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ADbstract.

The macroscopic linear elastic behaviour of inclusion-reinforceld, segarded as
periodic composite media, is investigated by means of the homogenization theory. Special
attention is given here to the determination of their longitudinal shear stiffness properties,
which strongly govern the reinforced ground response under lateral loading. Combining the
use of analytical, variational as well as numerical methods, three particular engineering-
relevant configurations are more thoroughly examined: single trench, column and cross
trench reinforcements. Fairly accurate closed-form expressions are thus obtained giving the
value of the reinforced soil longitudinal shear stiffness as a function of the individual
components shear moduli and reinforcement volume fraction. It is shown in particular that
adopting a cross trench reinforcement layout instead of the classical column configuration
results in a much higher improvement of the longitudinal shear stiffness. The results are then

applied to assessing the reduction of soil liquefaction risk which can be attributed to the


mailto:patrick.debuhan@enpc.fr

presence of the reinforcing inclusions. Again, they clearly demonstrate the excellent
performance of the cross trench configuration as compared to the complete inefficiency of

the column reinforcement technique.

Keywords: reinforced soils; column reinforcement; trench reinforcement; shear stiffness;

homogenisation; liquefaction risk.



1. Introduction

As it is increasingly acknowledged today, soils reinforced by inclusions may be regarded
as composite materials, the macroscopic behaviour of which can be determined using the
same homogenization methods as those employed for instance, at a much smaller scale, for
industrial fibre composite materials. The applicability of such methods is based on the fact
that the characteristic length of the reinforcement, suchhasspacing between two
inclusions, is small in comparison with the overall dimensions of the geotechnical structure.
Furthermore, far from being an arbitrary simplifying assumption, the condition of
periodicity is perfectly representative of the actual soil reinforcement construction

procedures.

As far as reinforcement by “thin” linear inclusions, made of much stiffer materials than
the soil, like metal or concrete, is considered (metal strips or geotextiles in the earth
reinforcement technique, soil nailing, rock bolting or even pile reinforced sails),
multiphase model is suitable for capturing the macroscopic behaviour of such reinforced
soils (Sudret and de Buhan, 2001; Hassen and de Buhan, 2005). However, this model is not
appropriate for describing the overall behaviour of foundation soils reinforced by large
diameter columns (stone, lime or vibro-concrete inclusions), where a classical

homogenization method for periodic media should therefore be preferred.

So far, the homogenization method has been mainly applied to this particular class of
soils strengthened by columnar inclusions, in the context of the limit analysis or yield design
approach, striving to determine a macroscopic anisotropic yield strength condition for the
reinforced soil (Jellalet al, 2005, 2011). This method is also applied to deaisenplified
lower bound approximation to the behaviour of stone column reinforced soils, in the elastic

as well as plastic range (Balaam and Booker, 1981; Canetta and Nova, 1989; Lee and Pande,



1998; Abdelkrim and de Buhan, 2007; Hasséml, 2010). Focusing more specifically on

the linear elastic behaviour, the latter approach gives reasonably good estimates for the axial
stiffness characteristics of the reinforced soil, which are quite relevant for evaluating the
settlements of the reinforced foundation under vertical loading. But they completely fail to
correctly evaluate their stiffness characteristics under pure shear loading (longitudinal shear
stiffness), which play a decisive role in the response of reinforced ground when subject for

instance to earthquake induced lateral loading.

The purpose of the present contribution is therefore to obtain the most possible accurate
estimates for such a longitudinal shear modulus of column reinforced soils, both constituents
being considered as isotropic linear elastic materials with perfect bonding at their interface
Referring to reinforced soils as periodic elastic media, the analysis is entirely based upon the
solution to a specific elastic boundary value problem, attached to the reinforced soil
representative unit cell (section 2). Several configurations are then thoroughly examined in
the light of such a method: multilayer or single trench reinforcement where exact closed
form expressions are obtained for the longitudinal shear modulus (section 3); the most
frequently used column configuration where analytical bounds are favourably compared to
previous analytical (Hashin and Rosen, 1964) as well as numerical estimates (section 4); and
finally the so calld “cross trench” configuration which proves to be an optimal way of

ground improvement, notably in terms of shear stiffness characteristics (section 5).

As a potential engineering application, section 6 describes how the previously obtained
results can be incorporated into a simplified analysis of the way such reinforcements may
contribute to reducing the liquefaction risk of saturated soils subject to earthquake loading.

Among the main conclusions to be drawn from the analysis is the fact that no reduction of



the liquefaction risk is resulting from reinforcing the soil by columnar inclusions, whereas a

quite significant reduction could be expected from cross trench reinforcement.

2. A brief outline of the elastic periodic homogenization method applied to

reinfor ced soils

Ne—
soil <
columns vd
X
/ CS 2
A
__ X

Figure.1. Soil reinforced by a group of columns and associated unit cell

A homogeneous soil reinforced by a group of vertical inclusions, parallel ©xhe

direction, is considered. Owing to the fact that the inclusions are regularly placed into the
soil, a representative cell, denoted Gymay be exhibited as shown in Figure 1, and that

both constituents are assumed to be elastic, the reinforced soil can thus be regarded as a
periodic elastic mediumlrhe homogenization theory applied to elastic periodic media has
been developed for more than thirty years, notably by Sarieéezeia (1980), Duvaut

(1976) or Bensoussaet al (1978), based on the asymptotic expansion tecknitjihas

been more recently extended to the elastoplastic behaviour of the materials (Sugyet, 1985
with specific applications to column reinforced soils (Abdelkrim and de Buhan, 2007;

Hasseretal., 2010).



An important result has been established in the framework of this theory, according to
which the determination of the macroscopic behaviour of the equivalent homogenous
medium is obtained from the solution to an elastic boundary value problem, called the
“auxiliary problem”, defined on the representative cell of the periodic medium, considered
as a micro-structure. This result states that niecroscopicelastic behaviour of the

reinforced soil is defined as follows.

We first introduce the se® of the statically admissiblestress fieldso, on the one
hand, the seC of the kinematically admissibleisplacements fieldg, on the other hand,

defined as follows:

(1)

[S]

{diVQ(g():O vxeC (a)
eSe

g(X).n(x)=-a(x).n(x) vx e (b)
and

E(X)=F .x+u(x) vxeC (&)

éeC@{ - (2)
u(x)=u(x) Vvxea (b

Condition (J) expresses the classical equilibrium equation in the absence of body
force density, which is to be completed by the condition that the stress vector should remain
continuous across possible stress discontinuity surfaces like the soil/column interface, while

condition (b), calledantiperiodicity condition stateghat stress vectors applied to the cell’s
external boundary 0C at two pointsx” andx, deduced from one another by periodicity, are
opposite. Likewise, definition (2) means that any kinematically admissible displacement

field is the sum of a homogenous strain field, characterized by its grégiant a periodic

fluctuationu.



On the basis of the above definitions, the general solution of the auxiliary problem can
be formulated in the following wayGiven anymacroscopicstressX, which could be
regarded as a “loading parameter” on the unit cell, one should find a statically admissible

stress field and a kinematically admissible displacement field such that:

=(g), geS, {eC,

o) =e(x):e(x) with £(x)=1/2{gad&)+ gad&)|(x) VxeC ©

where <*> denotes the average value of * over the unit €edind c(x) denotes the fourth

order tensor of elastic moduli at pownbf the unit cell. The macroscopic elastic law simply

writes in the form of the following linear stress-strain relationship:

2=c"Me with e=(¢) (4)
wherec"" represents the macroscopic elastic stiffness tensor.

An equivalent procedure consists in solving the same problem where the macroscopic

strain, instead of the macroscopic stress, is prescribed a loading parameter to the unit cell.

3. Longitudinal shear modulus of reinforced soil: the multilayer model

Our analysis will from now on be focused on the evaluation of one particular component

of ¢"™ namely thdongitudinal shear stiffness, of the reinforced soil, defined as:
3=2g = c?ggem: c2$3mle31: 26, €4 (5)

and reducing to the classical shear modulus (Lamé constant) for an isotropic elastic material.

This modulus can be explicitly calculated in the case of a homogeneous soil (shear modulus



Gs ) reinforced by regularly spacedrtical “trenched (layers) of a reinforcing material

(shear modulu&, > Gs ) as sketched in Figure 2. Two configurations should be considered.

A )

(@) ©)

Figure 2. Homogeneous soil reinforced by parallel treashbject to longitudinal shear

a) The reinforcing layers are parallel to the pl&exs (Figure 24)). Implementing

the previously described procedure, a macroscopic shear strain ofnthe for
e=T(e,®e +e,®¢) (6)

is imposed to the unit cell. It can be easily seen that the following displacement field

(bottom of figure 34)):

¢ =2I'x8s ()

is kinematically admissible with the macroscopic strain, while the following piecewise

constant stress field (top of figurea})

2G I'(e, ® e, + e, ®eg, )in thereinforcing lay er

[S]
I

(8)
2G I (e, ®e,+e,®¢) inthesoil



is associated with the homogeneous strain field derived from (7) through the respective
elastic constitutive laws of the soil and the reinforcement, while being statically

admissible with the following macroscopic stress:

2=(g)=4a-1)G,+1G (e, ®e +& ®¢) ©)
hence from (5):

Gl = @-mG+1G, =(G) (10)

(@) ©)

Figure 3. Stress fields and corresponding deformed configurations of a multilayered soll

subject to longitudinal shear loading

wherer denotes theeinforcement volume fractiodt is to be noted that thesxactresult

coincides with the classical Voigt upper bound for a two-phase composite.



b) The reinforcing layers are perpendicular to @wex; loading plane (Figure Bj).

A macroscopic shear stress of the form (top of figubg) 3(
=-T(e®e+e,®8) (11)

being imposed to the unit cell, the homogeneous stressdield is obviously statically

admissible and the piecewise constant strain field derived from the respective

constituents elastic laws:

1o

(T/2G,)(e,®e;+e;®¢€) inthereinforcinglayer 12)
= 12
(T/2G,)(e,®e;+e;®¢g) in thesoil

may be easily integrated into the following piecewise linear displacement field (bottom of

figure 30)):

—[(T12G,)nl2+ (T 12G,)(x +n/2)le; for -1<x <-n/2 (soil)
=1 (T/2G,) x&; for [x|<7r/2 (reinforcanent)  (13)

[(T/2G)nl2+(T 12G,)(x —nl2)]e; for nl2<x <1 (soil)

where the side of the cubic unit cell has been conventionally taken equatytdSince

the corresponding macroscopic strain is:

e=(g)=[U-n)(T/126)+n(T/2G )|e ®e, +e&,®e) (14)
it follows from (5) that:
UG =@-n)/G,+nlG, or G- =1/G)™ (15)

which is identical with the classical Reuss lower bound.

1C



4. The case of column-reinforced soil

The most commonly encountered case of a soil reinforced by a group of circular
cylindrical columnar inclusions is now investigated, trying to evaluate the longitudinal
shear modulus in the same way as it has been done in the previous section. Since exact
solutions are not available in such a configuration, the problem will be dealt with by
resorting to analytical bounds derived from variational principles as well as to finite

element simulations.
4.1. Derivation of an upper bouridr G,

It can be easily proved that, given any macroscopic straiand any displacement
field &', kinematically admissible witke, the following inequality, deduced from the

minimum principle of the potential enerdyolds:

Ve, V&'k.a.withe 16
1/2e:€™™: e<(1/2£'(X) 1 e(X) 1 £'(X)) (19)

It follows that for a macroscopic shear strain of the form (6), we obtain an upper

bound value for the macroscopic longitudinal shear modulus. Indeed:
1/2¢:e"™:e=2GTI? (17)

So that:

vi'kawithe=T(g ®e;+e,®¢€)

(18)
G <(£'(9:€(9):£'(X)) /4T

This inequality is implemented making use of the following displacement field:

&'=(r) cosoe; (19)

11



with (Figure 4 where, due to symmetries, only a quarter of the unit cell cross section of

side equal to one has been represented):

2G, .
5 rin zongl)
(Gr + Gs) - 4p (Gr - Gs)

2
(Gr +Gs)r _pT(Gr _Gs)
(Gr + Gs) - 4'IOZ(Gr - Gs)

(20)

o(r)= in zong(ll)

r in zong(lll)

X
1/2

Figure 4. Zoning of the unit cell for the definition of kinematically (resp. statically)

admissible displacement (resp. stress) fields

where pis the column radius equal tq/n/z and (r,0,%=2) the cylindrical

coordinates. As a result of computations which may be found in Appendix A, the final

result writes:

G, <G™ = G{l+ 21(G, -G,) } (21)
Y (Gr +Gs) - (477/7Z.)(Gr _Gs)

12



4.2. Derivation of a lowr boundestimate for G

The derivation of such a lower bound is based onntidmum principle of the
complementary energgpplied to the same auxiliary problem, where a macroscopic stress

I is prescribed as loading parameter. For any stress dielstatically admissible with

Z, this principle may be written as follows:

VI, Vo's.awithX

(22)
1/25:8"™: £ <(1/20"(X) :8(X): o' (X))

wheres"™™=(c"™™* ands(x)=(c(x))* are the macroscopic and local elastic compliance

tensors, respectively. For a pure shear stress of the form (11), this inequality becomes:

Vo's.awithI=T(e, ®e;+e;®¢e)

A o 5 T2 (23)
1/25:8™™ 2 =82 = —— <(1/25'(X): $(X) : o' (X))
which yields the following lower bound estimate @r:
Vo's.awithE=T(e,®e;+e;®e)
(24)

G 2T¥g'(¥):s(x):c' (X))

An appropriately selected stress field, described in Appendix A, allows deriving the

following lower bound for the longitudinal shear modulus of a column reinforced soil:

-1
GL < Gll_bcol = Gs|:1_ 277(Gr — GS) } (25)
' (Gr +Gs) + (477/”)(Gr _Gs)

13



4.3. Comparison with numerical and Hashin-Rosen estimates.

Analytical upper and lower bounds (21) and (25) are now compared with numerica
simulations carried out with the standard finite element code Cast3M (Cast3M, 2003) on
the one hand, the HashRosen’s estimate (Hashin and Rosen, 1964; Hashin, 1983), on

the other hand.

=
]

G /G,=10; 7=12.6%

Figure 5. Elastically deformed configuration of a column reinforced soil under

longitudinal shear loading

Since the reinforced soil is periodic in the horizontal cross sectiOrab-plane,
implying that the solution to the auxiliary problem is independent ok{tmordinate,
only a “slice” of the unit cell needs to be considered in the numerical analysis. Figure 5
pictures the deformed configuration of a column reinforced soil (exaggerated for the sake
of clarity) under longitudinal shear loading, for typical values of the parameters, namely a
shear stiffness of the column materi@})(ten times greater than that of the s@l)(and

a reinforcement volume fraction equal p=12.6%. Due to the obvious symmetry

property of the problem with respect to the loading pl@mgs, half of the structure is

represented in this figure. As it can be clearly seen from this figure, the column

14



undergoes much smaller deformations that the surrounding soil in nearly the same way as
for a single trench reinforcement when the reinforcing layer is perpendicular to the plane

of loading (Figure 3y)).

22

G, /G, =10

20 / \
1.8
/ L [d numerical
P

1.6 7 A Hashin-Rosen

G, /G, /

1.4

1.2
el
1.0 -Z.A/M

0% 5% 10% 15% 20% 25% 30% 35% 40%
n

Figure 6. Comparison among different estimates for the longitudinal shear modulus of a

column reinforced soil

The different analytical as well as numerical evaluations of the longitudinal shear
modulus should also be compared with the analytical estimate provided by Hashin and
Rosen (1964) or Hashin (1983) in a slightly different context. Indeed, according to their
heuristic approach, the selected representative volume was not the cubic unit cell of
periodic homogenization, but a composite circular cylinder made of a circular fiber
(column) of radiusa surrounded by an annular cylinder of matrix (soil) of external radius

equal tob, so that the reinforcement volume fraction 7s=(a/b)®>. The effective

longitudinal shear modulus they derived from such a morphologic model, is based on the

elastic solution to such a composite cylinder problem, which may be found in Appendix

15



A (the composite cylinder corresponds to the sub domain made of tpaad (l)). The

corresponding estimate of the composite longitudinal shear modulus is:

(Gr + Gs) +77(Gr _Gs)
° (Gr +Gs) _U(Gr _Gs)

G"=G (26)

The different analytical bounds or estimates are compared to the results of finite
element simulations in Figure 6, in the case wlBerl0Gs, the reinforcement volume
fraction n being varied between 0 and 40% (the engineering practice shows that this
parameter rarely exceeds 30%). According to this figure, the Hashin-Rosen estimates
(triangular points) are very close to the numerical estimates (square bullets), both being
comprised between the previously determined bounds (upper and lower solid curves) and
almost coincident with the average value of upper and lower bounds (middle curve). It
can be concluded that either the Hashin-Rosen estimate (26) or the half sum of bounds
(21) and (25) provide a very accurate assessment for the increase of the longitudinal shear

stiffness to be expected from reinforcing a soil by cylindrical columns.

5. Thecrosstrench configuration

As shown in Figure 7, the increase in shear stiffness due to reinforcement by columnar
inclusions is relatively limited, far closer to the Reuss lower bound (15) than to the Voigt
upper bound (10). By way of example, for a reinforcement volume fragteoual to
20%, the longitudinal shear stiffness is increased by about 40%, which is twice as much
as for a single trench configuration where the reinforcement is normal to the loading
plane (bottom curve), but considerably less than for a single trench reinforcement placed
in the loading plane (top curve), where such an increase would amount to 180%. Indeed

in the latter configuration, the shear stiffness of the reinforcing material is fully mobilized

16



providing a kind of maximum “bracing effect” to the overall shear response of the

reinforced soil.

This suggests that a potentially innovative and optimal reinforcement technique
(which is actually beginning to develop in practice), would consist in improving the soil
not by a single array of parallel trenches, but by a network of two perpendicular drrays o
trenches, forming a kind of “honeycomb structure” embedded in the soil, as sketched in
Figure 8: this particular reinforcement geometry will be called ¢hess trench
configuration. Denoting by the thickness of a trench, and assuming that the side of the

unit cell is taken equal to unity, the reinforcement volume fraction is simply:

n=t(2-1) (27)
3.0
G, /G, =10
238
26
24 //
22 -4
G /G 2.0 // any Iﬂ
/ %
18
/ P
16 / /{'4/ :
/ s
v / g 'mw
/
1.0 |
0% 10% 20% 30% 40%
n

Figure 7. Increase of longitudinal shear stiffness for different types of reinforcement

17



=%
Figure 8. Unit cell for a cross trench configuration of reinforcement

Both variational methods already used for the column reinforcement technique, will
now be implemented in order to provide sufficiently accurate bounds for the longitudinal

shear modulus of cross trench reinforced soils.

5.1. Upper bound estimate

This upper bound estimate is obtained with the help of the following displacement

field:

¢'=f(x)e (28)

where functionf describing the displacement profile (Figure B1) is a piecewise linear

continuous function defined as:

18



(%jxl for 0<x <t/2
f(x)=—f(=x) with f(x)= (29)
[%%kﬁwaﬂw for t/2<x <1/2

The implementation of the minimum principle of potential energy (16) making use of
the above displacement field (see Appendix B for details) yields, after optimizing (i.e.

minimizing) the bound with respect to parametgthe following upper bound:

Vi + i)
|(lr-2450)+ & o= E3)

G <G" =G

(30)

5.2. Lower bound estimate

The lower bound estimate is derived from the application of the complementary
energy minimum principle (24), using the following piecewise constant shear stress field

over the unit cell (Figure B2):
g'=1(x)(e®e+e®e) (31)
where

7, for -t/2<x,<t/2
7(X,) = (32)

7, for —1/2<x,<-t/2andt/2<x,<1/2

The introduction of this stress field into (24) provides, after maximization with respect
to the two parameters, andz,, the following lower bound estimate for the longitudinal

shear modulus of a cross trench reinforced soil (calculations are reported in Appendix B):

18



G 2G", =G

d=) 1-1- 3} 33
S|:(1_77)+(\/1_77_(1_77)bs/Gr +( n)Gs ( )

5.3. Comparison with numerical estimates: column vs. cross trench configuration

Figure 9 pictures a perspective view of the deformed configuration of half of the unit
cell of a cross trench reinforced soil subject to longitudinal shear loading, resulting from
a finite element simulation of the problem. As can be observed in this figure, the trench
which is perpendicular to the loading plane undergoes much less deformations than the
soil and the trench placed in the loading plane. This illustrates the fact that, contrary to
the former, the latter trench fully contributes to the reinforced soil shear stiffness by

means of the already mentioned “bracing effect”.

G /G,=10; n=12.6%

Figure 9. Deformed configuration of a cross trench reinforced soil under longitudinal

shear loading

Figure 10 displays the analytical (bounds) and numerical results obtained for a cross
trench reinforced soil. It shows that, as expected, the numerical estimates are comprised

between the analytical bounds which are relatively close to each other, the mean value of

2C



these bounds (represented by the intermediate solid curve) providing an excellent

estimate for the reinforced soil longitudinal shear stiffness.

Finally, all the results obtained in this section as well as in the two previous ones, have
been summarized in Figure 11. By far the most remarkable result of the whole analysis, is
the fact that reinforcing a soil according to the “cross trench technique” notably improves
its performance in terms of overall longitudinal shear stiffness, in any case much more
than a reinforcement by columnar inclusions. Indeed, for a typical valye280, the
cross trench configuration provides an increase of almost 110%, that not so far from the
maximum possible value of 180% (Voigt bound (10=), to be compared with 40% for a

reinforcement by column, the minimum value of 22% corresponding to the Reuss bound

(15).
** TG 16,10 ?4
3.0 A /
1
G /G, %
20 / [d-numerical |

15 /
/:(

0% 5% 10% 15% 20% 25% 30% 35% 40%
n

1.0

Figure 10. Analytical (bounds) and numerical estimates for the longitudinal shear

stiffness of a cross trench reinforced soil
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Figure 11. Longitudinal shear modulus of a reinforced solil for different configurations

6. Application to the optimization of reinforcement layout as a way of reducing

soil liquefaction

6.1 Problem statement

As it is well known in geotechnical engineering, saturated relatively loose soils (sands
or silts) subject to cyclic shear strains induced by earthquake ground motions, experience
excess pore water pressure generation which results in a liquefaction phenomenon that is
a collapse of their resistance. Our objective here is to examine, through a very simple
model based upon the previously obtained homogenization results, to what extent such a
phenomenon can be avoided from strengthening the soil by inclusions (example of stone
or vibro-concrete columns: Baez and Martin, 1993; Adalieal.,2003; Al-Homoud and

Degen, 2006

22



Figure 12. Vertical propagation of a seismic wave in a soil

The earthquake loadings schematized by a harmonic shear wave propagating

upwards from the underlying substratum into the soil (Figure 12), defined as:
E(x,t) = 5sinw(t —%)_el (34)

where 6 is the horizontal displacement amplitude amdthe angular frequency, both

being prescribed characteristics of the seismic loading, wld¢he shear wave velocity

equal to:
/G . .
C.=.— ; ps:soilmasdensity (35)
Ps
for the non reinforced soil and:
crom_ |G (36)

for the reinforced soil, regarded as a homogenized elastic continuum, \Where

represents its average mass density defined as:

23



(p)=A-n)p+1p, (37)

The cyclic strain field associated with (34) is therefore:

(%, )——5zcosw( )(el®e3+e3®el) (38)

1

so that the shear strain amplitude at any point is:

Ve = &0 '03 (virgin soil)

Y (39)

y=0_-= &0
2 yhom = / (reinforcedsoil)
L

It thus appears that the ratio between the macroscopic shear strain amplitude of the

reinforced soil and that of the original solil is:

hom
AN (40)

}/s GL

where, for the sake of simplicity, it has been assumed that p .

Actually, the relevant comparison to be performed is that betweemd the average

value of the shear strain in the soil of the unit cell subjeet'td, defined as:
e=y""e®e+e;®e)>(y), = . jslng Ay (41)

whereC; denotes the geometrical sub domain of the unit&eltcupied by the soil, and

A is a localization factor.

24



6.2. Assessing the mitigation of liquefaction risk

The reduction of the potential risk of soil liquefaction to be expected from the
stiffening effect of the reinforcement by inclusions, will be all the more important as the

following ratio, which will conventionally be callatsk reduction factoR, defined as:

r=_; |G (42)
will be smaller than unity. This factor is now evaluated for the different geometries of
reinforcement examined above.
6.2.1. Single trench reinforcement (multilayer model)

Two cases should be considered depending on the orientation of the loading with

respect to the direction of the reinforcing layer.

a) The plane of loading is parallel to the reinforcing trench (Figurasd{d 34)).

The shear strain field being homogeneous, equal to the macroscopic shear strain, the

localization factor is equal to =1, and then from (10) and (42):

-1/2
_ _ |G G
R =1 |—= =| (1-n)+n— 43
G- [( n) UGSJ (43)

b) The plane of loading is normal to the reinforcing trench (Figures &{d 3D)).
The shear strain field being piecewise homogeneous (Eqg. (12)), the localization factor is

calculated from (12), (14) and (15) as:

€L
e (T/2G,) _GH (a4)

[A-n)(T12G)+n(T12G,)] G,

hence

25



-1/2
/G G
R-=A" == —| (=) +n—= 45
G (( 1) UGJ (45)

6.2.2. Reinforcement by circular columns

Two different estimates of the localization factor can be obtained from the
displacement and stress field used in Appendix A for the derivation of bouiils dhe
“approximate” displacement field defined by (19) and (20) vyields, after some

calculations, the following estimate:

y= (1 21 j (46)

1-7\" @+G,/G)+(@4n/n)(1-G,/G,)
so that:
+ + Gs
Roi=4 G (47)

L ,col

On the other hand, the stress field defined by (A13)-(A15) makes it possible to

calculate the following estimate for the localization factor:

1T :Gll_b,col 1 _ n ZGr/Gs (48)
“ G, 1-p 1-n A+G /G)- (@l 7)(1-G, IG,)

S

and thus for the risk reduction factor:

G
Reot = Aeony [ <o~ (49)
| ! Gll_b,col

The variations of the two above estimates of the risk reduction factor as functions of
the reinforcement volume fraction have been displayed in Figure 13, along with the
evaluation of this factor deduced from the finite element simulations carried out in

section 4. It can be seen from this figure that, even though the previous estimates cannot
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be rigorously interpreted as bounds Bnthey actually bracket the numerical values
(square symbols). Moreover, their average value (middle curve) provides a very accurate

estimate for the reduction factor.
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Figure 13. Evaluations of the liquefaction risk reduction factor for a column-reinforced soil

6.2.3. Cross trench reinforcement

The procedure is quite similar to that followed for a column-reinforced soil. Leaving
adde detailed calculations, the optimized displacement field (29) used in the

determination of the upper bound solution yields:

-1
X =(2—n—ﬂ +(n—1+ﬂ)%] (50)

and

+ + Gs
Rct = ctw/ thzt (51)
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where the expression cﬁt‘f; is given by (30). Likewise, the optimized stress field (31)-

(32) used in the lower bound approach leads to: the following estimates of both the

localization and risk reduction factors:

R e = I A 2)

with G”, given by (33).
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Figure 14. Evaluations of the liquefaction risk reduction factor for a cross trench reinforced

soil

The above analytical estimates of the risk reduction factor are compared with the
numerical ones in Figure 14. Again, it can be seen that the average value of these

estimates provide an excellent evaluation of this factor.
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7. Analysis of results and concluding remarks

All the results obtained in the previous section are summarized in Figure 15 showing
the variation of the risk reduction factor as a function of the reinforcement volume
fraction for the different types of reinforcement: single trench, column or cross trench
configurations. As it is clearly apparent from this figure, the cross sectional shape of the
reinforcement has a considerable influence on its performance in terms of mitigation of
liquefaction risk, due to the decrease of the cyclic shear strain amplitude experienced by

the soil subject to seismic loading.

At first sight, referring to the bottom curve of Figure 15, one might wrongly conclude
that reinforcing the soil by a single array of parallel trench would constitute the best way
of reducing the risk of liquefaction. Unfortunately, the top curve of the same figure
clearly shows this is only true when the trench orientation is in the seismic loading plane,
the risk of liquefaction being on the contrary increased when the reinforcing trenches are

normal to the same seismic loading plane.

The upper intermediate curves, which correspond to the most frequently used
configuration of reinforcement by columnar inclusions, show that there is no such
mitigation effect of liquefaction risk, a slight increase of this risk being even observed.
This somewhat unexpected result can be explained as follows from the multiplicative
decomposition (42) of factoR. Indeed, while the second square root term of this
expression is obviously smaller than one, since the longitudinal shear stiffness is greater
than the soil shear modulus (Figure 11), its potentially positive effect is completely wiped
out by the fact that the localization factors larger than one, which means that the shear

strains tend to concentrate in the soil due to the presence of the reinforcing inclusion.
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Figure 15. Evaluations of the liquefaction risk reduction factor for different kinds of

reinforcements

It finally turns out that the cross trench configuration (lower intermediate curves)
makes it possible to obtain a quite significant reduction of risk liquefaction, the more
pronounced reinforcing effect being in such a case only partially obliterated by the strain
concentration effect. This quite important result is corroborated by Figure 16 displaying
the variations of the risk mitigation factor with respect to the reinforcement-soil relative
shear stiffness, the reinforcement volume fraction being held at a constant typical value
of 16%. One could expect for instance that the risk factor would be cut in half when

employing a sufficiently stiff reinforcing material.

The implementation of the homogenization theory for elastic periodic media has
made it possible to derive rigorous and accurate estimates for the longitudinal shear
stiffness of reinforced soils, as well as to determine the most effective configuration to be

assigned to the cross section of the reinforcing inclusion. Among the key results of such
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an analysisit should be pointed out that the cross trench configuration appears to be an
optimized form both in terms of soil reinforcement efficiency and liquefaction risk

remediation. This result has important consequences from an engineering design
viewpoint, since it provides a strong theoretical background to the development of the

cross trench reinforcement technique.

\\ \\
\

1 6 11 16 21 26 31 36 41
G, /G,

Figure 16. Liquefaction risk reduction factor as a function of the reinforcement relative

shear stiffness fon=16%
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Appendix A. Derivation of boundson G, for a column-reinfor ced soil

¢ Upper bouncestimate

It should first be noted that the displacement field defined by (19) and (20) can be

written in the form (2) that is:

T

— WX
&'=(e;®¢e)x+(p(r)—r)coste, (A1)

sinceu(x) is equal to zero on the external boundary of the unit cell cross section, so that
the periodicity condition is automatically satisfied. This implies that the displacement

field is kinematically admissible with the following macroscopic strain:

I
e=1/2(e,®e;+e,®¢€) (A2)
On the other hand, referring to (18), the average value of the strain energy on the unit
cell can be calculated as follows:
1

g
=1

(g(¥:e(X):e'(x)= IZGrg':g'dV+IZGS te'dV + jzesg':g'dv (A3)

() () ()

I8

since tg’=0. Now, it turns out that the stress fietd in zones ) and () associated with

the displacement field' through the elastic constitutive law:

(A4)

. [2G,&" inzong(l)
| 2G,¢" in zong(Il)

satisfy the equilibrium conditions, including the continuity of the shear stresscross

the soil (I)-column () interface {=p). It follows from applying the virtual work principle

(Clapeyron equation) that:
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[ouedv= [(@'néds= [o&ds (A5)

(o) S(r=1/2) S(r=1/2)

whereS(r=1/2) is the interface between regiotiy @nd (I ) (dashed circle in Figure 4)

and from (19) and (20):

&'(r=1/2)=1/2cosd ; o', (r=1/2) =G’ (1/2)cost (A6)
We thus obtain:

2r
ja':g'dv :%(0' (1/2)j(cose)2de = 72'%(0' 1/2) (A7)
(I)U(T) - 4 0 4

Meanwhile, the calculation of the elastic strain energy in zbBheig straightforward,

since in this region:

/_/L
&'=rcoste, = g'=1/2(g, ®e, +e,0¢) (A8)
and then
[26,e:2av 435(1— %) (A9)

an)

The average of the elastic strain energy over the entire unit cell is therefore:
(£09:€09:5'() =G| 1+ 7 (W2 -D) (A10)

with from (20):

(GS+Gr)+4p2(Gr _Gs)

796 ey ae ) T -
and thus from (18) and (A2):
G <G 1+z (Gr+Gs)+(477/7z')(Gr_Gs) -1 (AlZ)
T 4 (Gr+GS)_(477/7[)(Gr_Gs)
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O Lower bound estimate

The following stress field is defined in the same zones as the previous displacement
field. It is associated in zoneg @nd (I) to the displacement field defined by (19) and

(20), through the elastic law:

*Zone () (0<r < p)

2G.G,

o'\,=2G¢',,= 5 cosd
(Gr +Gs) _4/0 (Gr _Gs)
(A13)
o' =2G.¢, = 26G, sing
(Gr +Gs) _4p (Gr _Gs)
*Zone (1) (p<r<1/2)
o =2G¢ =G (Gr +Gs)+(plr)z(Gr _Gs) cosf
” o ) (Gr +Gs)_4p2(Gr _Gs)
(Al14)
o =2G¢'. =-G (Gr +Gs)_(p/r)2(Gr _Gs) sind
* s ) (Gr+Gs)_4p2(Gr_Gs)
while it is completed in zonél() by:
o' = (Gr +Gs) +4p2(Gr _Gs) cosd
” ° (Gr +Gs)_4p2(Gr _Gs)
(A15)

2 J—
-G (Gr+Gs)+4p (Gr Gs) Si

o'y, =—G 5 no
(Gr +Gs)_4p (Gr _Gs)

It can be easily seen that the equilibrium equations are satisfied in each zone
separately, while the shear stress componehi remains continuous across the

interfaces between zonel &nd (1) on the one hand, zone)(and (II) on the other

hand. The macroscopic stress equilibrated by this stress field is:
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T=G¢' (V2)

21 : (G, +G,)+40°(G, -G,)
Y= =— | X®c'ndS=G,——= (g ®e+6;,® Al6
@)= [P0 e ae 6y * TR (1O

The average elastic energy associated with the above statically admissible stress field

c'is
1| ,0"c oo oo
o= —| [£2°2 gv == == gV Al7
<g g> |C| ('||.) ZGr (I.!-) ZGS i) ZGS ( )
=1

where the value of the sum of the first two terms is exactly the same as that calculated in

(A7), that is on account of (A11):

[EZav+ [EZav= [orgdv =S p@)=2T (A18)
i) 26 i 25 Mo 4 4
Since the stress field in zond § can be rewritten as:
o'=T(e®e+e®e;) (A19)
the corresponding elastic stress energy is:
[ 2
22 4v= (1— Z)T— (A20)
() ZGs 4 Gs
sothat:
2
(c"s:c")= [1—£jT—+£T (A21)
= = 4)G, 4

As a result of (24), (A16) and (A21), the following lower bound is finally obtained

G, > TZKI— %);—2 + %TT = GS[(l— %) +%(¢' @/ 2))1}_1 (A22)

38



that is:

-1
GL > GS|:(1_ Ej_'_z((Gr +Gs) — (47[/77)(Gr _Gs)jj| (A23)
4) 4\ (G +G,)+ @4rIn)(G, -G,)

Reamark It should noted that the previously mentioned displacement and stress fields
restricted to zoned)(and (I) correspond to the elastic solution exhibited by Hashin and

Rosen (1964) for their axisymmetric composite cell model3s&p

Appendix B. Derivation of boundson G, for a crosstrench reinforced soil

¢ Upper boundestimate

v
X

t/2 12

-1/2

Figure B1. Displacement profile in the unit cell
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Since the displacement field defined by (28) and (29) can be rewritten as:

F UX
&'=(e;®e)x+(f(x)-x)es (B1)

whereu(x), being equal to zero on the external boundary of the unit cell cross section, is

periodic, it appears to be kinematically admissible with the following macroscopic strain:

I
€=1/2(g,®e, +€,Q¢) (B2)

The associated strain field is therefore:

for [x|<t/2

a
=m(§1®§3+§3®§l) with (%) = {—0( &3
5 =~ for 12<|x|<1/2

-t

foy

So that:

2
(%) for [x|<t/2
= 2 (B4)

(11‘—(:) for /2<|x|<1/2

o

and then, referring to the zoning of Figure (B1):

II%

(g'(X):e(X):g'(x) = |1|{ [ 2Ggug'dv+ [ 26 ghg'dv+ [2G¢" dv}
(Hu(m ) () V)
-1 (B5)

G,(%)2t+6r(ll_fj (t—t2)+ G(l )(1 t)?

The upper bound estimate deduced from the general inequality (18):

2

G =G %-+G (1—a)2ﬁ+Gs(1— a) = g(@) (B6)
is then minimized with respect to parameter
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: tG G
G, <Min =gla=—=——|=G ——— B7
=Ming@) g(“ tG+(1—t)Grj "G + 1-1)G, (B7)

whereG = (1-1)G, +1G, .

Taking into account the relationship between the trench thickness and the

reinforcement volume fraction:

n=t2-t) >t=1-y1-n (B8)

the optimized bound (30) is finally obtained.

O Lower bound estimate

The stress field defined by (31) and (32)statically admissible, since it obviously
satisfies the equilibrium equation in each zone (Figure (B2)), where it is constant, while
the stress vector continuity is ensured at the interfaces between these zones (namely
between zoneg!l)u(Il') and (Il )u (V) ). Furthermore it equilibrates the following

macroscopic stress:
I=(o)=T(e®e+e®e) withT=>0-t)r,+tz, (B9)

The calculation of the complementary energy yields

(:sio)-=| [ LZav+ [ ZZav+ [ ZZav
B B |C| (o) 2(3r () ZGr ™) ZGS
-1 (B10)

Z'2 Z'2 T2
=t 4+(t-t)2+01-t)>*2=F(r,,7
G ( )G ( )G (71,75)

r r S
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Figure B2. Piecewise homogeneous shear stress field in the unit cell
hence the following lower bound:
G, >T?/F(z,1,) (B11)

Searching for the maximum of the right hand member of (B11) with respectatod

7,, under the conditio =tz, + (1-t)z,, yields:

G 2G| L & (B12)
(-0 +1G,/G = G.

that is:

@-n) G
G, >G, 1-\1-n)=- B13
{(1—77)+(\/1—f7 “a-nk.G, ot ")Gj -

*kkkkkkkk

42



