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The 3D Problem

O',t'j’j =0 on Q.

ai = Giu(xs)ely on Q.
ol ==+T% onw®.

€j = Ui ) on

ui=0 ondwx]—t/2,t/2]

» monoclinic C:
Capy3 = (333 =0
» symmetrically laminated plate

» symmetric transverse load

T+ =Be

2 =3
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\ C(x3): even
=°

= pure bending:

» u3 and 0,3 even / x3

> Uy, Oap and 033 odd / X3
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I
Building a plate model?

For typical width L let t — 0
» Solve a 2D problem
» “fair” 3D displacement localization

» “fair” 3D stress localization

K. Sab A. Lebée (Laboratoire Navier)




Some energy principles...
» Statically admissible fields:
SA® = {cru / 0cijj=0 and o (£3) +e,= %Q?’}
SAPO o p3 =0
» Kinematically admissible fields:
KA = {u; / u=00n0dwx]|-5 L[}
KAPO — kAP

» Orthogonality between KA®-0 and SA¥P0:

Vu € KAPO g ¢ SAPO, / o:e(u)d2=0
@ ./\ZaM,r

=] 5 = = £ DA
K. Sab A. Lebée (Laboratoire Navier)




Some energy principles...

» Potential energy:

+ -
D - D ug +us
u™ =argmin { W% (g(u)) — | P3————dw
N EEKASD{ (e(u)) /w 2 }
where W¥ = % [ e(u) : C : g(u)dQ
» Complementary energy:
1
a® = argmin {W*3D (q)} where  W*¥ = —/ g:S:gd)
geSAP 2 Ja ~
s=¢’
./\ZaM,r
=} =2 = E = DA
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I
The 2-energy principle

Vi € KAY, V& e SAP:

~

SR ) w0 e (5-47)

= Ww¥ <Q -C:¢ (Q)) provides an error estimate in terms of constitutive

W® (e(@)-5:6) =W (3-C:¢(a))

equation.

Prager and Synge (1947); Morgenstern (1959); Braess et al. (2010)

./\ZaMr
=] (=) = = £ DA
K. Sab A. Lebée (Laboratoire Navier)
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Natural scaling of the stress

0app+0a33=0 /X3
0q3 = — aag,ﬂdz
AP Oa3,a+0333=0 N —t)2
o33(£t/2) = £P3/2 3
033 = — 0a3,0dz — P3/2
oa3(£t/2) =0 t/2

OaB ™~ t° =  0q3 " tl, 033 ~ t?>  and P3 ~ £2

K. Sab A. Lebée (Laboratoire Navier)




From 3D equilibrium to 2D
Plate generalized stresses:

~ t2

Maﬁ (X17 X2) - <X3Ua,3>
Qa (x1,x2) = (0a3)

~ t2
2D equilibrium equations:

{ <0a3,a + J33,3> =0
(x3(0ap,s +0a33)) =0

Boussinesq (1871); Mindlin (1951)...

K. Sab A. Lebée (Laboratoire Navier)

<.>_/_£.d><3

{Qa,a+P3=0
=

Maﬁ,ﬁ —Qa=0




“Kirchhoff’'s assumption”

At leading order in t:
€ap = x3Kag where Ko = —Uz s
{ 03~ 0+ O(t!) plane stress
£33 # O

In-plane stress:
Oap = Caﬁ'ytsgé’Y = X3 Caﬁ'yéKé’Y

Cap33Cs3ys .

Where CQB’76 - COCB’Y§ - Cs333

O X =
[N SAN
-

N‘\OO
AN
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NN et kplapndee) $Z00909000000
The Kirchhoff-Love plate problem

Bending constitutive equation:

Mag = (x3008) = (x5 Cg5) Ksy = —DagrsUs.sy
t3
D=L c-
R 12 ~

Statically admissible fields:
SAKL {Mo5/ Mg a5 + P3 = 0}
Kinematically compatible fields:

KAKL . {U3/U3 =0 and Uz, =0 on Jw,n outer normal to w}

always “hard support”: Us =0 on 0w = Uz, = 0 on Ow /\&l’M«?’

K. Sab A. Lebée (Laboratoire Navier)



© Theemseoffomogeneowsand owopicplates
Building SA® fields

6’a/3 =x3C ﬁ'yédts’YECMCE = _t3 Maﬂ ~ 0
’ / e 3 (125 m f
o = — o, Iz = — = ~
* ijp PP 2t g2 ) ebs
s 3x3 4x2
o — _ dz — P:/2 =2 3 P ~ t2
033 /—t/2 Oa3,adz — P3/ oy ( 3t2) 3

& §=8"(x): M+8%s)- (M- V) +5"(x)P3

~ ~ ~ ~ ~

o 3D
g€ SA _e’r

= = E z 9ace
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Building KA® fields

Strains
(0 = x3dapysMys = 5087505y + Sas33033
R 3 4x2 .
e={ %3 = (1 - t—f) Mags = 25035303
R 12vx3 .
3 _FMaa = 53308008 + 53333033

K. Sab A. Lebée (Laboratoire Navier)




© Theemseoffomogeneowsand owopicplates
Building KA® fields

Integration

X3
X . M
03 = / €33(2)dz + Us = u3ap(xs)Mpa + Us

~tl ~tt

v [12x3
where: ugf’xﬂ(xg =55 ( t23 - 1) dap and <U§71,8(X3)> =0

K. Sab A. Lebée (Laboratoire Navier)




© Theemseoffomogeneowsand owopicplates
Building KA® fields

Integration

X3
. A M
i3 = / €33(2)dz + Us = u3ap(xs)Mpa + Us

~tl ~t—1

X3
6, — / 203(2) — B3.0dz = nM2Y (xs)Ms, 5 — x3Us
—_— ——

~F2 ~t0

where:
Mev X3 4x3 4x3
U, 35 (X3)M5,y,3 = T 6(1+v)(1-— 32 Maﬁ,ﬁ +v(l- 7 Mﬁﬁ,a

and (w5 () = 0 Nadier

K. Sab A. Lebée (Laboratoire Navier)




Building KA® fields

Integration

X3
. A M
i3 = / €33(2)dz + Us = u3ap(xs)Mpa + Us

~tl ~t=l

X3
Uug = / 2€a3(2) — 037adz = MOAC/IB@,)X(X3)M5%/3 — X3 U3’a
—_— —

~F2 ~t0

\
1>

= Use, — xsUsqe, + ushs(x3)Maae, + UQM%E(XQMMJR@Q

with:

2>
I
)

(@)

= =) E E E 9ace
K. Sab A. Lebée (Laboratoire Navier)




NN et kplapndee) $Z00909000000
Application of the Two-Energy principle

Consider U3KL and MKL the solution of the Kirchhoff-Love plate problem
and define:

~

gt = 5"(x) : MK+ 500) - (MR- W) + 57 (x5) Py

KL
U e —X3U3a_ +1u30¢[‘3(x3)M,Bae +Uaﬁ75(x3)M5%5ga

We have:
S 0
g(l_lKL) _ g . g_K _ $3 P 333 0 ~ t2
0 0 Sss33
.AZaM,r
] = = = = DA
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NN et kplapndee) $Z00909000000
Application of the Two-Energy principle

e(u) - §:

~

oKl w2 =~ WP (E(LIKL) -s: Q.KL) ~ 5
Would lead to a relative error in t2...

gl e SAY  but ukt ¢ KAP

At best: relative error in t1/2...

Braess et al. (2010) among many others!

K. Sab A. Lebée (Laboratoire Navier)




~ Thecmeofbomogeneowsandisoopicplates
Reissner’s original plate model (1945)

min of W*3P

Let us consider:

with

SARM = {(M,Q) / Qua+P3=0 and Muss—Qu=0 on w}

WD (q3D> < min W (&) < WP <Q,KL)
(M, @)eSARM

is a better approximation of W*¥ (g) ’_’

u]
L)

I

ul
it
N
P
o)
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© Theeseofhomogeneowsandisotropicplates
Reissner's original plate model (1945)

Dualization

{ Qa,a+P3:O x Uz { Qa < Yo :Qpa+U3,a
=
Mo s — Qo =0 Xpq Mog < Xag = P(a,8)

KARM — [(Us, 00) / Us =0 and ¢, =0 on dw}

K. Sab A. Lebée (Laboratoire Navier)




~ Thecmeofbomogeneowsandisoopicplates
Reissner’s original plate model (1945)

Constitutive equation

dw

1
N -
T
X R
()]
N O
o1
Q
14=9
o
DR

The contribution of P3 is almost always dropped in the literature .AZaA'/er

5 =

it
N
P
o)
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Field Localization

Following the same procedure leads to:

6=5"(3): M+s"(x3) i MoV +s"(x3) i MaV?+ 5" (x3)P;3
o ~t?

1>
Il

&

[s.)

M R
3 X3 U3701§a + T‘u3aﬁ(x3)MﬁOt§3 + ua,B’y(S(X:)))M(S’y,,Bga

where R=MeV and T = RoV

. Kirchhoff-Love error estimates still hold.

u]
L)

I
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N
P
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BN $
Building SA® fields

Oap = X3 Cgﬁvédﬁﬁ( Mcﬁ = $0A1/1876(X3)M5'y
X3 R
Gaz =— / ) Tap,pd2 = 843475 (x3) Moy 8
—t/2
X3 T P
033 = —/ /2 0a3,0dz = P3/2 = $33,5,5(X3) My 50 + $33(x3) P3
—t
M’er
=] =2 = E = DA

K. Sab A. Lebée (Laboratoire Navier)




The Bending-Gradient constitutive equation

Extending Reissner’s approach?:

=5"(x3) : M+5%(x3) i R+ 8 ()T + 5206)P5

Q

Let us define:

=~

with: -V = 0+ O(t!) only.
WE (M.R) =W (6%) = [ (M:d: M+ R:f:R) d

K. Sab A. Lebée (Laboratoire Navier)



BN $
The Bending-Gradient theory for thick plates

» Equilibrium equations:

BG: aBy aByy RM: e} apf,f
{ Raﬁ/j’@ + P3 =0 Qu,(,v + P3 =0
» Mechanical meaning of R

Q1 = Riunn + Rizz2 = Mg + Mia»

o = Ra =
Q pe { Q2 = Ria1 + Rooo = Mo11 + Moo 2

K. Sab A. Lebée (Laboratoire Navier)




BN $
The Bending-Gradient theory for thick plates

» Equilibrium equations:

BG: RO‘B’Y = MO‘BW X q)Oé,g’Y RM: Qa — M{}gﬁ,f)’ X Qo
. Raﬁﬁva_‘_P?’:O ><lJ3 . Qu,(,y+P3:0 XU3

K. Sab A. Lebée (Laboratoire Navier)




BN $
The Bending-Gradient theory for thick plates

» Equilibrium equations:

BG: Ra,B’y = Ma,@,’y X q)a,B'y RM: Qo = Mag,s X Pa
. R"ﬁ/j’va +P3=0 XxUs . Qu,(v +P3=0 xU;

Equilibrium Work of internal forces Work on Boundary
BC. Roéﬁ,y = Maﬁ;y Maﬁq)aﬁe,e + Mﬂéﬁq)aﬁvn’Y +
Rappa+P3=0  Rapy (Pasy + lapreUs.c) RappnaUs
RM: Qo = Maﬁ,ﬁ Mag Pla,8) T M&i’nﬁ@a +
. Q(yf(,y + P3 =0 Q(y (QZW + U&,(y) Q(x Ne U3
lagys = % (8a~r035 + 6a563+) identity for in-plane elasticity wr
=] =2 = E £ DA

K. Sab A. Lebée (Laboratoire Navier)




BN $
The Bending-Gradient theory for thick plates

» Equilibrium equations:

BG: Ropy = Mag 4 X ®ogy RM: Qo = Mag s X QPq
. Raﬂ/j”a + P3 = O X U3 . Qu,(y, + ID3 — 0 X U3

Equilibrium Work of internal forces Work on Boundary
BG: { Rapy = Map Map®Pape,e + Map®apyny +
Ra,BB,a + P3 =0 Rocﬁ’y (cbaﬂ'y + laﬁve U3,e) Ra,BBna U3
RM: Qa — M(\';S,H Maﬁ Krj(zu.d) + Ma;ﬁ ngPa +
) er,(y + P3 =0 Q(v (9:(\ + U&u) er Ny U3

When the plate is homogeneous, BG is exactly turned into RM
Nadier

(loss of invertibility of f)
O &> «Z>» «2» T DA

K. Sab A. Lebée (Laboratoire Navier)



BN $
The Bending-Gradient theory for thick plates

» Equilibrium equations:

BG: Ra,B’y = Ma,@,’y X q)a,B'y RM: Qo = Mag,s X Pa
. R"ﬁ/j’va +P3=0 XxUs . Qu,(v +P3=0 xU;

Equilibrium Work of internal forces Work on Boundary
BG: { Ragy = Magp 4 Mas®ape.e + Mas®apy 1y +
Ra,BB,a + P3 =0 Raﬁ’y (cbaﬂ'y + laﬁve U3,e) Ra,BBna U3
RM: Qa — M(\';S,ﬁ Maﬁ P(e,B) =+ Ma;ﬁ nga +
) Q(yf(,y + P3 =0 Q(y (QZW + U&,(y) Q(x Ny U3
Low order interpolation for Us and ®! ”
er

=} =2 = E = DA

K. Sab A. Lebée (Laboratoire Navier)




Local Fields reconstruction

Once the plate problem is solved (U, ®5¢, M5B, RBC known), we
suggest the following field reconstruction:

~

» g8 =3M(x3) : M+8%(xs) : R+387(x3) i ReV + 87 (x3) Ps

» ube = Use; —x3Usq€, + U%ﬁ(&)MBa% + Mgﬁv5(x3)R575ga

u]
L)

I

ul
it
N
P
o)

K. Sab A. Lebée (Laboratoire Navier)




Contents

The case of homogeneous and isotropic plates
The case of laminated plates
I Applications
Cylindrical bending of laminates
Extension to periodic plates
The case of cellular sandwich panels
Why all periodic plates are not “Reissner” like...

K. Sab A. Lebée (Laboratoire Navier)



Contents

The case of homogeneous and isotropic plates
The case of laminated plates

Applications
Cylindrical bending of laminates

Extension to periodic plates
The case of cellular sandwich panels
Why all periodic plates are not “Reissner” like...

K. Sab A. Lebée (Laboratoire Navier)




Pagano’s boundary value problem (Pagano, 1969)

CFRP layers with different orientiations:

Invariant in x»-Direction, “periodic” in xi-Direction

= No boundary layer! wr

K. Sab A. Lebée (Laboratoire Navier)
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Practical Localization...

Kirchhoff-Love
- g — M () s MK 1 59 (MET 4 5P
= Ufte, —x3Ufhe +ull s(a)MAle, + 2y ()Mt se

Bending-Gradient
56 = M(x3) : M +5R(x3) i R+ 8T Lo REV + sP0)Ps

> o =8
~ N ~ =

—x3Usne +ull 5(x3)Msae, + ufly s(x3)Rsyse,

.AZaM,r

> uf® = Use,

ul

it
N
P
o)
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R incical bending of laminates
Stress distributions for a [30°, —30°, 30°] stack

1 [ s T =
! ] B8G
‘Pagano

10 —10 -5 0 5 10

—10 —5 0 5 10
ton(a/2,b/2,x3)/(psA*)

0l oSG S KL ] 0AE SNy b KL (00 M C S, SO S|
' ; ip oo BG i ; i o= BG 7| e BG: i
G—8 :Pagano G—8 :Pagano
o 0.2 b 0.2t g
AT SO S I ) o . U RYI
S S 1. A N N R R S (! B G S -

i e T & s s s I e s s

0.0 0.5 1.0 1.5 2.0 0.0 0.5 1.0 1.5 2.0 -04 —-02 00 02 04 /
to13(0,b/2,23)/ (ps)) tos(a/2,0,23)/(ps)) o33(a/2,b/2,3) /ps o
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R incical bending of laminates
Stress distributions for a [30°, —30°, 30°] stack

a3/t

a3/t

ton(a/2,b/2,x3)/(psA*)

1 o4 K
‘BG
{Pagano
1 02 L]
1 00po —
1 —02p TR
{ —04f i 1
50 5 1 0 -10

04l S TSR] 0.4 F-Nop e KL J 0.4
' : oo BG ’ oo BG :
G—8 :Pagano G—8 :Pagano

02} b 02 b d 02

0.0F L (] SRS S— Lit=1301 g
0.2 1 —02fR | D) B R
I _ _ 1 —04f A4 {04

0.0 0.5 1.0 1.5 2.0 0.0 0.5 1.0 1.5 2.0 —-04 02 00 02 04

to13(0,b/2,23)/ (ps))
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R incical bending of laminates
Stress distributions for a [30°, —30°, 30°] stack

(64
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R incical bending of laminates
Stress distributions for a [30°, —30°, 30°] stack
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R incical bending of laminates
Stress distributions for a [30°, —30°, 30°] stack

(64
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R incical bending of laminates
Stress distributions for a [30°, —30°, 30°] stack

(64
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R incical bending of laminates
Stress distributions for a [30°, —30°, 30°] stack
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R incical bending of laminates
Stress distributions for a [30°, —30°, 30°] stack
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R incical bending of laminates
Displacement distributions for a [45°, —45°]%, 45° stack
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Convergence for a [30°, —30°, 30°] stack
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A(o) rate: KL ~ t and BG ~ t2

A(Us) rate: KL ~ t2 and BG ~ t2 ’_’
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Extension to periodic plates

> Unit-cell and average estimates
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Extension to periodic plates

> Unit-cell and average estimates

> Bending auxiliary problem (Caillerie, 1984)
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Localization u® g¥ related to the curvature K
Bending stiffness: D

~1
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Extension to periodic plates

> Unit-cell and average estimates

> Bending auxiliary problem (Caillerie, 1984)

> Shear auxiliary problem

g®-v+g'(y)=0
F=C (J_/) (§e’u" + Vouf)

= 0 on free faces d Y5
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Localization u”® and gR related to R
Shear compliance tensor: f
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Justification of the Sandwich Theory

» Divide in 3 layers
(homogeneous skins and heterogeneous core)
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o Aepliations | The caseof celllar sandwich panels
Justification of the Sandwich Theory

» Divide in 3 layers
(homogeneous skins and heterogeneous core)
» Bending auxiliary problem

» Contrast assumption < tr < ts: G
— ts/tr Contrast ratio
= Skins under traction/compression
= Core not involved in Bending stiffness
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Justification of the Sandwich Theory

» Divide in 3 layers

(homogeneous skins and heterogeneous core)
» Bending auxiliary problem £ q <f(Q)>
» Shear auxiliary problem =j —

> [R becomes f(Q) + Direct homogenization scheme
» The BG is degenerated into RM model ,
> f(Q) confirms the classical intuition , >
> Proof of the bounds from Kelsey et al. (1958) /
£@
(1), L

-

Lebée and Sab (2012a)
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Application to the chevron pattern




Application to the chevron pattern

Bending:
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Application to the chevron pattern

Shear forces
localization g (@)

» Overall shearing
of the core
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Application to the chevron pattern

Shear forces
localization g (@)

» Overall shearing
of the core

» OQut-of-plane
skins distorsion
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Application to the chevron pattern

Shear forces

e Kelsey —

localization (@) Keloeyt
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Homogenizing an orthogonal beam lattice?

. .

Thick-plate model (macro) —|— 2 St-Venant Beams (micro)

Localization T ""B""T -
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T
./\ZaM,r
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Field localization

K. Sab A. Lebée (Laboratoire Navier)

Bending moment (r(M), m(M):

Apply M "on average” on the unit-cell (Caillerie, 1984)

1(M) _2,(M) _ ¢

—bM12 leZ
1m(M) = bMy1 and 2m(M) = bM»»
0 1 0 2




Field localization

Bending moment (r(M), m(M):

Apply M "on average” on the unit-cell (Caillerie, 1984)

Bending gradient ([(R), m(R)):

Assume Myg = RagyXy (Lebée and Sab, 2013a)
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Field localization

K. Sab A. Lebée (Laboratoire Navier)

Bending moment (r(M), m(M):

Apply M "on average” on the unit-cell (Caillerie, 1984)

Bending gradient ([(R), m(R)):

Assume Myg = Rag~Xy (Lebée and Sab, 2013a)
Reissner-Mindlin (I_’(Q), rp(Q)):

Assume cylindrical bending (whitney, 1969; Cecchi and Sab, 2007)

Q= R, @ = Rx2, Ri21=Ri2=Ro=R2=0

0 0
1L(Q) = 0 and 1m(Q) =
bQi / 1
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S Aeplcations | Whyal periodic plates are rot "Refssner” fke.
Application: lattice rotated 45° and cylindrical bending

?3} =-po si{l(ﬁfl)t}/@/*'

{} » Exact solution

» Plate solution 4 Localization
(RM and BG)
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S Aeplcations | Whyal periodic plates are rot "Refssner” fke.
Application: lattice rotated 45° and cylindrical bending

p, = —posin(k)e

i} » Exact solution

» Plate solution 4 Localization

(RM and BG)
0
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-0.05
g
E glg 0.1
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