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Abstract

Porous materials, such as geomaterials, exhibit a behastependent on the confining pressure. The
aim of this paper is to study the degradation of the elasifinsss of mean stress dependent materials,
due to the deterioration of the microstructure during logdi

Continuum damage mechanic§ars a framework to model this rigidity deterioration. In itah
to the concept of féective stress, a choice has to be made between two widely hygealheses, the
principle of strain equivalence and the principle of eglémaelastic energy, in order to build a complete
modelling framework.

A mean stress dependent hyperelastic formulation is usedgore a conservative behaviour, and
associated to the two previous damage modelling assunsptidrose fects are compared. This allows
for mean stress dependent elasticity to be reproduced,eldgtic moduli increasing with mean stress
while decreasing with damage.

Keywords:
Damage, Sfiness degradation, Principle of strain equivalence, Ryieaf equivalent elastic energy,
Porous media

1. Introduction

Knowledge of geomaterials mechanical behaviour is of ingrare to accurately predict displace-
ments encountered by underground structures during Igafbn example tunnel convergence induced
by excavation, or infrastructure settlements.

Usual elasto-plastic constitutive models for soils andksagssume that the material behaves elasti-
cally for small strains. Although this assumption is idstd;, it is still reasonable, especially for over-
consolidated clays, to consider an elastic domain in whielmtechanical behaviour is reversible. Even
for soils undergoing large plastic strains, the influencthefelastic part of the constitutive model should
not be underestimated. Indeed, when modelling boundanevaoblems, the elastic component of the
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Figure 1: Typical stress-strain curve with unloading cgdierring uniaxial compression test on concrete (from Bar&oal.
(2005))

elastoplastic constitutive model determines the strede sf the soil at the onset of plasticity, which has
a non negligible influence on the final plastic strains.

The small-strain sfiness of soils is known to be highly non-linear and has beearargntally stud-
ied extensively (Viggiani and Atkinson, 1995; Jovicic anddp, 1997; Rampello et al., 1997; Atkinson,
2000; Callisto and Rampello, 2002). The small-strain sheztulus is usually assumed to depend on the
stress state, the porosity (through the specific volumeevdid ratio) and the loading history (through
the overconsolidation ratio, the preconsolidation pressuplastic strains). The initial increase of rigid-
ity with mean stress (also referred to as the confining pressiuthe following) can be attributed to the
closure of pre-existing micro-cracks and micro-voids, emdore compression. When undergoing large
strains, the elastic rigidity decreases due to the creatimhdevelopment of new micro-cracks and to the
destructuration of cemented bonds. A typical stressrstraive obtained during a uniaxial compression
test on a concrete sample is given in figure 1.

In this paper we use a hyperelastic mean stress dependemil&tion, in order to ensure thermody-
namical consistency while accounting for the increase aflufiavith mean stress. Continuum damage
mechanics concepts are coupled to this hyperelastic fatioal by following two diterent hypotheses,
the principle of strain equivalence, introduced by Lenga@#nd Chaboche (1978), and the principle of
equivalent elastic energy, introduced by Cordebois andr&it(1982). These two hypotheses have been
widely used in the literature, and presenffelient advantages and drawbacks. The impact of choosing
one or the other of these hypotheses on the resulting midtehiaviour has been rarely studied, however.

This work will focus on how elastic rigidities evolve with mi@ge for these two modelling assump-
tions. Rigidity expressions will be derived forfiirent values of confining pressures and damage. Dam-
age initiation and evolution will remain out of the scopelustpaper.

2. Degradation of geomaterials

Modelling the degradation of geomaterials has receivedhnmterest in the last decade. Soils and
rocks properties, such as rigidity, strength, or permégpére known to be subject to changes after



being submitted to hydric, mechanical, thermal or chensctititations. Several approaches have been
used to model this degradation.

Some models have been developed using an approach cal&dpédatic coupling. They assume
elastic moduli to be functions of the amount of plastic sisgHueckel, 1976; Sulem et al., 1999; Sulem
and Odfroukh, 2005; Gajo and Bigoni, 2008), and account for the @sstrength through the use of
hardening plasticity. However, since they are based ongbenaption that rigidity reduction happens si-
multaneously with plastic deformation, they are unableefesent independent development of damage
and plasticity. It becomes thenfiiicult to reproduce a change from a ductile to a more brittleafretur
due to madifications in the confining pressure or the watetesrtin

Other models, developed for so-called structured, bondesmsitive clays, focus on the increase
in the size of the yield surface due to structure, which disme at large strains to recover the yield
surface of the reconstituted material (Rouainia and Muiody@®000; Kavvadas and Amorosi, 2000; Liu
and Carter, 2002; Nova et al., 2003; Baudet and Stalleb28€gl; Karstunen et al., 2005). A parameter
is then introduced to account for the degradation of strectwhich evolves with plastic strains in the
aforementioned models. Most of these models do not accouttid concomitant degradation of elastic
rigidity. Moreover, these models are usually based on eogpiobservations, are not developed into a
thermodynamical consistent framework and are designezbtoduce the behaviour of specific materials
along specific stress paths.

Another approach, the one that is used in this paper, is tthgstamework of Continuum Damage
Mechanics, first developed for metals and later extendednorete and rocks. This approach assumes
that the degradation of material properties is due to th@tiin and propagation of microcracks, and
is based on the postulate of affeetive stress, applied on the intact solid matrix, whichtaus the
global material behaviour. Contrary to the previous apghnod allows damage and plastic strains to
develop independently. It also enables the modelling diinstss degradation and strength reduction
simultaneously. This approach has been used to model a ande iof geomaterials, including concrete,
hard rocks and structured clays (Rizzi and Loret, 1998; €Hiat al., 2003; Grassl and Jirasek, 2006;
Einav et al., 2007; Arson and Gatmiri, 2009). It should beeddhat damage can also be chosen to evolve
with plastic strains within this modelling framework.

Concerning granular materials, a new family of models atersihe crushing, or breakage, of grains
submitted to compressive loads (Einav, 2007). Howeverptliemomena involved in particles crushing
and the resultingféects on the material behaviour aréfeient from the ones experienced by cemented
geomaterials and solid porous media. The following devekeqts will therefore be limited to this last
category of materials.

3. Mean-stress dependant hyperelasticity

3.1. Triaxial notations

In the following, potentials are written in terms of triakiariables,o being the stress tenserthe
strain tensor antthe identity matrix:

- 1
e Mean stress (confining pressur@)= §tr(a-)

e Deviatoric stressq = /30 : 07, With 0g = o — pl

e \olumetric strain:e, = tr(g)
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Figure 2: Comparison of volumetric and deviatoric straingry an elastic cycle for an intact and a damaged material
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o Deviatoric strainss = /%&q : &9, With &g = & — §gv|

3.2. Mean-stress dependant hyperelasticity

Experimental evidence show that bulk and shear moduli ofrggerials increase with confining
pressure. An hypoelastic formulation is often used in datioa with Cam-Clay based plasticity models
by assuming a constant Poisson’s ratio. However, Zytyrsii. €1978) demonstrated that this leads to a
non-conservative behaviour and eventually to permanesarsdirains during cycling loading within the
yield locus. For this reason, several researchers havevibading on developing hyperelastic potentials
from which constitutive stress-strain relationships s$tidne derived (Loret, 1985; Houlsby, 1985; Borja
et al., 1997; Sulem et al., 1999; Einav and Puzrin, 2004; styuét al., 2005).

Deriving constitutive equations from potentials, consitg mean stress dependent bulk and shear
moduli, necessarily leads to a rigidity matrix comportingaalditional coupling modulus);

dp| _[K J|[dey (1)
dg/ |J 3G||deg
The presence of the coupling moduldsresults in stress induced anisotropy. This means that, eve
if the material properties are initially isotropic, a charig mean stress can create deviatoric strains, and

that a change in deviatoric stress only can lead to volumstrains (see figure 2).
Models are usually derived in a way to recover the followirgression for the bulk modulus along

the isotropic axis:
n n
5:1(3) :k(ﬁ) @
Pr &« \Ppr Pr

in which py is a reference pressure for whiéh = k, and the exponemt is a material parameter
allowing for the representation offterent dependence of elastic moduli on the mean pressureatLin
elasticity is recovered fan = 0, and Cam-clay elasticity for= 1.



Of the works mentioned above, the only formulation for while rigidity matrix is expressed en-
tirely in terms of stresses is the one of Houlsby et al. (200%jeed, other formulations fail to determine
the Gibbs potential complementary to the Helmholtz energyessed in terms of strains. Since the fol-
lowing developments are based on the assumption of a daneffigetive stress, coupling with damage
is more straightforward when the rigidity matrix is exprdsn terms of stresses instead of strains. We
will therefore use this formulation in the following work.his formulation also allows some flexibility
to choose how much moduli are dependent on the mean pressuagyiing the value of the exponent

The Gibbs free energy is written as
. p& " p

) B 3
% pI V1 —n2-n kd-n) ©)

k(1 -n)g?
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in which k and g are material parameters such as, for the reference prepsukdp;) = k and
G(pr) =9

The expressions of theftierent components of the rigidity matriX, G andJ, are derived from the
Gibbs energy potential:

with p2 = p? +

n(1 - n)k _
e @
_ (1-n) ..n
G= :I_—”(T)qu g " Pe (5)
3g(p2-np?)
J = nkpgg" " pi"? (6)

4. Hyperelastic formulations for damaged materials

4.1. Main damage modelling assumptions

As damage increases, the resisting material section dmz@hie to the formation of microcracks.
We consider that microcracks are isotropically distributethe material, and that damage can be repre-
sented by a scalar variablg, which represents an average of the proportion of damagéates over a
representative volume. Thagective stresswhich is the stress applied on the remaining intact materia
fraction was first introduced by Kachanov (1958):

g
o=— 7
14 (7

To derive the elastic behaviour of the damaged materials,ndain assumptions have been used in

previous works:

e The principle ofstrain equivalence, which states that the strain associated with a damageal stat
under the applied stress is equivalent to the strain agsdcigith its undamaged state under the
effective stress (Lemaitre and Chaboche, 1978). It can be &sguleas:

0Go(7)

%o, d) = &%) = %G

(8)
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which can be derived from a Gibbs potential of the form:
G%(o.d) = (1 - d)G(9) €)

e The principle ofequivalent elastic energy which stipulates that the elastic energy of the damaged
material is the same in form as that of an undamaged matedepethat the stress is replaced by
the dfective stress (Cordebois and Siddrd982). It can be expressed as:

G%(o.,d) = G5(6) (10)
which gives after derivation,

o 9G5(0) _ 9G(@) o5 _ 1 9G((9)

oo a6 do 1-d 4o (11)
Equations (8) and (11) are derived to obtain the incremeatastitutive law,
0e®  0&® 00 1 o0&
= == -_ - = 12
o 00 oo (1-d) oo (12)
and the expression of the damaged rigidity matrix:
1 ot

A summary of the forms taken by the previous equations fadn poinciples is given in table 1

4.2. Comparison of both approaches

Hansen and Schreyer (1994) compared these two assumptiofigure 3, damage is initiated at
point 2 of the stress path 1-2-3. Point 7 denotes thectve state using the principle of strain equiva-
lence. The stored energy associated with the final statendiy the area 1-3-6, is equated to the area
in the dfective space using the undamaged modulus, which is givehéogrea 1-5-4. This results in
an dfective state defined by arffective stress and arffective strain (point 5). Thefiective stress ob-
tained by the principle of strain equivalence is much highan the one for the principle of equivalent
elastic energy. The choice between these two assumptidhthariefore strongly influence the model
behaviour.

For the linear elasticity case (i.en = 0), De(d) = (1 — d)Dg, Wwhen assuming strain equivalence,
andDeg(d) = (1 - d)2Deo when assuming energy equivalence. So it is clear in thistbed¢he apparent
rigidity decreases with damage since the fraction of regjshaterial decreases, and the properties of the
intact matrix remains constant. Most existing works abarhdge limit themselves to linear elasticity.
However, in the mean stress dependent formulation, theitenlof the apparent rigidity with damage is
not so straightforward. When damage increases, flleetéeve stress on the resisting matrix will increase
too. Since the elastic properties of this matrix are assutbdit mean stress dependent, the rigidity
of the undamaged matrix will increase, which will partly oter-balance the loss of rigidity due to the
decrease offéective surface.

To study the relative impact of these two phenomena, we twithsthe evolution of the ratio between
apparent moduli and intact ones, notedRasThis ratio is the same for bulk, shear and coupling moduli.
Details of its derivation are given is Appendix A.
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Figure 3: Diference between equivalent energy and strain equivalentagbes (from Hansen and Schreyer (1994))
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Table 1: Specific functions for the Principles of strain eglénce (PSE), and the principle of Equivalent energy (PEEE



Ry = Ko,d) = G(o.d)  Jo.d)
" K(o,d=0) G(o,d=0) J(o,d=0)
The expression dRy as a function ofl andn, derived from equations 4, 5, 6 and 13, is given in table

1 for both assumptions.
The evolution of this ratio with damage is represented orrdéigd and 5 for dferent values ofi.

(14)

damage

Figure 4: Hfect of damage on apparent moduli for several pressure erfgonerinciple of Strain equivalence

damage

Figure 5: Hfect of damage on apparent moduli for several pressure erfgn€rinciple of equivalent elastic energy

5. Discussion and conclusion

Figures 4 and 5 both show that the influence of damage on appaduli decreases whenin-
creases. Itis due to the fact that whefeetive stresses increase, the rigidity of the intact matdreases
too, since it depends on the confining pressure. This phemomgartly compensates the rigidity degra-
dation due to the diminution offiective surface on which loads are applied. This result makase,
assuming that the characteristic length of microcracksustmarger that the distance between pores in a
porous material, and that the material in the intact portibthe matrix behaves like the intact material.
We can also notice that thigfect is much more important for the hypothesis of strain exjaiwce.

8



Figure 6 shows the evolution of Callovo-Oxfordian argéllitadial stiftness during triaxial compres-
sion tests as a function of radial strain, obtained by CHiagtal. (2003). The radial sfiness was
obtained by calculating the slope of unloading-reloadimgpk and the material behaviour was assumed
to be elasto-plastic with linear elasticity. This mateshbwed a damaged radialfitiess attaining val-
ues as low as 40 % of its original value. In order to make a propmparison between the theory and
experimental results, one would need to consider specifiada criterion and evolution law, as well as
a plasticity model, in cases where the material experieplzesic strains. These components are out of
the scope of this paper, which focuses on the behavidterdnces induced by the choice of the damage
modelling assumptions.

0 ! ! ! ! ! ! !
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8

& (%)

Figure 6: Evolution of radial sfiness during triaxial compression tests as a function o&tatiain (Chiarelli et al., 2003)

Depending on the specific damage criteria and evolution lesesl, the behaviour may become un-
stable for certain loading paths for values of damage iofeéd 1, and certain values of degradation will
therefore never be reached. For a given value of the daméggan, the principle of equivalent elastic
energy predicts more rigidity degradation. Authors shaliédefore be careful when choosing modelling
hypotheses, because there is a risk that the degradationcafinobserved experimentally may never be
reproduced by constitutive models.

Both hypotheses have advantages and shortcomings. Tleppif strain equivalence is based
on easily understandable physical concepts, and its gauplith plasticity is straightforward. Indeed,
stresses can then be replaced Hgdive stresses in the classical expressions of plastidityria and
evolution laws. However, the principle of equivalent alasinergy has been proposed to overcome the
difficulties caused by the extension to anisotropic damage. ethdée use of this principle has the
advantage of providing symmetric secanffagss matrices, which is not guaranteed by the principle of
strain equivalence.

The study presented in this paper therefore gives furttgaraents to carefully choose either the
principle of strain equivalence or the principle of equaral energy, depending on the experimental
measures of degradation available to models developemciggare should therefore be taken when
combining damage modelling principles with non linear #tiy, for example in the case of porous
material, which behaviour is known to be mean stress deménde
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Appendix A. Derivation of damaged quantities

. P
p- (A1)
. q
a=1"g (A.2)
q 2
o (PP K1) () R
pg_(l—d)+ 3g T (1-dy? A3
q 2
n(1-nk|{—— n
K@) = |1- (1;d) kdkm(—%L) (Ad)
Pe 1-d
3(125)
_ K(o.d=0)
o @-dn
~ 1 -n Pe \"
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