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Abstract This paper is concerned with the large-time be-

haviour of shape-memory alloys structures when they are

submitted to a given loading history. Extending the approach

introduced by Koiter in plasticity, we state sufficient condi-

tions for the energy dissipation to remain bounded in time,

independently on the initial state. Such a behavior is clas-

sically referred to as shakedown and is associated with the

idea that the evolution becomes elastic in the large-time limit.

The study of a particular example shows that the large-time

behaviour of shape-memory alloys structures exhibit some

complex features which are not found in standard plasticity.

Keywords Shape-memory alloys · Shakedown · Sirect

methods · Non-smooth mechanics

1 Introduction

This paper is concerned with the long-time behaviour of

inelastic structures under prescribed loading histories. For

elastic perfectly plastic structures, a fundamental result is

the Melan’s theorem [14,11] which gives a sufficient condi-

tion for the energy dissipation to remain bounded with re-

spect to time. That last situation is classically referred to

as shakedown, and is associated with the intuitive idea that

structure behaves elastically for time t sufficiently large, i.e.

that the plastic strain tends to a limit as t → ∞. Melan’s the-

orem has the distinctive property of being path-independent,

i.e. independent on the initial state of the structure. Regard-

ing fatigue design, shakedown corresponds to the most bene-

ficial regime of high-cycle fatigue, as opposed to the regime
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of low-cycle fatigue which typically occurs if the plastic

strain does not converge towards a stabilized value [4].

In the particular case of cyclic loadings, it it also known

[9,28] that the stress response σ(t) converges towards a cyclic

response σ∞(t) as t −→ +∞. Similarly, the rate of plas-

tic strain α̇(t) converges towards a cyclic response α̇∞(t).

Moreover, both σ∞(t) and α̇∞(t) have the same time pe-

riod T as the applied loading. The plastic strain α(t) does

not necessarily converge towards a cyclic response, since
∫ T

0 α̇∞(t)dt may be different from 0. That situation is refered

to as ratchetting and implies the collapse of the structure

through the accumulation of plastic strain. In the case where
∫ T

0 α̇∞(t)dt = 0, one classically distinguishes between the

cases of shakedown (α̇∞ = 0) and alternating plasticity (α̇∞ 6=

0). In that last case, the plastic strain α(t) converges towards

a cyclic but non constant response α∞(t). A crucial prop-

erty of elastic perfectly plastic structures is that the asymp-

totic rate of plastic strains α̇∞ is unique. This implies that

the asymptotic regime (shakedown, alternating plasticity, or

ratchetting) is path-independent. That property has fostered

the development of direct methods aiming at determining

the asymptotic regime for a given cyclic loading, without

using a step-by-step incremental analysis [29,1,21,22,13,

25,27,24].

All the results mentioned so far apply to elastic per-

fectly plastic structures, and can be directly extended to the

C−class of generalized standard materials [10]. Several at-

tempts have been made to extend Melan’s theorem to vari-

ous types of nonlinear behaviour (see [23] for an extensive

review). However, as discussed in detail in [23], some of

the extensions proposed in the literature lead to non path-

independent results which are therefore of little practical

use. This is notably the case for shape memory alloys: shake-

down of shape-memory alloys structures has been studied in

[5], but the shakedown theorem obtained by those authors

has latter been recognized in [23] not to be path-independent.
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The peculiar properties of Shape Memory Alloys (SMAs)

- such as the superelastic behaviour or the shape memory ef-

fect - are the result of a solid/solid phase transformation be-

tween different crystallographic structures (known as austen-

ite and martensite). That phase transformation takes place at

the microscopic level and is driven both by thermal and me-

chanical loading. Much effort has been devoted to develop-

ing constitutive laws for describing the behaviour of SMAs.

The phase transformation is typically described by an inter-

nal variable α which - depending on the complexity of the

material model - may be scalar or vectorial. A fundamental

observation is that the internal variable α must comply with

some a priori inequalities that result from the mass conserva-

tion in the phase transformation process. As a consequence,

the internal variable α is constrained to take values in a set

K that is not a vectorial space. The presence of such con-

straints constitutes a crucial difference with plasticity mod-

els, and calls for special attention when the structural evolu-

tion problem is considered. This last point has been noted in

[7] in the context of numerical methods for simulating SMA

structures: apart from few exceptions [7,16,20,19], most ex-

isting numerical methods handle the constraints in an ad hoc

fashion, and do not rely on a consistent formulation of the

time continuous evolution problem. It has to be observed,

however, that mathematically consistent models of evolu-

tion problems in shape-memory alloys have been proposed

[6,12]. One possible approach is to resort to the so-called

”non-smooth mechanics” framework (see [6] and references

therein), which is not restricted to shape-memory alloys and

actually applies in the general situation where constraints

are physically imposed on the state variables or their time-

derivative.

Shakedown theorems in non-smooth mechanics have been

recently proposed in [18]. In this paper, we give a direct

and self-contained proof of a shakedown theorem for SMA

structures. That theorem is used in Sec. 4,5 to study a three-

bar truss originally considered in [5]. The results in [5] showed

that phase-transformation can either increase of decrease the

shakedown limit compared to plasticity. Those results, how-

ever, are biased by the fact that they are not path-independent.

Therefore it is of interest to investigate if such behavior still

survives in the context of path-independent shakedown as

considered in this paper.

The outline of the paper is as follows. The class of con-

stitutive SMA models that we consider is presented in Sec.

2. A corresponding shakedown theorem is proved in Sec.

3 and compared to the classical Melan theorem in plastic-

ity. The shakedown analysis of the three-bar truss is pre-

sented in Sec. 4. We notably discuss the influence of phase-

transformation on the shakedown limits (compared to plas-

ticity). Sec. 5 is devoted to cyclic loadings: we use numer-

ical step-by-step analysis to study the asymptotic response

of the three-bar truss when the shakedown limit is exceeded.

We show that the asymptotic response for SMAs is more

complex than for elastic-plastic materials. In particular, in

contrast with plasticity, there is generally no uniqueness of

the asymptotic stress rates.

2 Constitutive laws

As mentioned in the introduction, SMAs can experience a

solid/solid phase transformation between austenite and marten-

site. The crystallographic structure of the austenite is more

symmetric than the crystallographic structure than the marten-

site. This leads one to distinguish between several marten-

sitic variants corresponding to different orientations of the

martensitic lattice with respect to the austenitic lattice. Each

martensitic variant is characterized by a transformation strain

ε i that describes the deformation from the austenitic lattice

to the martensitic lattice. A simple example is the cubic-to-

tetragonal transformation which is observed for instance in

MnCu and MnTi alloys. In such materials, the austenite has

a cubic crystallographic structure (with axes (v1,v2,v3)) and

the martensitic lattice is obtained by applying a dilatation λ

along one of the axis vi and a dilatation µ on v⊥i (Figure 1).

There are 3 martensitic variants to be considered, depending

on the axis vi along which the dilatation λ is applied. Under

the assumption of infinitesimal strains, the transformation

strains are given by

ε1 =





λ ′ 0 0

0 µ ′ 0

0 0 µ ′



 , ε2 =





µ ′ 0 0

0 λ ′ 0

0 0 µ ′



 , ε3 =





µ ′ 0 0

0 µ ′ 0

0 0 λ ′



 .

with λ ′ = λ −1 and µ ′ = µ −1. The most commonly used

SMAs, such as CuAlNi and NiTi alloys, correspond to cubic-

to-orthorombic and cubic-to-monoclinic transformations, for

which there are respectively 6 and 12 martensitic variants to

be considered.

In Fig. 2 is represented a typical uniaxial stress-strain

response of SMAs in a strain-driven loading cycle. During

the loading, the response is first elastic and subsequently ex-

hibits a stress plateau: the strain increases while the stress

remains at a constant value G+. In contrast with the elastic-

perfectly plastic behavior, the plateau is limited: if the im-

posed strain is sufficiently large, the stress starts to increase

again in a linear fashion. At unloading, the response is elas-

tic until the stress reaches a critical value G−. There is sub-

sequently a stress plateau, followed by an elastic unloading.

No residual strain remains at the end of the loading/unloading

cycle. The response in Fig. 2 is typical of the so-called su-

per elastic (or pseudo elastic) response of SMAs, which is

observed for sufficiently high temperature.

The physical explanation of the superelastic response in

Fig. 2 is the following: at sufficiently high temperature, the

material is initially fully austenitic and behaves elastically
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Fig. 1 Cubic-to-tetragonal transformation.

until the stress reaches a critical value G+. At that point,

phase transformation (from austenite to martensite) starts.

An increase of the applied strain results in an increase of the

martensitic volume fraction, at the expense of the austenitic

volume fraction. The martensitic variants that develop are

those which are the most favorably oriented with respect to

the applied loading. There ultimately comes a moment when

austenite is fully transformed into martensite. At that point,

the material behaves elastically again. The unloading stage

can be interpreted in a similar way. In particular, the stress

plateau at σ = G− corresponds to the reverse transformation

from martensite to austenite.

Fig. 2 Superelastic response of shape memory alloys.

Many constitutive models of SMAs have been proposed,

both for uniaxial and multi axial loadings. Here we consider

models which enter the framework of standard generalized

materials [10]. In that framework, the local state of the mate-

rial is described by the strain ε and an internal variable α . It

is essential for our purpose to consider that α is constrained

to take values in a given set K that is not a vectorial space

(typically, K is a bounded set). The behaviour of the ma-

terial is determined by the free energy function w(ε,α) and

the dissipation potential Φ(α̇) according to the following

constitutive relations

σ =
∂w

∂ε
(ε,α) , A =−

∂w

∂α
(ε,α), (1)

A = Ad +Ar, Ad ∈ ∂Φ(α̇), Ar ∈ ∂ IK (α). (2)

In (1)-(2), α̇ is the left-time derivative, A is the thermody-

namical force associated to α , and ∂ denotes the subdiffer-

ential operator [3]. Let A = vectK be the vectorial space

spanned by K . We recall that the subdifferential ∂ f of a

function f : A 7→ R is the multi-valued mapping defined by

∂ f (x) = {τ ∈ A| f (y)− f (x)≥ τ.(y− x) ∀y ∈ A}. (3)

If f is convex, then ∂ f is a monotone operator [3], i.e.:

(y′−y).(x′−x)≥ 0 for all x∈A,x′ ∈A,y∈ ∂ f (x),y′ ∈ ∂ f (x′).

(4)

The dissipation potential Φ is a convex positive function

such that Φ(0) = 0. In (2), the set ∂Φ(0) can be interpreted

as the elasticity domain of the material, i.e. as the set of ther-

modynamical forces A compatible with a purely elastic be-

haviour (α̇ = 0). The term Ar in (2) arises as a consequence

of the constraint α ∈ K . We refer to [6] for a derivation of

(1-2) from the principle of thermodynamics.

In this paper, we consider free energy functions w(ε,α)

of the form

w(ε,α) =
1

2
(ε −K.α) : L : (ε −K.α)+ f (α) (5)

where L is symmetric positive, K : A 7→ E is a linear map-

ping, and f : A 7→R is a positive differentiable function (not

necessarily linear nor convex). In such case, we have from

(1)

σ = L : (ε −K.α) , A = Kt : σ − f ′(α)

where Kt is the transpose of K. The total strain ε is thus the

sum of an elastic strain L−1 : σ (proportional to the stress)

and an inelastic strain K.α (proportional to the internal vari-

able α).

It can easily be verified that the uniaxial response of

SMAs pictured in Fig. 2 can be modeled by taking

K = [0,εT ],

w(ε,α) =
1

2
E(ε −α)2 ,

Φ(α̇) =
(G+−G−)

2
|α̇|+

(G++G−)

2
α̇

(6)

where α/εT can be interpreted as the volume fraction of the

martensite. The parameter εT corresponds to the strain am-

plitude of the plateau in Fig. 2 and is interpreted as the max-

imum strain that can be achieved by phase transformation.
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Observe that the model defined by (6) is almost identical to

the uniaxial model of the elastic-perfectly plastic behavior,

corresponding to

K = R, w(ε,α) =
1

2
E(ε −α)2 , Φ(α̇) = σy|α̇|

The only meaningful difference between the two models lies

in the constraint α ∈ [0,εT ] that is imposed for SMAs. That

constraint has a profound impact on the large-time behavior,

as we shall see.

It is well known that the framework of generalized stan-

dard materials can be used to derive three-dimensional mod-

els of hardening plasticity [15]. Similarly, many existing mod-

els of shape-memory alloys can be written in the format con-

sidered [8,17]. For instance, a three-dimensional microme-

chanical model of SMA frequently used in the literature [7,

20,19] is given by

w(ε,ξ ) =
1

2
(ε −

n

∑
i=1

ξiε i) : L : (ε −
n

∑
i=1

ξiε i)+∑
i=1

miξi,

Φ(ξ̇ ) =
n

∑
i=1

(G+
i −G−

i )

2
|ξ̇i|+

(G+
i +G−

i )

2
ξ̇i

K = {ξ ∈ R
n
+ :

n

∑
i=1

ξi ≤ 1},

(7)

where n is the number of martensitic variants and ε i is the

given transformation strain for each variant. The internal

variable ξ = (ξ1, · · · ,ξn) represents the set of volume frac-

tions for each martensitic variant. Because of mass conser-

vation in the phase transformation, the volume fraction of

the austenite is equal to 1−∑i ξi, hence the constraint ∑i ξi ≤

1 that is imposed on ξ . Note that the model (7) is formally

quite similar to crystal plasticity with n slip systems. The

main difference lies in the constraint that is imposed on α .

More sophisticated micromechanical models of the free en-

ergy have been proposed to improve on (7). In such models,

an extra term f (α) is added to the free energy in (7) to ac-

count for the geometric incompatibility of the martensitic

variants [8,17]. That term f (α) is classically refered to as

a mixing energy. For instance, the expression of f (α) pro-

posed in [17] is

f (α) = sup
a≥0|L−K(a)≥0

1

2

n

∑
r=1

αrεr : M(a) : εr

−
1

2

n

∑
r,s=1

αrαsεr : M(a) : εs.

(8)

In (8), the notation M ≥ 0 is used to indicate that a second-

order symmetric tensor M is positive, i.e. satisfies u.M.u ≥ 0

for all vectors u. Let ε∗ denote the adjugate of ε = (εi j) ∈
R

3×3, defined by the relations

ε∗ii = ε j jεkk − ε2
jk, ε∗jk = ε jiεki − ε jkεii,

for any {i, j,k} permutation of {1,2,3}. In (8), K(a) is the

symmetric fourth-order tensor such that (1/2)ε̄ : K(a) : ε̄ =
−a : ε̄∗ for all ε̄ , and M(a) is defined by

M(a) =−K(a)−K(a) : (L−K(a))−1 : K(a). (9)

An important observation is that the mixing energy f is not

necessarily convex, as can be verified on (8). Much empha-

sis has been put on micromechanical SMA models, but we

also note that phenomenological SMA models can also enter

the format considered [26,2].

In the following we consider a material described by

constitutive laws (1-2-5) and occupying a domain Ω . Body

forces f d are prescribed in Ω . Displacements ud are im-

posed on a part Γu of the boundary Γ , and tractions T d are

prescribed on ΓT = Γ −Γu. The functions f d ,ud ,T d as well

as the the stress and state variables (σ ,ε,α) depend on (x, t).

In order to alleviate the expressions, this dependence will be

omitted in the notations, unless in case of possible ambigui-

ties.

Quasi-static evolutions of the continuum are governed

by the following system:

σ ∈ K σ , ε ∈ K ε , α ∈ K ,

Ad ∈ ∂Φ(α̇) , Ar ∈ ∂ IK (α),

σ = L : (ε −K.α),

Kt : σ − f ′(α) = Ad +Ar,

(10)

where K σ and K ε are respectively the sets of admissible

stress and strain fields, defined by

K σ = {σ |divσ + f d = 0 in Ω ;σ .n = T d on ΓT},

K ε = {ε|ε = (∇u+∇tu)/2 in Ω ; u = ud on Γu}.
(11)

We are interested in finding sufficient conditions on the load-

ing ( f d ,T d ,ud) for shakedown to occur, in the sense that the

dissipated energy remains bounded in time. This is related

(but not strictly equivalent) to the fact that the internal vari-

able α tends to a limit as time tends to infinity (see e.g. [15,

18] for a more detailed discussion along those lines).

3 Static shakedown theorem

It is convenient to introduce the so-called fictitious elas-

tic response (σE ,εE) of the system, i.e. the response that

would be obtained if the material was purely elastic. More

precisely, (σE ,εE) is the solution of

σE ∈ K σ ,εE ∈ K ε ,σE = L : εE . (12)

The goal of this section is to prove the following

Shakedown theorem for SMAs If there exists m> 1, τ ≥ 0

and a time-independent field Ar
∗(x) such that

mKt : σE(x, t)−Ar
∗(x) ∈ ∂Φ(0) ∀x ∈ Ω ,∀t > τ (13)

then there is shakedown, whatever the initial condition is.
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Proof Consider a solution (ε,α,σ ,Ar,Ad) of the evolution

problem (for some given initial condition) and let

D(t) =
∫

Ω
Ad .α̇dx

be the rate of dissipated energy. Assuming (m,τ,Ar
∗) satisfy

(13), we show in the following that the total dissipated en-

ergy
∫ T

0 D(t)dt remains bounded as T → ∞. To that purpose,

introduce the functional W (t) defined as

W (t) =
∫

Ω
w(ε(t)− εE(t),α(t))dx

We have

Ẇ (t) =
∫

Ω
[(σ −σE) : (ε̇ − ε̇E −K.α̇)+ f ′(α).α̇]dx.

Since div(σ − σE) = 0 in Ω , (σ − σE).n = 0 on ΓT and

u−uE = 0 on Γu, the principle of virtual power gives
∫

Ω
(σ −σE) : (ε̇ − ε̇E)dx = 0.

Therefore

Ẇ (t) =
∫

Ω
[−Kt : (σ −σE)+ f ′(α)].α̇ dx

which using (10) can be rewritten as

Ẇ (t) =−D(t)+
∫

Ω
[−Ar +Kt : σE ].α̇ dx. (14)

Setting Ad
∗ = mKt : σE(t)−Ar

∗, we obtain

Ẇ (t) =−D(t)+
∫

Ω
[−Ar +

1

m
(Ad

∗ +Ar
∗)].α̇ dx. (15)

The property (13) shows that Ad
∗ ∈ ∂Φ(0) for t > τ . Since

Ad ∈ ∂Φ(α̇) and Ad
∗ ∈ ∂Φ(0), Eq. (4) gives

(Ad −Ad
∗).α̇ ≥ 0. (16)

Moreover, since Ar ∈ ∂ IK (α) and α ∈ K , Eq. (3) gives

0 ≥ Ar(t).(α(t ′)−α(t))

for any t ′. Taking the limit t ′ −→ t with t ′ < t, we obtain

Ar.α̇ ≥ 0 (17)

where we recall that α̇ is the left-time derivative. Combining

(16)-(17) with (15) yields

Ẇ (t)≤
1−m

m
D(t)+

1

m

∫

Ω
Ar
∗.α̇ dx.

Integrating with respect to time on [τ,T ] and noting that Ar
∗

is time-independent, we find

(m−1)
∫ T

τ
D(t)dt ≤ mW (τ)+

∫

Ω
Ar
∗.(α(T )−α(τ))dx

(18)

where the property W (T ) ≥ 0 has been used. Since K is

bounded, there exists a positive constant K such that |α| ≤K

for any α ∈ K . Therefore

∫

Ω
Ar
∗.(α(t)−α(τ))dx ≤ 2K

∫

Ω
|Ar

∗|dx

Combining that inequality with (18) gives

(m−1)
∫ T

τ
D(t)dt ≤ mW (τ)+2K

∫

Ω
|Ar

∗|dx

The right-hand side of that inequality is independent on T .

Therefore
∫ T

τ D(t) is bounded as T −→ +∞, which com-

pletes the proof.

As an illustration, consider the micromechanical model

of SMA given by (7). From the above theorem, a sufficient

condition for shakedown is that there exists m > 1, τ ≥ 0

and time-independent scalars Ai(x) such that

mε i : σE(x, t)−Ai(x) ∈ [G−
i ,G

+
i ]

for all t > τ , x ∈ Ω and i = 1, · · · ,n. That condition is equiv-

alent to

m(sup
t

ε i : σE(x, t)− inf
t

ε i : σE(x, t))≤ G+
i −G−

i

for all i = 1, · · · ,n, x ∈ Ω and t > τ . Therefore the condition

for shakedown is that there exists some m such that

1 < m ≤
G+

i −G−
i

supt ε i : σE(x, t)− inft ε i : σE(x, t)
(19)

for all i = 1, · · · ,n and x ∈ Ω . The obtained shakedown con-

dition is merely a restriction on the local amplitude of the

loading.

We note that the obtained condition for shakedown is

independent on the function f that appears in the free en-

ergy (5). Moreover, it can be observed that the proof detailed

above does not require the function f to be convex. There-

fore, the condition for shakedown (19) actually applies for

the micromechanical models with non convex mixing ener-

gies that have been discussed previously.

It is insightful to compare the obtained theorem with the

classical Melan’s theorem for Elastic-Perfectly plastic (ab-

breviated as EP in the following) materials, which corre-

sponds to f = 0 and K = A:

Shakedown theorem for EP materials (Melan) If there ex-

ists m > 1, τ ≥ 0 and a time-independent self-stress field

ρr
∗(x) such that

mKt : σE(x, t)−ρr
∗(x) ∈ ∂Φ(0) ∀x ∈ Ω ,∀t > τ (20)

then there is shakedown, whatever the initial condition is.
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In (20), self-stress fields ρ are characterized by the relations

div(σ −σE) = 0 in Ω , (σ −σE).n = 0 on ΓT (21)

The statement of the SMA shakedown theorem is formally

similar to that of the classical Melan’s theorem. There is a

crucial difference, however: the field ρ∗ in (20) is submitted

to the differential constraint (21), whereas the field Ar
∗ in

(13) is free from any constraint. Phase-transformation can

thus only improve the shakedown limit, in the sense that if

there exists ρ∗ satisfying (20), then Eq. (13) is also satisfied

by Ar
∗ = ρ∗ (the reverse is generally not true).

4 Study of a three-bar truss-structure

We consider the three-bar truss structure represented in Fig.

3. The structure is submitted to a vertical time-varying force

P(t) applied at point M (see Fig.3). The bars have the same

cross-sectional area A and are free to rotate at both extremi-

ties (pinned connections). The length of the middle bar (la-

belled as bar 1) is l1 = l. The lengths of the two other bars

(labelled as bars 2 and 3) are l2 = l3 = l/cosθ where θ ∈

[0,π/2] is the angle between bar 1 and bar 2. The constitu-

tive law in each bar is

σi = E(εi −αi), (22)

σi ∈ ∂Φ(α̇i)+∂ IK (αi). (23)

where σi, εi, αi are respectively the uniaxial stress, the total

uniaxial strain and the inelastic strain in bar i. In (22), the

constant E is the Young’s modulus.

Fig. 3 Three-bar truss.

In (23), the set K of admissible values for the variable

αi is taken as

K = [−εT ,εT ] (24)

where εT > 0 is fixed. The limiting case εT = +∞ corre-

sponds to plasticity. The dissipation potential in (23) is taken

in the form

Φ(α̇) =
σy

n
|α̇|n (25)

where n≥ 1 is given. Therefore the elasticity domain ∂Φ(0)
of the material is equal to [−σy,σy]. In the case of plasticity,

σy can be interpreted as the yield limit. The special case

n = 1 corresponds to a rate-independent behavior.

In the following we restrict our attention to evolutions

that respect the symmetry of the structure, i.e. such that

σ2(t) = σ3(t), ε2(t) = ε3(t), α2(t) = α3(t).

In such condition, the equilibrium implies that

σ1(t)+2σ2(t)cosθ = p(t) (26)

where p(t) = P(t)/A. Under the assumption of infinitesimal

strains, the geometric compatibility of the deformations in

the bars implies that

ε2(t) = ε1(t)cos2 θ . (27)

The fictitious elastic response σE(t) of the structure, ob-

tained by solving (22-26-27) with αi = 0, is given by

σE
1 (t) =

p(t)

1+2cos3 θ
, σE

2 (t) =
p(t)cos2 θ

1+2cos3 θ
. (28)

From (26), residual stress states ρ satisfy the relation

ρ1 +2ρ2 cosθ = 0 (29)

where ρi is the residual stress in bar i.

4.1 Case εT = ∞

Let us first consider the plastic case (εT =+∞). Using Melan’s

theorem, we obtain that shakedown occurs (independently

on the initial state) if there exists (ρ1,ρ2) satisfying (29) and

such that

|ρ i +σE
i (t)|< σy (30)

for all t. The condition (30) sets restrictions on the values

taken by p(t). Using the expressions (28) and (29), the con-

dition (30) can indeed be rewritten as

−1 < p′(t)−2ρ cosθ < 1,
−1 < p′(t)cos2 θ +ρ < 1

(31)

where ρ = ρ2/σy and

p′(t) =
p(t)

σy(1+2cos3 θ)
. (32)
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The condition (31) needs to be satisfied for all t by some

time-independent ρ . Let pmin = inft p(t) and pmax = supt p(t).
We set

p′min =
pmin

σy(1+2cos3 θ)
, p′max =

pmax

σy(1+2cos3 θ)
.

The requirement (31) is equivalent to

−1 < p′min −2ρ cosθ ; p′max −2ρ cosθ < 1;

−1 < p′min cos2 θ +ρ; p′max cos2 θ +ρ < 1;

i.e. to m(pmin, pmax)< ρ < M(pmin, pmax) with

m(pmin, pmax) = max(
p′max −1

2cosθ
,−1− p′min cos2 θ),

M(pmin, pmax) = min(
p′min +1

2cosθ
,1− p′max cos2 θ).

(33)

There exists ρ satisfying (31) if and only if

m(pmin, pmax)< M(pmin, pmax). (34)

That last inequality is a sufficient condition on pmin and pmax

for shakedown to occur. As usual in shakedown analysis,

the condition for shakedown does not depend on the exact

time-dependence of the loading p(t): only the extreme val-

ues pmin and pmax are needed.

The condition (34) can be made explicit in some special

situations. Let us first consider the case pmin = 0. We are

interested in finding the values of pmax verifying (34). The

condition (34) is found to be satisfied for

pmax < σy(1+2cosθ).

The value σy(1+2cosθ) actually corresponds to the plastic

limit load for the structure. Let us now consider the case

pmax =−pmin > 0. The condition (34) can then be rewritten

as

max{−α(p′max),−β (p′max)}< min{α(p′max),β (p′max)}

(35)

where

α(p′max) = (1− p′max)/2cosθ

and

β (p′max) = 1− p′max cos2 θ .

The condition (35) can readily be seen to hold if and only if

α(p′max)> 0 , β (p′max)> 0. (36)

Using the expression of α(p′max) and β (p′max), the require-

ment (36) is found to be equivalent to p′max < 1, i.e.

pmax < σy(1+2cos3 θ).

The obtained shakedown limits, represented as solid lines in

Fig. 4, are decreasing functions of the angle θ .

4.2 Case εT <+∞

We now consider that εT < +∞ and use the theorem pre-

sented in Sec. 3 to determine the shakedown limit. For a set

K given by (24), the subgradient ∂ IK can reach any value

in R, i.e.

∪y∈R∂ IK (y) = R.

We thus obtain from Sec. 3 that shakedown occurs if there

exists some time-independent Ai such that

|Ai +σE
i (t)|< σy (37)

for all t. The condition (37) looks similar to the condition

(30) obtained previously for the case of plasticity. However,

in contrast with the values ρi in (30), the values Ai in (37)

are not submitted to any constraint. Therefore, the condition

(37) translates to a restriction on the amplitude of σE
i (t),

namely

sup
t

σE
i (t)− inf

t
σE

i (t)< 2σy.

The expression (28) of σE
i shows that most severe restriction

is obtained for i = 1 and can be rewritten as

p′max − p′min < 2.

In the case pmin = 0, we thus obtain that the shakedown

limit corresponds to p′max = 2, i.e. pmax = 2σy(1+2cos3 θ).

In the case pmax = −pmin > 0, the shakedown limit is

σy(1+2cos3 θ), as for the plastic case.

The obtained shakedown limits are represented as dotted

lines in Fig. 4.

For pmin = 0, the shakedown limit for the SMA material

is strictly above the shakedown limit for the EP material.

This is a situation where constraints on the internal vari-

able have a beneficial effect on the shakedown behavior. For

pmin =−pmax, the shakedown limit for phase transformation

coincides with the shakedown limit for plasticity. However,

there are still significant differences between the asymptotic

behaviour of those two materials, as explained in the next

section.

5 Asymptotic behavior under cyclic loadings

We consider a cyclic loading p(t) = pmax sin(2πt/T ) with

pmax > σy(1+2cos3 θ), i.e. beyond the shakedown limit of

the SMA and the EP materials. We compare the response

of the structure for the case εT = +∞ and εT < +∞, using

numerical step-by-step analysis.

For an elastic-plastic material, the plastic strain rate α̇i

is known to converge towards a cyclic stabilized response

α̇∞
i (t). There is either alternating plasticity if

∫ T
0 α̇∞

i (t)dt =

0, or ratchetting (i.e. incremental collapse) otherwise. A re-

markable feature of elastic-plastic materials is that the type

of asymptotic regime is independent on the initial state [9].
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Fig. 4 Shakedown limits for the elastic-plastic material (EP) and for

shape memory alloys (SMA) (the continuous red lines and the red sym-

bols are perfectly superimposed).
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Fig. 5 Evolutions of α1 for two different initial states, case εT = ∞.
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Fig. 6 Evolutions of α for the initial condition α(0) = (0,0), case

εT = 1, pmax = 2σy.

In contrast, the behaviour of the SMA material is found

to be more complex. Numerical simulations indeed reveal
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Fig. 7 Evolutions of α for the initial condition α(0) = (0.5,0.8), case

εT = 1, pmax = 2σy.

that there is still convergence towards a cyclic response α̇∞
i (t).

However, the stabilized values α̇∞
i (t) as well as the asymp-

totic regime may depend on the initial state considered.

Those considerations are illustrated in Figs 5-7. For the

elastic-plastic material, Fig. 5 shows the evolution of the

plastic strain α1 obtained from two different initial condi-

tions. Values of the parameters are σy/E = 0.1, n = 2, θ =

π/4, pmax = 2σy. The initial states considered are given by

α(0) = (0,0) and α(0) = (0.5,0.8). For the elastic plastic

material, we do observe an alternating plasticity behaviour.

Moreover, the stabilized plastic strain response in the two

evolutions only differ by a constant, which illustrates the

uniqueness of the plastic strain rates in the asymptotic regime.

Fig. 6-7 shows the evolution of αi for the SMA material,

using the same data as in Fig 5. For α(0) = (0,0), we ob-

serve the convergence of αi towards a cyclic but non con-

stant response, akin to alternating plasticity. Such a behavior

is referred to as alternating phase transformation in the fol-

lowing. For the initial state α(0) = (0.5,0.8), a shakedown

behaviour is actually observed even though the shakedown

limit provided by the theorem of Sec. 3 is exceeded. There is

no contradiction: the theorem gives a limit for shakedown to

occur whatever the initial state is. In the present case, shake-

down occurs for some but not all initial condition. We note

that such a behavior cannot exist in standard plasticity.

The path dependence of the asymptotic regime arises as

a consequence of the constraint αi ∈ [−1,1], and was also

observed in another example for which analytical solutions

can be obtained [18]. This rather intriguing behaviour rises

the issue of finding how the asymptotic regime varies with

the initial state. In the language of dynamical systems, this

consists in finding the basins of attractions for the different

types of asymptotic behaviour. Such results are shown in Fig

8-10. Those figures give a map of the asymptotic regime (al-

ternating phase transformation (AP) or shakedown (SD)) as

a function of the initial state α(0). Ratchetting is obviously
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excluded since the internal variable αi is physically con-

strained to lie in [−1,1]. As can be seen in Fig. 8-10, there is

a region surrounding (1,1) and (−1,−1) for which shake-

down occurs. The basins of attraction depend on pmax. In

particular, the basin of attraction for shakedown get smaller

as pmax increases, and is found to vanish for pmax > 2.5σy.
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Fig. 8 Map of the asymptotic regime, pmax = 2σy.
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Fig. 9 Map of the asymptotic regime, pmax = 2.42σy.

An other point of interest is the asymptotic behaviour of

the dissipated energy per cycle, defined as

∆ =
∫

Ω
∆(x)dω

where

∆(x) = lim
n→+∞

∫ (n+1)T

nT
σ : α̇ dt.

The local quantity ∆(x) is indeed related to the low-cycle

fatigue lifetime of the material [4]: the fatigue lifetime typi-

cally decreases as ∆(x) increases. In the case of shape mem-

ory alloys, the value of ∆ depends on the initial state con-

sidered. This is reflected in Fig. 11, which shows the mini-
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Fig. 10 Map of the asymptotic regime, pmax = 2.43σy.

mum and maximum values of ∆ over a sample of 100 ini-

tial states α(0) = (α1(0),α2(0)) (equidistributed in the do-

main [−1,1]× [−1,1]). For each initial state, ∆ is estimated

numerically by solving the evolution equations over 20 cy-

cles, which proved to be sufficient for reaching the asymp-

totic state with a good accuracy. The minimum and maxi-

mum values of ∆ over the samples considered are denoted

by min∆ and max∆ .
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Fig. 11 Dissipated energy on the stabilized cycle.

For p≤σy(1+2cos3 θ), we obtain that min∆ =max∆ =

0. This is in agreement with the results of the shakedown

theorem: as long as p ≤ σy(1+2cos3 θ), the asymptotic be-

havior is elastic and accordingly ∆ is equal to 0, whatever

the initial state is. For σy(1+2cos3 θ)≤ p ≤ 2.5, we obtain

that min∆ = 0 and max∆ > 0: some initial conditions lead

to shakedown whereas some others lead to alternating phase

transformation, in accordance with the maps in Fig. 8-10.

For 2.5< p/σy < 3, we have 0<minD<maxD: all ini-

tial condition lead to alternating phase transformation, but

the stabilized energy dissipation remains dependent on the

initial state considered. An interesting observation is that,
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for p/σy > 3, the curves max∆ and min∆ are found to co-

incide (up to the accuracy of the computations). This is an

indication of the fact that the asymptotic value of ∆ becomes

independent on the initial state. In such condition, the low-

cycle fatigue lifetime is also expected to be independent on

the initial state, as in the plastic case. The asymptotic rates

σ̇ and α̇ are also found to be independent on the initial state.

The plots on Fig. 8-11 correspond to θ = π/4, but sim-

ilar properties are observed for all values of θ . This leads

us to distinguish between three domains in a diagram (θ , p)

(Fig. 12). The first one is the shakedown domain given by

|p| ≤ σy(1 + 2cos3 θ). The second domain is defined by

0 < min∆ = max∆ and corresponds to large values of |p|,

for which the large-time energy dissipation ∆ is non zero

and path independent. The third domain is defined by the

condition min∆ < max∆ and corresponds to intermediate

values of p for which the asymptotic regime depends on

the initial state. That last domain would vanish in standard

plasticity. Whereas the exact expression of the shakedown

domain is predicted by the theorem of Sec. 3, the domain

0 < min∆ = max∆ is only obtained numerically. It would

be interesting to see if that domain could be predicted by

theoretical analysis.
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Fig. 12 Behaviour of the stabilized energy dissipation.

6 Concluding remarks

The shakedown behavior of SMA structures has been dis-

cussed in this paper. The shakedown theorem presented in

Sec. 3 gives a sufficient condition for the energy dissipation

to remain bounded in time, independently on the initial state.

That theorem applies to a wide range of constitutive models

of SMAs. When the loading exceeds the limit provided by

that theorem, the asymptotic regime may depend on the ini-

tial state of the structure: in contrast with plasticity, some

initial condition may lead to shakedown whereas some oth-

ers may lead to alternating phase transformation. For the ex-

ample presented in Sec. 4, however, numerical simulations

suggest that path-independence of the energy dissipation is

recovered when the loading is large enough. It is not clear

whether that property is general or just a specific feature of

the example considered.

We note that all this rather complex behavior is a conse-

quence of the constraint α ∈ K that is imposed on the in-

ternal variable. Comparing the shakedown theorem of Sec.

3 with the classical Melan’s theorem shows that phase trans-

formation can only have a beneficial influence on the shake-

down limit, contrary to [5]. That conclusion, however, should

be tempered by the fact that phase-transformation and plas-

ticity should actually be considered as two coexisting pro-

cesses. Studying the shakedown behavior of coupled plas-

ticity / phase-transformation models is the object of future

work. Although some results in that direction have been pro-

vided in [18], a lot of progress remains to be made.
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élastoviscoplastiques et plastiques. Association amicale des

ingénieurs anciens élèves de l’ENPC (1978)
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structures élastoviscoplastiques sous chargement cyclique.

C.R.Acad.Sci. Paris, Série II 329, 643–648 (2001)

22. Peigney, M., Stolz, C.: An optimal control approach to the analysis

of inelastic structures under cyclic loading. J.Mech.Phys.Solids

51, 575–605 (2003)

23. Pham, D.: On shakedown theory for elastic-plastic materials and

extensions. J.Mech.Phys.Solids 56, 1905–1915 (2008)

24. Simon, J.W.: Direct evaluation of the limit states of engineering

structures exhibiting limited, nonlinear kinematical hardening. Int

J. Plasticity 42, 141–167 (2013)

25. Simon, J.W., Weichert, D.: Shakedown analysis of engineering

structures with limited kinematical hardening. Int. J. Sol. Struct.

49(15), 2177–2186 (2012)

26. Souza, A., Mamiya, E., Zouain, N.: Three-dimensional model

for solids undergoing stress-induced phase transformations.

Eur.J.Mech. A 17, 789–806 (1998)

27. Spiliopoulos, K.V., Panagiotou, K.D.: A direct method to predict

cyclic steady states of elastoplastic structures. Comput. Methods

Appl. Mech. Engrg. 223, 186–198 (2012)

28. Wesfreid, E.: Etude du comportement asymptotique pour un
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