 = xn/(4wN)) > 2.

Since by [32, page 442] a squared Bessel process of dimension § > 2 a.s. never reaches zero, we
expect that indeed, for any |I| > 3, R! a.s. never reaches zero.

To check (21), observe that ¢(x) = (z — 1)(2 — xz/(4wN)) is concave, so that we only have
to verify that ¢(3) > 2 and ¢(N) > 2. First, ¢(IN) > 2 is equivalent to our condition that
X < 87(N —2)/(N —1). Next, ¢(3) > 2 is equivalent to xy < 47N/3. Finally, it is not hard to
verify that, N > 3 being an integer, we always have 87(N —2)/(N — 1) < 47N/3.

Step 8. We now prove by backward induction that for all n = 3,..., N,

(22) VIc{l,... N} with |[I| = n, IP’(TN<OO inf Rf_o) 0.
te0,7n)
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We first observe that (22) is clear when n = N. Indeed, |I| = N implies that I = {1,..., N},
so that the third term in the right-hand side of (20) vanishes and (R} );c(0,-y) is a (true) squared
Bessel process with dimension (N —1)(2 - x/(47)) > 2 restricted to [0, 7). Hence inf(g ;) R{ > 0
a.s. on the event {7y < co}.

We now assume that (22) holds for some n € {4,..., N} and check that it also holds for n — 1.
We thus consider some fixed I C {1,..., N} with cardinality n — 1. We have to prove that a.s. on
{rn < oo}, infg ;) Rf > 0. For each j € {1,...,N}\ I, we introduce I; = I U {j}.

Step 8.1. We claim that for each j € {1,...,N}\ I, each (z1,...,2n) € (R®)N, setting
#l=n-1)""Y, gz and 30 =07t Y @,
i 2 71512 ~1)2
(2nf3)r]£1€1111|zk—z]—| ZTLZLH*SC” *3(nf1)2|zi—:c |

iel; il

We fix k € I and start from |zx — 251> = 3,/ |0 — 25* = 2oic i [20 — x;]* whence, since
Zie[,i;ﬁk |lzs — a5]* < 2(n — 2)|zg — x5 + QZiel,i;ék |z — 2k,
@2n = 3ok — ;P =D fwi—xiP =2 > | — @l
i€l i€l,iFtk
But one easily checks that 2maxger Y- e i [T — k]* < 32, pep [2i — x4]?, Whence
. 1 3
(2n —3) 1r1§1611;1|901€ — x> > Z lz; — 2]* — Z lz; — xp]? = 3 Z lz; — zp]? — 5 Z lz; — zx ]2
i€l i,kel i,kel; i,kel

The claim then follows from the facts that 3, o, [w; — zx|> = 203, [x; — 2'7[? and that
Zi,ke] |z, — 2k =2(n —1) Zie[ |z, — 21 |2

Step 3.2. We now fix a > 0 and b = a/3. Step 3.1 implies that when min;g¢; Rtlj > a and
RtI < b, we have
2an 6(n—1)b 2a

(23) min [ XN — X7N)? > - - ,
kel,j¢rl 2n — 3 2n — 3 2n —3

whence

» V2n—3
max K (XN - X)) < Y22

kel,jel = 2m/2a
Hence one may bound the third term in the right-hand side of (20) from below:
X N I i,N 7N
(24) 1{minj€1 Rfj >a,R}<b} N z; %:(Xt - X ) ) K(Xt - X{)
el j¢I

Von — , _
Z—X7H322|X;’N—Xt]|2—c /RtIa
27N 2a il jal

with ¢:= (N +1—n)xy/(2n —3)(n—1)/(2rN+/a). Let us now define the stopping time

oo =inf {t € [0,7n) : Hézl?R‘{J <a}
J
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with convention inf() = 75 and introduce the process (Rf’a)te[oym) defined by R/ = R! for
t € [0,0,) and, when o, < 7x, by being the unique solution, for ¢ € [0, Tn), to

U =R], +2 / Vrbagl 1 (r -1 (2 2y o,

The existence of a pathwise unique solution to this equation follows from [32, Theorem 3.5 p 390].
We deduce from (20) that this process satisfies, for all ¢ € [0, 7n),

Rt[’“:Ré+2/ VREdB! 1 (11| - 1(2- X")

N/ Locoy D D (XN = X]) - K(XPN — XPN)ds.

i€l j¢I

Step 3.3. Recall that @ > 0 and b = a/3 are fixed and that ¢ > 0 has been defined in Step 3.2.
The existence of a solution (R}**);>¢ such that P(¥t > 0, R""" € (0,b]) = 1 to the SDE reflected
at the level b

(25) BRI = READ+2 ! \/RIYdBI + (1] — 1)(2 - )t —c !\ /R ds — I
(Ls)s>0 is an adapted increasing process such that Lo =0 and fot (b— RMYdL, =0

will be checked in Step 4 using that |I| > 3. We take this for granted and show that a.s., for all
teo,7w), R > Rl

By [32, Lemma 3.3 p 389] with the choice p(u) = |u|, the local time at 0 of the continuous
semimartingale S; = R — R!"* vanishes. Indeed, it suffices that a.s., fg(p(Ss))_ld(S, S)s < 0

which follows from the fact that d(S,S), = 4(\/RI* — VV RE)2ds < 4|RLY — RI4|ds = 4p(S,)ds.

Hence, setting 2+ = max(x,0), one has, by Tanaka’s formula, for all ¢ € [0, Tx),
t
I.b I.a I,b I,a ) ,a
(B = Ry)" =(By" — Ry™)* + /0 Ligios groyd(Be” = RO,

Since Ry® — R = R A b — RE <0, we find

t t
(B{"—R")* < 2/0 g ey (VEE =V RE?) s} */ Lprospieydls

t
+/0 1{E§’b>R£’a}(_c Eﬁ’b 1{s<oa}ZZ (XON — X1y K(X0N Xg,N))dS_

i€l j¢I
Since L is an increasing process, the second term on the right-hand side is nonpositive. The third
term on the right-hand side is also nonpositive, because s < o, implies that R)¢ = RI  so that

Rl

RIY > R implies that R! < b, whence, using (24) and the definition of o, for all s € [0, 7x)
such that Eg’b > Rg"’,

X i > i i I,a ,
X1 ey 3 (XY = XD KXY~ X5Y) < o fRE = oy RE” < o[BI
i€l j¢I
We conclude that a.s., for all t € [0, 7n),

t
(26) (Ry" — R{™)* §2/ Liprospie) ( VRS =y Rg’a)dﬁsl-
0 s
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We next introduce M; := fot 1{s<rN,E£’b>R§va}(’ /Ei’b _ \/Rgﬁa)dﬂsf, which is a true martingale
(because the integrand is clearly bounded by V/b), which is a.s. nonnegative for all times by (26)
and which starts from 0: we classically conclude that a.s., M; vanishes for all ¢ > 0. Coming back
to (26), we deduce that (R;"® — Rl"™)* < 2M, = 0 a.s. for all ¢ € [0, 7y), which ends the step.

Step 3.4. We now conclude the induction. For any a > 0 and b = a/3, using that (RtI)te[O,aa) =
(Rf’a)te[oyga) and the definition of oy,

IP’(TN < oo, inf Rf = O) < IP(TN < 00,0, = TN, iInf Rf = 0) +P(TN < 00,0, < TN)
te[0,7n) te[0,7n)

— ]P>(7N < 00,0, = TN, inf RtI’a = 0) +]P’(TN < co,min inf Rtlj < a)
t€[0,7n) J¢I te[0,7n)

< IP’(TN < oo, inf Ef’b = O) —HED(TN < oo, min inf Rfj < a).
te[0,7n) J¢I te[0,7n)

Since the continuous process (Ef ’b)tzo does not reach 0, the first term in the right-hand side is 0.
We thus can let a tend to 0 to get

IED(TN < oo, inf R} = 0) < IP’(TN <oo,min inf RP = 0).
te[0,7n) J&I telo,7n)

This last quantity vanishes by our induction assumption.

Step 4. To conclude the proof, we still have to check the existence of a solution (Etl’b)tzo such
P(Vt > 0, RI"® € (0,b]) = 1 to (25). For £ > 1/b, according to Skorokhod [33], existence and
trajectorial uniqueness hold for the reflected (at b) stochastic differential equation with Lipschitz
drift and diffusion coefficients

RIM = REAb+2 [ o/e=0 v REM At + (1] = 1) (2= 35 )t — ¢ Jy /e v BRI ds — L
vt >0, B{" <
(L%)s>0 is an adapted increasing process such that L§ = 0 and fot(b — RIMH4Lt = 0.

Denoting by vy = inf{t > 0 : Etl’b’e < 1/¢}, we deduce from pathwise uniqueness that for ¢/ > ¢,

(E,f’b’el, Lf/)te[o,w] and (R, L{)ie(0,,) coincide and thus that £ — vy is a.s. increasing. Setting
Voo = SUPy_,., Ve, We easily deduce the existence of a solution (R, Li)teio,ve) to (25) satisfying
supte[o,l,x)ﬂf’b <band R’ > 0 for all t € [0,vs). More precisely, RI"* = RI" > 1/¢ for all ¢
and all ¢ € [0,14). It thus only remains to prove that v, = oo a.s.

By the Girsanov theorem, under the probability measure @Q defined by %|0(R6,(B§)se[o,ﬂ) =
exp(cB] /2 — c*t/8) (which is of course a true martingale), the process W; = 8! — ct/2 is a one-
dimensional Brownian motion. We introduce the equation, satisfied by (E{ ’b,Li) on the time-

interval [0, v), for a squared Bessel process (p¢, A¢)i>0 of dimension (|I] — 1)(2 — x|I|/(47N))
driven by W and reflected at the level b,

pr=RINb+2 [ /padW, + (1] - 1)(27 g_g)Ht
(27) VE>0, pp <b
(As)s>0 is an adapted increasing process s.t. Ag = 0 and f(f(b — ps)dAs = 0.

To check global existence for this equation, we set Ny = 0 and define, inductively on & > 0, p; to
be equal to
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e the squared Bessel process
1
Ry =1 O}ROAb+1{k>1}—+2/ VR AW, + |1|—1)( Z'J\L)(t n,)

on the time interval [, fx41] where 741 = inf{t > n, : Ry > 2b/3},
e the solution to the stochastic differential equation with Lipschitz coefficients

2b i b x|
R =242 —VRVAW, + (I| - 1)(2— 255 (-7 —Ab
=T ygvRar (e R e - AL

k41
Qk“] where n, | = inf{t > M1 : R <b/3}.

Since, under Q, the delays (fx+1 — 7k )k>1 are i.i.d. and positive, Q-a.s., 7 goes to co with &k by
the law of large numbers and p; is defined for t € [0, +00). It is easily checked that the process
(A)¢>0 defined by the first equality in (27) also satisfies the last one.

Reasoning like in the comparison between B¢ and R’ b performed in Step 3.3, we check that the
first component of any of two solutions to (27) is above the other one so that the first components
coincide.

We deduce that Etl’b and p; coincide for ¢ € [0, Vo). With the definition of v, and the continuity
of p, this implies that {vee <t} C {3s € [0,t] : ps = 0}. Since (p¢)r>0 always evolves as a squared
Bessel process of dimension (|I| — 1)(2 — x|I|/(47N)) > 2 under the level b/3, by [32, p 442],
Q(3s € [0,400) : ps = 0). For each t € [0,00), we deduce that 0 = P(3s € [0,t] : ps = 0) >
P(vso < t) by equivalence of P and Q on o (R, (8!)sejo,)- Letting t — oo, we conclude that
P(re < 00) = 0. O

reflected at b on the time interval 41,

5. POSITIVE PROBABILITY OF COLLISIONS

The goal of this section is to establish that in the V-particle system, pairs of particles do collide.
The main idea is that for e.g. I = {1,2}, up to the third term in the right-hand side of (20), the
process R! resembles a squared Bessel process with dimension (2 — y/(27N)) < 2, which a.s.
reaches 0 by [32, page 442].

Proof of Proposition 4. We thus consider any fixed N > 2, x > 0, fo € P(R?), to > 0 and any
solution (if it exists) (XZ’N)Z-Zl ,,,,, N,teo,to] 10 (4). We work by contradiction and assume that a.s.,
XBN £ X7 N for all s € [0,t0] and all i # j. Then the singularity of K is not visited and the particle
system (4) is classically strongly well-posed on [0,to]. Thus for f&N-a.e. (z!,....2") € (RN
there is a unique strong solution (XZ’N)Z-Zl ,,,,, N,te[o,to) tO (4) such that a.s., Xé’N = 2* for all 7 and
XEN £ XIN for all s € [0,t9] and all i # j. We fix for the rest of the proof an initial condition
(x',...,2N) € (R?)N enjoying these properties. All the processes below are defined on the finite
time interval [0, to].

Step 1. By construction, d = min;; [#°—7| > 0 and we may of course assume that d = 2! —2?|.
We introduce 7 := (2! +2?)/2 and note that minz<;<y |27 —Z| > v/3d/2. Fix 1/2 < a < b < /3/2
and consider the stopping time 7 = min{7, 72, 73}, where

2+ 1
r=inf {t 0t : [X]Y - X2V > ‘” a},
1

42

2

Tg:inf{te [0,t0] + [XPN + X2V — 27] >

7y — inf {t €0t min X7V 7| < bd},

EERER)
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with the convention that inf @ = to. We will use that a.s., for all ¢ € [0, 7],
min XN — XN > (b—a)d.
Indeed, consider e.g. the case i = 1 and j = 3, write | X"~ — XN > | X2V —z| — | XN — 7

and use that | X2V — z| > bd and that [ XN — z| < | XY — x2V)/2 4+ | XY + X2V —2z|/2 <
(2a+1)d/4 + (2a — 1)d/4 = ad.

Step 2. Cousider the exponential martingale defined on [0, ¢9] by
t/\T N N N
M, = ex [ E / 1 § KX - XNy 41, E K(XN — X0 ) B!
p \/— SN 4 {i<2} ) {i>3} )

4N2 Z/

This is indeed a true martingale, because K (X7 — X% is bounded by (27(b—a)d)~* on [0, 7] for
eachi=1,2and j =3,..., N, see Step 1. Hence P:.= My, - P is a probability measure equivalent
to P. In particular, it also holds that P-a.s., XN # X7V for all s € [0,o] and all i # j. The
Girsanov theorem tells us that, under IP’, the processes

)+1{l>3}ZKXJN X”V)’ ds|.
7j=1

tAT N 2
Wi = Bi + —X_ / (1{@} SORXEN — XIN) £ 1y YK (XEY - ngN))ds
\/§N 0 = =

are independent two-dimensional Brownian motions on [0, t5]. We next introduce

m [ oy Wi W
o T i

It is easily seen, computing brackets and using Karatzas and Shreve [20, Theorem 4.13 p 179],
that still under P, 3 is a one-dimensional Brownian motion on [0,%o], v, W3,..., W are two-
dimensional Brownian motions on [0, tg], and all these processes are independent.

Step 3. We have

and vy =

2 t
XN - xPN =t — 22 + V2B - B?) + WX / K(XDN — x2N)ds
0
TN / (K XIN _ XNy - K(X2N Xg’N))ds
7j=3
2 t
=zt — 2% + VoW - W?2) + WX / K(XMN — Xx2Nds
0

for all ¢t € [0,7]. By the It formula, Y; = | X" — X>™|2 /4 thus solves, still for ¢ € [0,7],

:—+2/ VYadB, + (2- 2 )t
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We also have, for all ¢ € [0, 7]

N t
XN 4 x2N =2z + V2(B! + B2) + Z/ (KXY = XPN) + K(X2Y — XI7) ) ds

J=3

2|><

=27 + \/i(th + Wt2)
=2T + 2’)/15,
and, for all ¢t € [0,7] and all i = 3,..., N (recall that K(0) = 0),

t N
XN =2t + V2B + % / S OK(XEN — xIN)ds
[

t N
i i, X N _ i N
=z' +V2W} + N/o JZ;K(XS X3NYds.

We introduce (Yt)te[o,to] the unique strong solution, see [32, Theorem 3.5 p 390], to

:_+2/ \/|7dﬂs (27—)15.

We clearly have (Y;)ie0,-) = (Y)te[oyf] We next consider the system
X v
i, N i i i, 7 o
XN = 2 V2w, +N/0 § K(XiN - X3N)ds, i=3,...,N,

which classically has a unique strong solution (Xti’N)i:&...,N,te[o,g) up to o = limy_ o inf{t €
0,t)] : ming<icjen | X7 — XPN| < 1/€} (convention : inf() = #y), which is a.s. positive
because the initial conditions 23, ..., 2" are pairwise different. Clearly, (XZ’N)izg VVVVV N te[0,rAe) =
(f(z"N)Z 3,..,N,te[0,7A0)- We conclude this step mentioning that the processes (ﬁ)te[o,to], (Ve )tefo,to]

and (X N)1737M7N7t6[070) are independent under P.
Step 4. For any sg € (0,10), we claim that
QI NQNQ C { min [ X - X2N| = 0},
»S0
where

o - (204 1) (20 —1)d
0 = Y, =0, Vo< — 2L — 4 Q= o < —
= i To = 0 oo < g 0= el < )

Q3 = {O’ >s9, min | XN -z > bd}.
s€1[0,s0],5>3

)

Indeed, on Qy, we have maxp s Y, < (2a+1)2d2 /16, whence, since | X" — X2 |2 = 4Y, on [0, 7],
max(y o1, [ X2V~ X2N| < (2a+1)d/2 and thus 7 > soAT. Since X;*V +X7" v = 2Z+2v; on [0, 7],
we deduce that on Qp, maxp soar [ X5V + X2V — 27| < Sup[o sonr] 217s| < (2a — 1)d/2, whence
T > so A 7. On €3, since 0 > s, we have (Xp™M)izs. N,t€[0,7Asg] = (XP™)izs. . N, t€[0,7As0]>
and thus minge(o sonr],j>3 | X3N — % > bd, so that 73 > so A 7. As a conclusion, T > sg A 7 and

thus 7 > so on €5 N Qs N Q3. We deduce that 2, N Qs N Qg C {T > 50, mingg,, Vs = 0} c
{min[0750] | XLN — X2N| = 0}, because V; = | XN — X2V 2/4 for all t € [0, 7).
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Step 5. Here we show that we can find so € (0,%) such that P(Q; N Qs N Q3) > 0. As seen at
the end of Step 3, the events 0, Qs and Q3 are independent (under IP’) It obviously holds true
that P(€2) > 0 (for any so > 0) and that P(23) > 0 if so > 0 is small enough because ¢ > 0 a.s.
and by continuity of the sample-paths (at time 0, we have min;>3 |)~(3’N — Z| = min;>3 |27 — Z| >
V/3d/2 > bd). Tt thus only remains to verify that P(€;) for all so € (0,t0). Since, by the comparison

principle stated in [32, Theorem 3.7 p 394], P(€2;) is non-decreasing with x, it is enough to check
that P(£21) > 0 for all sg € (0,t9) when x < 47N, which we now do.

It holds that Y is a squared Bessel process of dimension § := 2 — y/(27rN) started at y = d?/4
and restricted to the time-interval [0,%o]. We set z = (2a + 1)?d?/16 and observe that z > y. For
x > 0, we also introduce 7, = inf{t € [0,¢0] : Y; = x}. Then Q1 = {70 < so A7 }.

For x > 0, we denote by @, the law of the squared Bessel process of dimension § starting from
2 (on the whole time interval [0,00)), and by gs(z,u) the density of its marginal at time s > 0,
which is a positive function of u on (0,400) according to [32, Corollary 4.1 p441]. For all u # v,
we define 7, as the first passage time at u and 7,, as the first passage time at v after 7,. It holds
that P(1) = Q,(70 < so A 7.) and what we have to check is that Q, (79 < so A 72) > 0 for all
So € (0, to).

We first show that Q. (70 < t) > 0 for all ¢ > 0 and all > 0. Since § < 2, we know from [32,
page 442] that Q. (70 < oo) =1 for all z > 0. With the Markov property, we deduce that

+oo
1= Qulru € (/2.0 10/2) £ Quln <2+ [ Qutn < 4/2)( X sl )

n>0 n>1
Since, u > q;/2(x,u) is positive on (0, +00), this ensures the positivity of

+oo
Qa(10 <t/2) + 140, (ro<t/2)=0} Qu(To < t/2)qs2(x, u)du < Qu(1o < ).
0

Using the strong Markov property, that 0 < y < z and the monotonicity of t — Q, (1o < 1),

Qy('rz <719 < t) = Qy('rzy <719 < t) :/I{sz<t}Qy(7—0 < t75)|s:'rzdey < Qy('rzy < t)Qy(TO < t)'

By continuity of the sample-paths, lim,_,o Qy (72, < s) = 0 and we can find s; € (0,to) so that for
all so € (0, s1], Qy(T2y < s0) < 1. We conclude that for all so € (0, s1],

Qy(10 < 50 A7) = Qy(10 < s0) — Qy(T2 < 70 < 50) > (1= Qy(T2y < 50))Qy (70 < s0) > 0.
If now sg € [s1, to], we obviously have Q, (70 < soAT2) > Qy(70 < s1AT,) > 0. This ends the step.
Step 6. We deduce from Steps 4 and 5 that P(ming ;) [XY — X2N| = 0) > 0. But P and P
being equivalent, this implies that P(minjg ;) [ X" — X2¥| = 0) > 0, whence a contradiction. [J
6. TWO PARTICLES SYSTEM

In this section we consider the particle system (4) with N = 2. Assuming that (X}, X?)t>0
solves (4) with N = 2, we easily find that S; = X! + X? and D; = X! — X? solve two autonomous
equations, namely S; = Sy + 2B; and

t
(28) Dt = DO + 2Wt + X/ K(Ds)ds,
0
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with the two independent 2-dimensional Brownian motions B; = (B} + B?)/v/2 and W; = (B} —
B?)/v/2. The equation satisfied by (S;);>0 being trivial, only the study of (28) is interesting.
During the whole section, the initial condition Dy is only assumed to be a R?-random variable
indpendent of (W;);>o.

Remark 16. Theorem 5 ensures us existence for (28) when x < 4w and Dy is the difference of
two i.i.d. integrable random vectors. When x > 4w, the equation (28) has no global (in time)
solution in the usual sense. More precisely, assume that it has a global solution (Dy);>o. Then

T=inf{t >0 : D; =0} is a.s. finite and a.s., f:+h |K(Ds)lds = oo for all h > 0.

Proof. Let thus x > 47 and assume that there is a global solution (D;);>0 to (28). By a direct
application of the Ito6 formula, this implies that R; = |D;|*/4 solves R; = R + 2 fot VIRs|dBs +
(2 —x/(4m))t, where 5; = fg 1¢p. 201 |Ds| ' Dy - dW, —|—f0t 1{DS:0}dBS is a 1-dimensional Brownian
motion (here § is any one-dimensional Brownian motion independent of (Dy,W)). According
to [32, p 442] combined, when x > 8w, with the comparison theorem [32, Theorem 3.7 p 394],
7 =1inf{t >0 : R; = 0} is a.s. finite. By the strong Markov property (for the process R), the
comparison theorem [32, Theorem 3.7 p 394] and since x > 4w, (Rr4¢)i>0 can be bounded from
above by a squared 1-dimensional Bessel process starting from 0, process with the same law as
(18t]*)¢>0. For h > 0, by the occupation times formula [32, Corollary 1.6 p 224], foh |Bs|"tds =
Jzla|7*LEda. But L) > 0 as soon as h > 0 and we know from [32, Corollary 1.8 p 226] that
a — L§ is a.s. continuous, so that foh |Bs|~tds = oo for all h > 0 a.s. Thus 47 f:+h |K(Dys)|ds =

[T Ry Y2 ds = oo for all b > 0 ass. O

T

Hence (28) has no global solution for x > 47, while we expect that in some sense, the dynamics
it represents is meaningful at least for all y € (0,87). We thus would like to refomulate it, in such
a way that it is possible to build global solutions. More precisely, we would like to identify, for any
value of xy > 0, the limit, as € > 0, of the smoothed equation

t
0

where K. was defined in (8). The regularized drift coefficient K. being Lipschitz, existence and
trajectorial uniqueness hold for this SDE. We introduce the equation formally satisfied by Z; =
|D;|?D; for (Dy);>0 solution to (28):

t t
(30) Zi = 7o+ / o (Zs) AW, + / b(Zs)ds,
0 0

where o (2) = 2|z|~%/3(|2|> I +222*) and b(z) = (16 — 3x/(27))|z|~?/3z. Here and below, I, is the
identity matrix and z* is the transpose of z. Here is the main result of this section.

Theorem 17. Set Zy = |Dy|?Dy.

(i) If x € (0,87), (30) has a unique (in law) solution (Zi)i>o such a.s., [~ 1{z,—oydt = 0.
Moreover, if x € (0,47), (28) has a unique (in law) solution.

(i) If x > 8w, (30) has a pathwise unique solution frozen when it reaches 0 (and it a.s. reaches
0).

(i11) In any case, the solution (Df)i>o to (29) goes in law, as ¢ — 0, to (Dy)i>o0 defined by
D, = |Zt|’2/3Zt1{Zt¢0} and, when x € (0,4m), this process (Dy)i>o solves (28) .
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In point (i), uniqueness in law cannot hold true without restriction for (30): the time passed at
0 by the solution that we consider is Lebesgue-nul, while it is easy to build a solution by freezing
the process when it reaches 0.

The rest of the section is devoted to the proof of this theorem. The following lemma is more or
less standard.

Lemma 18. Let x > 0 be fized. For each ¢ € (0,1), we consider the unique solution (D5);>o to
(29) and we put Z{ = |D;|*Ds.

(i) The family {(Z§)i>0,€ € (0,1)} is tight in C([0,00), R?).

(ii) Any limit point (Zy)i>o is a weak solution to (30) and, setting Ry = |Z4|*//4, it holds that

(a) if x € (0,87), then (Ri)i>0 is a (2 — x/(4m))-dimensional squared Bessel process;

(b) if x > 8, then (Ri)i>0 is a (2 — x/(4m))-dimensional squared Bessel process frozen when it
reaches 0.

Proof. We divide the proof in several steps.
Step 1. Direct applications of the It6 formula show that

t t
7z = Zy +/ o(Z5)dWs +/ b-(Z5)ds,
0 0

where b.(z) = 16]2|72/32 — (3x/(27))(|2|?/? 4+ £?)~ 'z and that R{ := |D$|?/4 solves
t t XRE
R; = Ry +2 v/ Red5: 2———3_—_)d
¢ = fot /O 565+/0( 7r(€2+4R§)) "

where 3§ = fot 1{pe20y| DE| ' D5 -dW,. Since sup,~o(xr)/[27/r(* +4r)] = x/(87¢), the Girsanov
theorem ensures us that for all T' € (0, +-00), the law of (Rf)¢cjo,7] is equivalent to the law of the
restriction to the time interval [0, T of a 2-dimensional squared Bessel process starting from Ry. By
[32, p 442], we deduce that a.s., for allt > 0, R > 0. As a consequence (/55 )¢>0 is a one-dimensional
Brownian motion.

Step 2. By trajectorial uniqueness for (29), for M > 0, on the event {|Dy| < M}, the so-
lution starting from Dy coincides with the one starting from Dolyp,j<ary. Therefore, by both
implications in the Prokhorov theorem, to check that the family {(Z§);>0,e € (0,1)} is tight in
C([0, 00),R?) it is enough to do so when Dy is bounded. The tightness property then easily follows
from the Kolmogorov criterion, using that sup.¢ (g 1 [b<(2)| and |o(z)| both have at most affine
growth: one classically verifies successively that for all p > 2 and all 7" > 0 there is C'r , such that
for all e € (0,1), supyy ) E[|Z7|?] < Cr,p and E[|Z; — Z|?]] < O p|t — s|P/2 forall0 < s <t <T.

Step 3. Using martingale problems, that b and o are continuous and that b. converges (uni-
formly) to b, it is checked without difficulty that any limit point (Z;);>0 (as € — 0) of the family
{(Z§)1>0,€ > 0} is indead a (weak) solution to (30).

Step 4. Here we assume that x € (0,87) and we prove that (R$);>¢ goes in law to the squared
(2 — x/(4m))-dimensional Bessel process. We consider the (2 — x/(4))-dimensional Bessel process
(R¢)i>0 associated to (535)¢>0, that is Ry = Ro+2 fot VRsdBE+(2—x/(4m))t (its law does of course
not depend on ¢) and we prove that lim._,o E[supjo ) [Rf — R[] = 0 for all 7" > 0, which clearly
suffices.

Since f; 2 2~ dx = log(1/¢)/2, one may construct a family of C? nondecreasing convex func-
tions ¢, : [0,00) > [0, 00), indexed by ¢ € (0,1/2) such that ¢.(z) = 0 for x < £3/2, /(x) =1 for
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r>¢eand pl(z) < Clys/acy<ey/[rlog(l/e)] for some constant C' € (1,400) not depending on ¢.
Such functions are called Yamada functions in the literature. We then observe that R > R; for
all ¢ > 0 by the comparison theorem stated in [32, Theorem 3.7 p 394]. Computing Rf — R; and
applying the It6 formula, we obtain that

2

t t
g
@e (R — Ry) =2 /% (RS — Rs)(\/Rs — VR dﬁs+—/ CL(RS — Re) 555
e? + 4R¢
t
+2/ )(v/RE — \/Rs)?d

We next remark that

2 2 2
QL(RS — Ry) 35—

3 [3) g
R -R)s— <1, <
7w S el oy e -
and that

=[5

Re2e%%) 2 1 4(Rs — R,)

JWEE — VR < (R~ R)(RS—R) < —2

= Tog(1/2)’
whence (the constant C' may now change from line to line)

(31) 0o (RE—R,) < 2/ OL(RE — Ry)(V/RE — \/Ry)dBs + )i%/f” ¢

log(1/2)"
Taking expectations, we conclude that E[p. (R — R;)] < Ct/log(1/e). But since ¢.(x) < z <
() + €, we deduce that E[R; — R;] < e + Ct/log(1/¢). Coming back to (31), using the Doob
inequality and that 0 < ¢ < 1 and (\/R; —+/R;)? < RS — R, we conclude that E[supy, 7 ¢c (R§ —
Ry)] < CT/log(1/e) + C(eT + CT?/log(1/¢))*/? and, finally, that Efsupp, 7 (R — Rt)] < e+
CT/log(1/e) + C(eT + CT?/log(1/¢))'/2, from which the conclusion follows.

Step 5. Finally, we assume that x > 87 and we prove that (R ):>0 goes in law to the (2—x/(4m))-
dimensional squared Bessel process frozen when it reaches 0. We consider the frozen (2 — x/(4))-
dimensional squared Bessel process associated to (55):>0, that is Ry = Ro + 2 fot VRsdBE + (2 —
x/(4m))t for all ¢ € [0, 7], with 7 =inf{t >0 : Ry =0} and R, = 0 for all ¢ > 7. We will check
that for all a > 0, all T' > 0, lim.—,0 P(supjg 7} [12f — R¢| > «) = 0 and this will complete the proof.
We introduce 7, = inf{t >0 : R, < 1/k} and observe that 7 = sup;~; 7.

Step 5.1. For any a > 0, ¢t > 0 and k > 1, lim.—o P(supp 4nr,) [R5 — Rs| > «) = 0. Indeed,
using that R§ > R; for all ¢ > 0 by the comparison theorem [32, Theorem 3.7 p 394], that
R{—R; =2 fot(\/Rigf\/R_s)dﬂqu(x/éLW) fg[52/(52+432)]d5 forall t € [0, 7%], and that [/z—/y| <
EY2|z — y|/2 for all z,y > 1/k, it is easily checked, by the Doob inequality, that

t

]E[ sup (R —RS)Q} < Ck/ E[ sup (R: —Ru)ﬂds+054k:2t2,
[0,tAT) 0 [0,sATL)

whence E[supyg ., (R; — Rs)?] < Ce'k*t* exp(Ckt) by the Gronwall lemma.

Step 5.2. We write, for a > 0 and k > 1 fixed,

P([Sou%)](R — Ry) > a) SIP’([OﬁsTuAka](Rf —Ry) > a) + P(Tk <T,R; > 2/k)

+P(Tk <T,R; <2/k, sup Rf > a).

[73,T]
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For the last term, we used that sup(, p (R — R:) > « implies that sup(,, 71 Rf > « because
0 < R; < Rf. By Step 5.1, the two first terms tend to 0 as € — 0 (recall that R, = 1/k), whence

1irnsup]P’(sup(R§ —Ry) > a) < limsup]P’(T;c <T,R; <2/k, sup Rf > a).
e—0 [0,7] e—0 [75,T1]
Using the strong Markov property for the process R® as well as its monotony with respect to its

initial condition (by the comparison theorem), we deduce that

lim supIP’( sup(R; — Rt) > a) < lim supIP’( sup Rf/k’s > a),
e—0 [0,7] e—0 [0,7]

t t 2/k,e
Rk :2/k:+2/ \/Ri/k’adﬂ§+/ (2 L)ds
0 0

(62 +4]%Q/k s)
We introduce, for r € (0,1) and ¢ € (0,1/2), the solution (S;%);>¢ to S;*° = r +2 fg VISC1dBE +

2e? fot(€2 + 4]S™¢|)~1ds. Such a solution is pathwise unique by [32, Theorem 3.5 p 390] and
nonnegative by the comparison theorem [32, Theorem 3.7 p 394]. Again by the comparison theorem,

and since x > 8w, we find that a.s., Rf/k’g < Sf/k’a for all ¢ > 0. Hence

where

ke E[supjo, 7 Sf/k’s]
hmsupP(sup(R —Ry) > a) < hmsup]P’(supS > a) < limsup —————.
e—0 [0,7] e—=0 (0,17 e—0 @

We will verify in the next step that (if r € (0,1])

(32) E[;u% ST < CU+T)(r+1/10g(1/2))' 72,

so that limsup,_,o P(supy (R — Rt) > o) < C(1 + T)k='/2/a. Letting k tend to infinity, we
conclude that, as desired, limsup,_,q P(supp 7} (R; — Rt) > o) = 0.

Step 5.3. To show (32), we consider the Yamada function ¢, built in Step 4. By the Itd formula,

p=(S0°) = pe(r) + / PL(STE)V/STRdBE + / AC

Proceeding as in Step 4, we find that

c
T, < T,€ e €
(33) pe(S77) <r 42 / AL/ g + Y+

<r+ 7t+2/ L(S79)/ ST dB..
og(i/e). T2 J, 5

Taking expectations, we deduce that E[p.(S;°)] < r 4+ Ct/log(1/e), whence E[S;°] < r + ¢ +
Ct/log(1/e). Coming back to (33) and using the Doob inequality and that 0 < ¢. < 1, we
conclude that

2

2 ! r r
st +2/0 QDIE/(SS’E)SS’EdS

e cT T2 1/2 1 1/2
E E}ugwg(S )} r+ log(1/ )—l—C(rT—I—ET—i—Fg(l/E)) SC(1+T)(T+710g(1/5))

because r € (0,1]. Then (32) follows from the fact that x < e + - (z).

This allows us to conclude when x > 8.
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Proof of Theorem 17 when x > 8. The existence of a (weak) solution to (30) follows from Lemma
18, and the solution built there is frozen when it reaches 0. The pathwise uniqueness of such a
frozen solution follows from the Lipschitz continuity of coefficients o, b on R?\ {0} and can easily be
verified using the stopping times 7o = inf{t > 0 : |Z;| < 1/¢} and that 7 =inf{t >0 : |Z;| =0} =
sup,~; 7¢ (because t — Z; is a.s. continuous on [0, 00)). Using Lemma 18, we easily conclude that
(Z§)i>0 goes in law to this (Z;);>0. Since D§ = |Z5|~%/2Z§ and since the map z — |2[~2/321(, 4y
is continuous, we conclude that (Df);>0 goes in law, as ¢ = 0, to (|Z|"**Zi1{z, 20} )i>0- a

To conclude the proof when x € (0,87), the only issue is to check the the uniqueness in law of
the solution. We define hor(0) = 0 — 276/ (27)| € [0, 27).

Lemma 19. Consider 0 < so < to, a continuous function r : [0,00) — Ry satisfying that
rso = 1ty = 0 and r¢ > 0 for all t € (so,to) and f;o(rs)_lds = oo for all t € (so,to). There is
a law T'(so0,t0, (7s)se[so.to]) 0n C((s0,0),[0,2m)) (with the torus topology on [0,27)) such that for
any filtration (Hi)i>o in which we have a 1-dimensional (Hi)i>o-Brownian motion (y¢)i>0 and a
(Ht)i>o0-adapted process (Tt)ie(so,ty) With Ty = hox(Ty + fj(rs)_l/Qd%) for all so < u <t < tg,
(Tt)te(s0,t0) 15 independent of Hs, and is T'(so,to, (Ts)se]so,to] ) -distributed.

Proof of Lemma 19. Existence. Let ug € (so,tp) be chosen arbitrarily. We consider a Brownian
motion (v;)¢>0, independent of a random variable ©, uniformly distributed on [0, 27). We put T} =
hg,r(@—i-fio(rs)_lpd%) for all t € (sg,tp) (with f rs) "V 2dy, = — fuo (1)~ Y2dys when t < ug).
Then (T%)ie(so,t0) is clearly continuous for the torus topology and it holds that T3 = hog (T +
fi(rs)_lpd%) for all s9p < u <t < ty. Furthermore, for each fixed ¢t € (sg,tp), by independence
between © and -y, the conditional law of T} knowing (7,)s>0 is the uniform distribution on [0, 27),
which implies that 7} is independent of (7s)s>0. Finally, we have to verify that setting H, =
a((Ts), (Vs)sef0,)s (Vs)s>0 is a (H¢)e>o-Brownian motion. Let thus ¢ € (so,?) be fixed. We have
to verify that (s —7¢)s>¢ is independent of (T, 7s)se (5o, Since Ty = hox (T; — fst (14)~Y2dry,) for
all s € (s0,1], it holds that o((Ts,Vs)se(so,t]) = 0(Tt, (Vs)se(so.4)) and the conclusion easily follows
from the independence between T and (Vs)se[s,to]-

Uniqueness. We thus consider a filtration (#;);>0 in which we have a Brownian motion (y;);>0
and an adapted process (T%);c (s, t0) Satisfying Ty = hox (T, +fj(rs)_1/2d%) for all sg < u <t < tg.
We will show that for any fixed ug € (89, to), Tu, is uniformly distributed on [0, 27) and independent
of Hs, Vo((71)e=0). Since (Ty)ielso,to] 18 0(Tug, (Ve — Vso )te(so,t))-Measurable and since (7t )0 is a
(Ht)t>0-Brownian motion, we conclude that (T});e(s,.1,) is independent of H,,. Furthermore, the
process (Tt)te(s()’t()) clearly has the same law as the one built above.

For 0 < & < n < ug — sp, we have T,y = hor (Tsytc + fso":: )" 2dry, + fo+77 s)"/2dy,). By

assumption, the vector ( SO;;"( )"V 2dy,, f:}ln(rs) 1/2dr,) has independent components and is

independent of Hy, Vo (Ts,+c). Setting 0., = f;ojen(rs)’lds, we thus have, for any ¢ : R — [0, 00)
continuous and 27-periodic,

(34) Elp(Tuy) | Hso V 0(Tsgtes (75 — 'YSOJrn)SZSOJrn)]
—x2%/2

ug 27
= —1/2 6— -1
/R(JD(TS()-FE —|—/ (rs) ™/ dys + 087,7:13) Nors dx — (2m) /0 o(x)dx

so+mn
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a.s. as € — 0. This last convergence follows from the facts that lim._,o 0., = oo and that, setting
_ _ 2m x _
@(x) := p(x) — (2n)~" [;7 ¢(y)dy and ®(x) := [ @(y)dy, for all 6 € [0, 2),

e_zz/Q 1 27 1 27 o (y—(0-42k7) /)% /2
o0+ ox —dx——/ gazdz’:—’ / o(oy)e VY™ e d’
‘/R ( ) o G P > ; (0y) y

kEZ
1

27 /o
QW‘ > / ®(oy) x (y — (0 + 2kn) /a—)e—<y—<9+2k”>/0>2/2dy\
0

g kez

2 2
() / l2]e="/2d

a z€[0,2m

2427
= sup |p(z)]-
0 zel0,27)
We used an integration by parts, that ®(0) = ®(27) = 0 and that [®(y)| < 27 sup,e(g 2m) [9(2)]
for all y € [0, 27).

We deduce from (34) that T, is uniformly distributed on [0,27) and is independent of H, V
(s — Yso+n)s>so+n)- Since > 0 can be chosen arbitrarily small, we conclude that T, is
independent of Hs, V o ((7s — Vsp)s>s0) = Hso V 0((Vs)s>0) as desired. O

IN

Lemma 20. Assume that x € (0,87). There is uniqueness in law for (30) among solutions such
that a.s., fooo 1iz,—0ydt = 0.

Proof. As in the proof of Theorem 17 when x > 8, (30) admits a pathwise unique solution until
it reaches 0. All the difficulty is thus to prove the uniqueness in law of the solution started at
0. We thus consider, if it exists, a continuous solution (Z;):>o to (30) with Zy = 0, adapted
to some filtration (F;);>o in which (W;);>0 is a 2-dimensional Brownian motion, and such that
Jo° 1(z,—0ydt vanishes a.s.

Step 1. We define R; = |Z;|*/3/4 and B; = fot 1yz.201|Zs| 7  Zs - AW, which is clearly a 1-
dimensional (F;)¢>o-Brownian motion. Here we prove that

(35) R = Q/Ot VRadBs + (2 — x/(Am)t.
Starting from (30) (with Zy = 0) and using the It formula, we easily find that
12:)? = 12/t |Zs P13 dBs + (72 — 3x/7) / |Z,|" 2 ds.
For n > 0, using again It0’s formuloa, we find that i
(2 + 0 =0 4 [ VP2 )P ase+ 4=/ [ V290 s
— 16 /t |ZMO73(| Zs|? + m) =%/ 3ds.
0

Since fot 1yz.—0yds = 0 a.s. by assumption, the Lebesgue theorem ensures us that the sum of the
two last terms in the right-hand side converges a.s. to (8 — x/m)t as n — 0. The Itd isometry
ensures that the second term in the right-hand side converges in L? to 4 fot |Z,|'/3dB,. All in all,

we find that |Z;|?/® = 4f0t |Zs|*/3dBs 4 (8 — x/m)t. Dividing by 4 completes the proof of (35).
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Step 2. We consider, for each n > 0, a nondecreasing C2-function hy : [0, 00) = [0, 00) such that
Y(u) = 0 for all u € [0,7/2] and ¥ (u) =1 for all u > n. Observing that v, (R:)| 2| Zs = V,,(Z4)
where WU, (2) = 1, (|2?/3/4)|z| 72 is of class C? on R?, we easily obtain, starting from (30) and
applying the It6 formula,

Z t ZL.dW, 27, bz,
(36) l/Jn(Rt)m :/O wn(Ré)(QZj_ |Zé|7/3 - |Zé|5/3d8)+/0 m(w;;(Rs)dRs'i_Ql/]g(Rs)des)

where, for z € R? with respective coordinates z; and zo, 2z denotes the element of R2 with
respective coordinates —zo and 2.

Let v = [o 1z, 20y|Zs| 71225 - dW,. Since (B,7): = [o 1(z.20y|Zs| 2% - Z+ds = 0, the pro-
cess (v¢)i>o0 is a 1-dimensional (F;)¢>o-Brownian independent of (8;):>¢ and thus also of (Rs)s>0
(because (Rs)s>0 is 0(Ro, (8s)s>0)-measurable by pathwise uniqueness for the SDE it solves).

For any 0 < u < t, on the event {inf, 4 Rs > 0}, choosing € (0,inf}, 4 R;) in the difference
between (36) and the same equation with ¢ replaced by u, we obtain

zZ Zu L Zh dy, 27, Zu Lozl dy, Zs d
(37) 2= +/(25 SLE ds): +/( T 3).
Ze| NZul S N NZSZ6ME 2553 1Zu|  Ju MZs|VRs | Zs| 2Rs

Step 3. For s > 0 such that Rs > 0 we define T € [0,2) through the equality |Z;|~1Z; = e'Ts.
For s > 0 with R, = 0, we simply put T = 0. We used the natural identification between R? and
C : for 6 € R, we denote by €? (resp. ie'?) the 2-dimensional vector with coordinates cos@ and
sin@ (resp. —sin® and cos@). We claim that for all 0 < u < ¢, on the event {infy, 4 Rs > 0}, it

holds that Ty = hor (T + [R5 dns).

To check this claim, on the event {inf}, ;) Rs > 0}, we introduce 7, = Ty, + f;j R;1/2d%, for all

v € [u,t]. Since (7,)v>0 is independent of the event {inf}, ; Rs > 0}, we can apply the It6 formula:

for all v € [ua t]v 617—1} = SZTu + / (’L.eZTS L - 617—5 - )
U

VR, 2R,
Recalling (37) and using a uniqueness argument, we deduce that on the event {inf}, 4 Rs > 0},
|Zy| "1 Z, = e'Tv whence T, = har(T,) for all v € [u, ].

Step 4. Here we check that a.s., :Jrh R;1ds = oo for all t > 0 such that R, = 0 and all h > 0.

This follows from the fact that for all ' > 0, lim, 0 Sup;e (o7 [u(1Vlog(1/u))] " ?|\/Riyu—VR:i| =

V2 as., see Khoshnevisan [22, (2.1a) p 1299] and recall that (R,)s>o is a squared (2 — x/(47))-
dimensional Bessel process starting from 0 by Step 1, with 2 — x/(47) > 0.

Step 5. Here we verify that conditionally on (Rs)s>0, for any o((Rs)s>0)-measurable finite
family 0 < 51 < 11 < 89 <ty < --- < 8, < ¢y, such that for all k =1,...,n, Rs, = Ry, =0
and R, > 0 on (sg,1x), the variables {(T%)se(sy,t0):k = 1,...,n} are independent and for each
E=1,...,0, (Ts)se(sp,tn) 18 T'(Skstrs (Rs)se(sy ty))-distributed. The function I' was introduced in
Lemma 19.

Let (Z¢, gt)t>0 denote the canonical process on C([0, 00), R? x R) endowed with the conditional
law of (Z;,Vt)i>0 knowing (Ry)i>0. We define Ty € [0,27) by |Z¢|"'Z; = e'T* if Z; # 0 and
T; = 0 else. We introduce the filtration H; = o((Ts, 8s)se0,)- We claim that a.s., (g¢)¢>0 is a
(H+)e>o0-Brownian motion, because (;);>0 is independent of o((Rs)s>0) and is a Brownian motion
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in the filtration (F3)¢>0 to which (7});>0 is adapted: for all ¢ > 0, all bounded measurable @, ¥,
E[@ (s = 10)s20)¥ (2, To)scio)| (Re)so]
=E [ W((7: T2 )sefo.0)E | @((e4s = 10)s20)| T V 0((B)o20)] ()20

=K |:(I)((7t+s - %)sZO)}E[‘I’((%aTS)SG[Oyt]) (RS)SZO}‘

Fix now k € {1,...,n}. It a.s. holds that Ty = hor (T, + [ Ry /*dg) for all s, < u < t < t;

by Step 3 and that f:k R;'ds = oo for all t € (sg,tx) by Step 4. Applying Lemma 19, we find
that a.s., (Ts)se(s,,t,) 18 independent of H,, and is I'(sk, tr, (Rs)se(sy, 1) )-distributed. Using that
(Ts)se(sp,ty) i He,-measurable for each k& = 1,...,n, the independence easily follows.

Step 6. By Step 1, (Ry)i>0 is a (2 — x/(4m))-dimensional Bessel process starting from 0. By
Step 5, the conditional law of (T;1;g,-0})i>0 knowing (R;):>o is also determined: conditionally

on (Rs)s>o0, for any o((Rs)s>0)-measurable finite family {(sx,tx),k = 1,...,n} of excursions of
(RS)SZO; we know the law of (TS)SEUZ':l(Skﬂfk)' Since by construction Zt = (4Rt)3/2€iTt1{Rt7§0},
the law of (Z;):>0 is thus entirely characterized. O

Finally, we can give the

Proof of Theorem 17 when x € (0,87). First, the existence of a solution (Z;);>0 to (30) such that
a.s. fooo 1iz,—0ydt = 0 follows from Lemma 18: the solution (Zi)i>0 built there satisfies that
|Z:)?/3 /4 is a (2 — x/(47))-dimensional Bessel process, whence IS 1yz,—0pdt = 0 a.s. by [32, p
442]. The uniqueness in law of this solution has been checked in Lemma 20. The convergence of
(Z5)i>0 to (Zt)i>0 clearly follows from Lemma 18 and from this uniqueness in law. This implies
as in the case x > 87 that (Df);>0 goes in law to (|Z| 72321z, 40} )t>o0-

It remains to verify that when x € (0,47), Dy = |Z,|~2/3Z,1{ 7, 40} solves (28) and that unique-
ness in law holds true for (28).

For (Dy)i>0 a solution to (28), one easily checks by Ito’s formula that Z; = |D;|? D, solves (30)
and that |D;|? is a (2 — x/(47))-dimensional Bessel process, whence [, 1{z,—odt =0 a.s. by [32,
p 442]. The uniqueness in law for (28) then follows from Lemma 20.

For (Z;);>0 built above, by Itd’s formula, for n > 0,
(40 =072 = (2 + 0720 +2 [ LPPZE o,
w4 [ (VL 4 2P ZE ) 2,
0
+ /Ot <(16 = 3x/ @)\ Zs| 722 + )P+ (/7w — 48)| Zs [P (12 )P
+ 32| Z, |13 (1 2> + 77)‘7/3) Zds.
By the Ito isometry and the Lebesgue theorem and since a.s. fot 1{7,—0yds = 0, the second term
on the RHS tends to 2WW; in L? and the third term on the RHS tends to 0 in L2. Since |Z;|?/3/4

is a (2 — x/(4m))-dimensional squared Bessel process and 2 — x/(47) > 1, [32, Exercise 1.26 p 451]
ensures that a.s. fot |Z,|~'/3ds < co. Hence the Lebesgue theorem ensures us that the last term on
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the RHS converges a.s. to —(x/(27)) fg |Zs|=%/3Z,ds. We conclude that Dy = |Z,|"%3Z,1(7, 20}
solves Dy = Do + 2W; — (x/(27)) fot |Ds|~2Dgds, which completes the proof. O

7. ON THE SYSTEM WITH N > 3 PARTICLES

7.1. Classification of reflecting and sticky collisions. We have seen in the proof of Lemma
15-Step 2 that very roughly, the empirical variance of the positions of k particles in the system
with N particles resembles a squared Bessel process of dimension dn (k) = (k—1)(2—xk/(47N)).
Fix x > 0 and N > 3 and consider the regularized particle system (9), which is always well-posed.
We now describe formally the expected behavior of its limit as e — 0. According to [32, Page 442]
and the comparison theorem [32, Theorem 3.7 p 394], the following events should occur:

o if i (k) > 2, no collisions of subsystems of k particles,
o if 6 (k) € (0,2), (instantaneously) reflecting collisions of subsystems of k particles,
o if i (k) <0, sticky collisions of subsystems of k particles.

Let us now study the inequality dn (k) > 2. We have already seen in the proof of Lemma
15-Step 2 that when x € (0,87(N — 2)/(N — 1)], on (k) > 2 for all & € {3,...,N}. When
x € 8n(N —2)/(N —1),47N/3], dn(3) > 2 whereas dn(2) < 2 and oy, (V) < 2, hence
the two roots xﬁ,x =[1+ (87N)/x £ /(1 +87N/x)2 — 647N/x]/2 of the second order equation
onx(z) = 2 are such that z)y € (2,3] and ‘TRX € [3,N), so that dn(2) < 2, dn (k) > 2 for
ke{s,..., Lx}xj} and oy (k) < 2 for k € {Lx%xj +1,...,N}. Finally, one easily checks that
Ty anNy3 = 3 and x} AnN/3 = 4. By strict monotonicity of the map x — dn . (k), we conclude that
if x > 4wN/3, then on, (k) <2forall ke {2,...,N}.

Let us next study the inequality dn (k) < 0, which, for k£ € {2,..., N} is equivalent to k >
87N/x. Hence for x € (0,87), on(k) > 0 for all k € {2,..., N} whereas for x € [87,47N),
Ony(k)>0forall ke {2,...,[87N/x] — 1} and dn (k) <O for all k € {[87N/x],..., N} with
the two sets non empty. When x > 47N, dn (k) <0 for all k € {2,..., N}.

When N > 6, we end up with the following picture.

(a) If x € (0,87(N —2)/(N — 1)], the regularized particle system should tend to the particle
system (4) and the latter should have a unique (in law) solution. Indeed, it holds that dn (k) > 2
for all k¥ > 3 and that dn,,(2) € (0,2), so that only binary reflecting collisions occur. We have
already checked a tightness/consistency result in this spirit in Theorem 7. Only the uniqueness in
law remains open.

(b) If x € (87(N —2)/(N — 1), 8), the regularized particle system should tend to the particle
system (4) and the latter should also have a unique (in law) solution. One may check that ko :=
Lz}xj +1 e {N —1,N} (it suffices to verify that dn (N — 2) > On,s<(N —2) > 2). In this
situation, there should be binary reflecting collisions and also reflecting collisions of subsystems of
particles with cardinality in {ko, N}. To check the existence (and a fortiori uniqueness) of such
a process, one has to control the drift term during the collisions with reflection. In the present
paper, we are more or less able to contol the drift during a (reflecting) binary collision, but we
have not the least idea of what to do during a k-ary reflecting collision with & > 3.

(c) If x € [8m,47wN/3], the regularized particle system should tend to a particle system with
sticky collisions that we will describe more precisely in the next subsection. One can check that,
for ko := Lx%xj +1>4and k; := [87N/x] < N, we have kg € {k1 — 2,k — 1} (just verify that
On (k1 —3) > 6N (8TN/x —2) > 2). Thus, binary reflecting collisions, as well as k-ary reflecting
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collisions, for k € {ko, k1 — 1}, should occur, as well as sticky collisions of subsytem of k-particles,
for k € {k1,...,N}. Assume e.g. that kg = k; — 1. What might happen is that, at some time, kg
particles become close to each other, they may collide (with reflection) a few times, then another
particle is attracted in the zone, the kg + 1 = ki particles meet and then remain stuck forever.
Such a cluster will move with a very small diffusion coefficient and should collide later with other
particles (or clusters) in a sticky way. Of course, such a result would be very interesting but it
seems very difficult to prove, because to check the existence of such a process, one would have to
control the drift term during the collisions with reflection, as mentioned previously. The sticky
collisions should be easier to describe.

(d) If x € (4nN/3,47N), the same situation as previously should arise, except that there
should be k-ary reflecting collisions for all k € {2,...,[87N/x] — 1} and sticky k-ary collisions for
all k € {[87N/x],...,N}.

(e) If finally x > 47N, then there should be sticky k-ary collisions for all k£ € {2,..., N}.

When N = 5, we find the following dichotomy. If x € (0, 67], only binary reflecting collisions. If
X € (67,207/3], only reflecting collisions of subsystems of k € {2,5} particles. If x € (207/3, 87),
only reflecting collisions of subsystems of k € {2,3,4,5} particles. If x € [87,207), reflecting
collisions of subsystems of k € {2,...,[407/x] — 1} particles and sticky collisions of subsystems of
k € {[407/x],...,5} particles. If x > 20m, k-ary sticky collisions for all k € {2,...,5}.

When finally N € {3,4}, 87(N — 2)/(N — 1) = 47N/3 and the situation is as follows. If
X € (0,87(N —2)/(N—1)], only binary reflecting collisions. If x € (47N/3,87), reflecting collisions
of subsystems of k € {2,..., N} particles. If x € [8,4nN), k-ary reflecting collisions for k €
{2,...,]87™N/x] — 1} and k-ary sticky collisions of subsystems of k € {[87N/x],..., N} particles.
If x > 47N, k-ary sticky collisions for all k € {2,..., N}.

7.2. A particle system in the supercritical case. When x > 8, the following dynamics
should describe the limit of the regularized particle system as ¢ — 0. Particles are characterized

by their masses and their positions. Initially, we start with N particles with masses 14, ..., 14" all
equal to 1/N and with some given positions Xol’N, . ,XéV’N. If now at some time t > 0, we have
N; particles (N; will be a.s. nonincreasing) with masses v/}, ...,1"* (such that SN vi = 1), we
make the positions evolve according to

i,N 2 i al § iN JN )
(38) dxp" = NygdBt-i—X;ytK(Xt - XNyat, i=1,...,N;

until the next collision between at least two of these N; particles. If the sum S of the masses
of the particles involved in the collision is smaller than 87/, they should automatically separate
instantaneously and we carry on making evolve the system according to (38) (with the same values
for the masses and for N;) until the next collision. If now S exceeds 87/, the particles involved
in the collision are replaced by a single particle with mass S, the number of particles is decreased
accordingly, the particles are relabeled, and we make evolve the system according to (38) with
these new values for IV; and for the masses until the next collision.

By construction, the masses take values in {1/N,2/N, ..., N/N} and actually in {k/N : k=1
or 8t N/x < k < N}. A particle of mass k/N with k > 2 has to be seen as a cluster of k elementary
particles. The drift term is thus easily understood: a single elementary particle interacts with the
other ones proportionaly to 1/N, so that a cluster consisting of k elementary particles interacts
with the other ones proportionally to its mass k/N. The diffusion coefficients are also quite natural:
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a single particle being subjected to a Brownian excitation with coefficient v/2, a cluster with mass
k/N is excited by the mean of k Brownian motions with coefficient V2, that is, by a Brownian
motion with coefficient /2/k.

If N; > 2, setting for I C {1,..., N;} with cardinality |I| > 2, X/ = Yier Vt"Xti’N/ Yier vl
and R} = (N/2) Y., vi|X;™ — X]|?, a simple computation shows that, when neglecting the
interaction with particles with label outside I, R} behaves like a squared Bessel process of dimension
2011 = 1) = (XN/4A7) 325 ser.izg vivl < (|I| —1)[2 — Sx/(47)], which is nonpositive as soon as
S=>cr vi > 8m/x.

Let us mention that once a cluster is formed, its mass necessarily exceeds 87/x, so that any
collision involving a cluster will be sticky.

The existence of such a process is not clear. Sticky collisions should not be very hard to treat.
The main difficulty is to control reflecting collisions. As explained just above, reflecting collisions
only concern particles with masses 1/N, so that the classification given in Subsection 7.1 should
still be relevant. Thus we believe that the main difficulty is to build a (necessarily nontrivial) local
(in time) solution to (4) when x > 87 and starting from an initial condition where k particles have
the same initial positions, for some k € {2,..., [87N/x] — 1}.

7.3. Comments. Observe that this process is different of the one introduced by Haskovec and
Schmeiser in [10] where they consider a system of particles with different masses to approximate
the singular solution to the Keller-Segel equation. In fact, rather than considering like us the
limit ¢ — 0 of the regularized particle system (9), they first prove propagation of chaos as N —
oo for a fixed e > 0 in [11]. More precisely, they check that for fixed &k > 1, the density of
(x;Mf L XYY solving (9) (with another regularized kernel K.) converges as N — 0o to
Hle f£(z;) where (ff)i>0 solves the regularized Keller-Segel partial differential equation

O fi (x) + xdive (K x f7) (@) f7 (2)) = Aa f7 (2).

The limiting behaviour of (ff):>0 as € — 0 was studied in [4] and involves a defect measure. Then
Hagkovec and Schmeiser introduce in [10] a particle system associated with this limit, in which
there are heavy particles that occupy a positive proportion of the mass, interact with the other
particles, but do not undergo any Brownian excitation.
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