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Abstract: We study an algorithm which has been proposed in [2, 7] to solve high-dimensional partial
differential equations. The idea is to represent the solution as a sum of tensor products and to compute
iteratively the terms of this sum. This algorithm is related to the so-called greedy algorithm introduced
by Temlyakov in [10]. In this paper, we investigate the application of the greedy algorithm in finance
and more precisely to the option pricing problem. We approximate the solution to the Black-Scholes
equation and we propose a variance reduction method. In numerical experiments, we obtain results for
up to 10 underlyings. Besides, the proposed variance reduction method permits an important reduction
of the variance in comparison with a classical Monte Carlo method.
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Introduction

Many problems of interest for various applications (for example material sciences and finance) involve
high-dimensional partial differential equations (PDEs). The typical example in finance is the pricing of
a basket option, which can be obtained by solving the Black-Scholes PDE with dimension the number
of underlying assets.

We propose to investigate an algorithm which has been recently proposed by Chinesta et al. [2] for
solving high-dimensional Fokker-Planck equations in the context of kinetic models for polymers, and by
Nouy et al. [8] in uncertainty quantification framework based on previous works by Ladevéze [5]. This
approach is also studied in [6] to try to circumvent the curse of dimensionality for the Poisson problem in
high-dimension. This approach is a nonlinear approximation method called below the greedy algorithm
because it is related to the so-called greedy algorithms introduced in nonlinear approximation theory,
see for example [10]. The main idea is to represent the solution as a sum of tensor products (referred to
as a separated representation in the following):

u(xy,...,xq) = Zr}c(xl)ri(m) o (xg)

k>1

= Z(Ti@ri@...@)r%)(xl,...,xd) (1)
k>1

and to compute iteratively each term of this sum using a greedy algorithm. This greedy algorithm can be
applied to any PDE which admits a variational interpretation as a minimization problem. The practical
interest of this algorithm has been demonstrated in various contexts (see for example [2] for applications
in fluid mechanics).



Our contribution is to complete the first application of this algorithm in finance, investigating the
interest of this approach for option pricing. In this work, our aim is to study the problem of pricing
vanilla basket options of European type using two numerical methods: first a discretization technique
for the Black-Scholes PDE and a variance reduction method for the pricing of the same type of financial
products.

For option pricing, we will discuss in particular the key points to be solved to address problems
in finance, compared to the situations studied in [6] or in [2], that is, the treatment of the non zero
boundary conditions and the approximation of the solution to the Black-Scholes PDE as a sequence
of minimization problems. We will study also the practical implementation of the algorithm. We will
not solve the minimization problems associated to the PDE, but the first-order optimality conditions
of these minimization problems, namely the Euler equation. This leads to a system of equations where
the number of degrees of freedom does not grow exponentially with respect to the dimension, and this
fact will be very important in order to attain high-dimensional frameworks in practical applications.
More precisely, the Euler equation writes as a system of d nonlinear equations, where d is the considered
dimension. The maximum dimension that can be treated by this technique is limited by the non-linearity
of the system of d equations that has to be solved.

The variance reduction method relies on the backward Kolmogorov equation which yields an exact
control variate. We propose to solve the high-dimensional Kolmogorov equation using the greedy algo-
rithm. This yields an efficient pricing method which combines deterministic and stochastic techniques.

We would like to point out that in order to circumvent the curse of dimensionality using the greedy
algorithm, the initial condition of the Black-Scholes equation has to be set out in separated representation
with respect to the different coordinates, namely a sum of tensor products. As the initial condition is not
always expressed in a separated representation, we first need to investigate the problem of approximating
the initial condition by a sum of tensor products. This problem will be solved using again the greedy
algorithm. We will provide examples to illustrate that this approximation is suitable.

Other deterministic techniques have been applied to solve the Black-Scholes PDE in a high-dimensional
framework. Classical methods such as finite differences and finite elements are limited in their applica-
tion when the dimension increases (typically d < 4), because the number of degrees of freedom increases
exponentially with respect to the dimension and rapidly exceed the limited storage capacity. Financial
applications of the sparse tensor product methods have been studied by Pommier in [9]. These sparse
methods also use the representation of the solution as a sum of tensor products, and assume that the
solution is regular enough to obviate fine discretizations in each direction. In practice, this method
may be difficult to apply for reasons such as the lack of regularity of the solution and the difficulty to
implement it.

In our numerical experiments, the greedy algorithm gives results for up to 10 underlyings; that
means the dimension d is equal to 10. To the best of our knowledge, this is higher than results obtained
using other deterministic approaches, such as the tensor product method, for which examples up to the
dimension d = 5 have been reported in the literature, see [9]. In addition, the variance reduction method
that we are proposing permits the variance to be reduced in comparison with a classic Monte Carlo
method.

As future research, we have in mind to generalize the method to American options. This has a
theoretical counterpart, namely the generalization of greedy algorithms to free boundary problems that
has already been analyzed in [3].

The plan of the paper is the following. In Section 1, we introduce the general setting for the greedy
algorithm and we give some theoretical results that have been proved in the literature and that ensure
the convergence of the greedy algorithm. Section 2.1 will discuss the practical implementation of the
greedy algorithm in the case of the approximation of a function by a sum of tensor products. Following
this, in Section 2.2 and 2.3, we will present results and applications for the approximation of a basket
put option. The purpose of Section 3 is to apply the greedy algorithm to solve the Black-Scholes PDE.
After introducing the weak formulation of this equation in Section 3.1, we treat the difficulties that arise
when applying the greedy algorithm such as posing the problem in a bounded domain (Section 3.2)
and recasting the PDE as a minimization problem (Section 3.3). The final section (Section 4) contains
numerical results for the solution of the Black-Scholes PDE and for the variance reduction method.



1 Greedy algorithms for high dimensional problems

In this section, we define a general framework for the greedy algorithm that we will use to solve the
high-dimensional problems studied in this paper.

The bottom line of deterministic approaches for high-dimensional problems is to represent the solu-
tions as linear combinations of tensor products of one-dimensional functions as in (1). If the number of
terms in the expansion remains small, this enables us to approximate efficiently the solution, avoiding
the curse of dimensionality.

The greedy algorithm proposed in [2, 6, 8] is based on two important points. The first one is that we
need to recast the original problem (in our case, this is the option pricing problem) as a minimization
problem:

u = argmin &(v), (2)
veV
where £ : V +— R is a functional with a unique global minimizer v € V with V a Hilbert space. For
example, for approximating the solution to a Poisson problem with homogeneous Dirichlet boundary
conditions, one would consider £(v) = 3 [, |Vo|* — [, fv and V = H}(X?) with X a bounded one-
dimensional domain and d large (see [6]).
The second point is to look iteratively for the best tensor product in the expansion of the solution as
a sum of tensor products of lower-dimensional functions

Un (21, X2, ..., Tq) :Zr}ctguri...@rg(xl,...,xd) (3)
k=1

n

where for all i = 1,...,d and k = 1,...,n, the functions 7} € V,,, with V,, Hilbert spaces of functions
depending on the one-dimensional variable x;. This sequential search for the terms in the sum (3) is
related to the so-called greedy algorithms introduced in the nonlinear approximation theory by Temlyakov
in [10] and by De Vore and Temlyakov in [4].

In what follows, we assume that V,V,,, Va,,...,V,, are Hilbert spaces such that

(H1) Vect{r! @ r’®,...@rd rt € V,,,r2 € Vp,,...,74 € V,,} C V is dense.

To compute u,, in the separated form (3), u,, being the approximation of u solution of the problem (2),
we define the greedy algorithm as follows,
Iterating for all n > 1:

n—1

1,2 . 1,2 1,2

(rr 2, . rd)e argmin & g memne..Qri+rlere..or|. 4)
rlEVy , 12€Vyy,. .., T1E€V,, =1

The following result given in [6] ensures the convergence of the greedy algorithm defined in (4) for a
functional & of the following form

E() = [lu— |} (5)

Theorem 1.1. Let us assume that the assumption (H1) holds and that the functional € has the form (5).
Then,
Jn — ully — 0. (6)

An estimate of the error is also proposed in [6]. To state this result, we need to introduce the
functional space adapted to the convergence analysis

+o00 too
Al = {uzZré@ri@...@rZ, where 7}, EVmi,i:1,---,d,ZHT}C®T;€---®TZHV <+oo} (7
k=1 k=1

and the associated norm which is



+oo +oo
(1] ax :inf{ZHré@ri...@rZHv | u:Zr,ﬁ@ri@...@rﬁ}. (8)
k=1 k=1

Theorem 1.2. Let us assume that the assumption (H1) is verified and that the functional € has the
form (5). Then, for a function u € Al, there exists a constant C > 0 such that

lun = ully < Cn=8, (9)
for all n € N*.

We note that the convergence rate factor of % can be improved to é—é and that the constant C' depends
on the norm ||ul| 41, see [6, 4].

Our work relies on these theoretical results because in the setting of this paper, we will consider a
functional £ and a Hilbert space V such that £(v) = ||u — v||},, (see equation (44) below).

2 Implementation of the algorithm in the case of the approxima-
tion of a square-integrable function

In this section, we will discuss the implementation of the algorithm defined by (4) in the case of the
approximation of a given function f by a sum of tensor products. We will then provide numerical
examples of this approach. This particular case has the advantage of being an easy example to understand
the implementation of the greedy algorithm. Moreover, this procedure is useful in a preliminary step
to approximate the initial condition of the Black-Scholes PDE (see Section 3), namely in order to get a
separated representation of the payoff function.

2.1 Greedy algorithm for the approximation of a square-integrable function

In order to show the implementation that we use for the algorithm (4), let us present the simple problem
of approximating a square-integrable function f by a sum of tensor products. Mathematically, we
consider the spaces V = L2(Q; x Qg x ... x Qq), Vi, = L?(Q;) for i = 1,...,d, where ; C R is a
bounded domain for ¢ such that 1 < < d. We recall that we are looking for a separated representation
[=2 o ®...Q r,‘f. Let us consider the following minimization problem:

1
Find v € V such that u = arg min,cy (—/ v — / vf) (10)
2 Q1 X2 X...x0Qy Q1 X2 X...xX0y
whose solution is obviously u = f. In this context, the greedy algorithm (4) can be rewritten as follows:
Iterate for all n > 1: Find (r},72,...,7%) € Vo, x Vi, X ... x V,, such that (r},72,... rd) belongs to
1 n—1 2
argmin —/ Zr,ﬁ@ri@...@rﬁ—l—rl®r2®...®rd
eV, ..., rdeVy, 2 QX2 X XQa |

n—1
—/ ZT%@T%@...T%%’Tl®T2®...®7’d f
Q1 X2 X... X0y k=1

As proposed in [6], instead of solving the problem (11), we will determine the solutions of the Euler
equation for (11). Notice that, in general, the solutions of the Euler equation are not necessarily the
solutions of the minimization problem, given the nonlinearity of the tensor product space L?(£;) ®
L2(Q) @ ...® L3(Qq).

The Euler equation for (11) has the following form:

Find (r},72,...,rd) € V,, x Vo, x ... x V, such that for any functions (r!,72,...,7%) € V,, x V,, X
co X Vi,



/ (rrere..or)r'ere.. er+rnere..eri+.  +rierle...or)
Ql><92><...><ﬂd

:/ faci (@i orl+rnere... e+ triere...or)
Q1 X Q2 X... Xy
(12)
where fp1 = f-Ylirf @, @
Equation (12) can be written equivalently as

|‘7"721H2||7’73;||2 e HTiHQ 7"711 = f(zzxszgx...xszd (T% Q... Tfll) Jn—1,

IralZ il lrall® el 7 = Jo, xyxau..x, (T @ T2 @10 ® . @13) fao, 13)

I P2l - =2 75 = oy xaxsn.xa_y (Tn @ T2 @715 @ @107 foo,

where 7% [|* denotes the square L?-norm: |7 [|* = [, |r|*.
:

The system (13) is a non linear coupled system of equations on which a fixed point procedure can
be applied as proposed in [2|. Choose (r,lz’(o), 2@ ,r0)) € L2(Q1) x L2() x ... x L?(Qy), and at
iteration k > 0, compute (r,ll’(k),r?,’(k), oY € L2(Q)) x L2(Q) x ... x L?(9y) which is the solution
to

2,(k 3,(k d,(k 1,(k+1 2,(k d,(k
e 1R S 2 e Y = o, (R @ @) s,

1,(k+1 3,(k 4,(k d,(k 2,(k+1 1,(k+1 3,(k 4,(k d,(k
e EED PR E2 e SN2 2 D = o e, (T @ ® @™ e e rt®) g,

L o e L [l LR

_ fﬂlxﬂzxﬁsmxﬂdq (T}L’(lvkl) ®r%’(k+1) ® T%(kﬂ) ®... ®rz—1,(k+1)> Fat,

(14)

until convergence is reached.

An important point to note is that we start with a linear problem (10) with exponential complexity
with respect to the dimension, and at the end, we obtain a nonlinear problem (13) with at each iteration
linear complexity with respect to the dimension. This is a general feature of the greedy algorithm: the
curse of dimensionality is circumvented, but the linearity of the original problem is lost because the space
of tensor products is non-linear.

In the two-dimensional case, the algorithm given by (11) is related to the Singular Value Decompo-
sition (or rank one decomposition), as it is explained in [6]. In this case, the solutions of the variational
problem (11) are exactly the solutions to the Euler equation (12) that verify the second-order optimality
conditions. This property does not hold in a d-dimensional framework with d > 3.

2.2 Example of a separated representation of a put payoff

In this section we will apply the algorithm (11) to obtain an approximation of the payoff of a basket
put option. For the practical implementation of the greedy algorithm, we need to introduce the space

discretization. In practice, the spaces Vﬁz for i = 1,...,d that are used to discretize V,,, = L?(Q) with
Q; =(0,1) for i = 1,...d are the P1 finite elements on a uniform mesh with space step Az. The integer
N = ﬁ is the number of intervals in each direction. For each k and ¢ = 1,...,d, we discretize the

functions 7% that appear in the approximation of the solution given by the expression (12) as follows:

N
() = S o), i € R, ViE, (15)
§=0



where ¢;(z) = ¢ (“33*) with ¢(z) :{ 0 . if }:c} > 0.

This type of discretization and its generalization to the d-dimensional case will be used for all the
numerical simulations of this paper.

Let us now consider the problem (11) with f(x1,...,24) = (K -2 2?21 xi) . Figure 1 shows how
+
the algorithm approximates the basket put payoff in a two-dimensional framework (d = 2). We observe

that, as the number of iterations of the greedy algorithm increases, the approximation of the function
f(z1,22) improves.
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Third iteration of the greedy algorithm
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Figure 1: Basket put option with two assets. We consider here the intersection between the surface of
prices and the plane S; = S>. To obtain this approximation we take 31 points of discretization per
dimension (N= 30). In this figure, we show the approximation given after the first and third iteration
of the algorithm.

Figure 2 shows the convergence curves that we obtain for this problem as the dimension d increases.
We observe that, as the dimension increases, the number of iterations needed to obtain the convergence
increases as well.

L2 Error vs Number of Iterations according to the dimension
0.4 T T T T T

035 [ 5> o

03 A

L2 Error
o
N
T
I

Number of Iterations

Figure 2: Convergence curves for the approximation of a basket put payoff by a sum of tensor prod-
ucts. We observe that if the dimension increases, then the number of iterations needed to obtain the
convergence increases as well. The error calculated is given by the equation (16) below.

We also provide in Table 1 the number of iterations needed in order to obtain a relative error of 107>
when we consider 11 points of discretization per dimension (N = 10). The relative error calculated is
the discrete L? error



Dimension | Number of iterations
1 1
2
10
22
101
228
1077
3974

O~ O Ui W N

Table 1: Number of iterations needed to obtain a relative error of 107> when we take 11 discretization
points per dimension

N N N 2
_ \/% Zh:l Ziz:l cee Zu:l (f(l'il’z@7 AR zid) - un(xilv'riza v 7xid))
n =
N N N
\/% Zilzl Zi2:1 aE Zidzl [z, 2q)?

e

(16)

where u™(z1,T2,...,Z4) = D pey Th@TE® ... @78 is the solution obtained with the greedy algorithm at
the iteration n. It is to be outlined that computing the norm is more costly than the greedy algorithm
itself.

Notice that the full tensor product approximation would require 118 ~ 2.108 degrees of freedom in
an 8-dimensional case to be compared with the 3974 x 8 x 11 ~ 350000 degrees of freedom that we
obtained. For the evaluation of this number, we used the fact that at each iteration of the algorithm we
get 8 functions that are determined by 11 discretization points.

In order to reduce the computational time of this calculation, we use the specific form of the pay-
off function to deduce, in a preliminary step, the points that belong to the support of this function.
Therefore, when we calculate numerically the integral term

/ (T,i RXR...Q® 7’2) f dxadrs ... dxg (17)
Qo xN3X... X

in (13), we do not need to pass through the points where the function f vanishes. In practice, we have used
a backtracking algorithm to describe the support of the payoff function. This type of algorithm consists
in constructing candidates sequentially and neglecting them when they do not verify the conditions
required as a solution, in this case to belong to the support of the payoff function. For instance, in a
5-dimensional case, the computational time is reduced by a factor of % by taking into account the support
of the payoff function in the computations of the integral term.

Let us now make a few remarks.

Remark 2.1. In our numerical experiments, the initial conditions needed to begin the iterations in the
fixed point procedure are taken randomly. We indeed observed from numerical experiments that it yields
better results in terms of convergence than in the case where constant initial conditions are used.

Remark 2.2. Concerning the computational time, we note that if the dimension increases, one iteration
of the algorithm takes more time to be computed because the number of equations in the Euler system (13)
increases linearly with respect to the dimension. The integral terms of type (17) also demand more time
of execution because the domain has a new variable.

2.3 Pricing of a basket put using the separated approximation of the payoff

As an example to show that the approximation by a sum of tensor products makes sense, we can use
this approximation as a method to obtain prices of options in the Black-Scholes framework. The price
of a European option in the Black-Scholes model (see Section 3.1) is given by



P, =E [T f(S(T), .., Sa(T))| |
(18)
= / e_T(T_t)f(yla s ayd)g(Tv Y1, 7yd|ta Sl(t)7 SERE) Sd(t))dyl oo dyd
Q1 X... X0y

where (F3)¢>0 is the natural filtration generated by the d assets prices S;(t) (i = 1,...,d), f is the payoff
of the option, ¢(T),.|t,S1(t),...,Sq(t)) is the joint density of the variables S1(T),...,Sq(T) given the
values (S1(¢),...,S54(t)) of the underlying assets at time ¢. This joint density is a log-normal law and
thus has an explicit analytical expression.

Using the greedy algorithm as we saw in the previous section, we can obtain a separable approximation
of the product

f(ylv s 7yd)g(Ta Y1, - - 'ayd|t5 Sl(t)v . '7Sd(t))7

and thus the integral (18) can be calculated very efficiently using the Fubini’s rule.
In Figure 3, we apply this idea for the case of a basket put option on seven assets.

‘ Pr\cé given by‘ the appro‘x\ma&ion 6f the producl belwe‘en the del‘ws\ly and t‘he payoff‘
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Figure 3: Price of put basket option with 7 assets. The continuous curve gives the price of this financial
product with respect to the number of iterations of the algorithm. The horizontal lines represent the
confidence interval obtained with a Monte Carlo method using respectively 104, 10° and 109 iterations.

3 Greedy algorithm for solving the Black-Scholes partial differ-
ential equation

Now, we will apply the greedy algorithm (4) presented in Section 1 to solve the Black-Scholes equation,
and obtain the price of a European option.

3.1 Weak formulation of the Black-Scholes partial differential equation

The Black-Scholes model in a d-dimensional framework describes the dynamics of d risky assets that
satisfy the following stochastic differential equations:
dSi(t)
Si(t)

=rdt+ 0;dB;(t) for all i =1,...,d, (19)
with

d(Bi, Bj)t = psjdt. (20)

The number p;; is the correlation between the Brownian motions B; and B; that drive the dynamics
of the assets S; and S respectively.



The coefficient o; represents the volatility of the asset S; at time t, and r is the risk-free instantaneous
interest rate. To simplify, we assume that r and o; for i = 1,...d are constant during the period [0, T].
We note that the greedy algorithm that we are proposing can be used when the risk-free interest rate is
a continuous function of time and the volatility is a continuous function of time and of the asset under
standard regularity assumptions (See Chapter 2 in [1]).

We recall that the price of a European option with payoff f and maturity T is given by the following
formula

E [eT(T_t)f(Sl (T),..., Sd(T))|}'t} .

Using the Markovianity of the process (S1(¢),...,Sq4(t)), it can be written as:

E [eT(Tft)f(S&(T)v e Sd(T))U:t] = P(t,91(t),. .. Sa(t)), (21)

where P is a deterministic function.

The function P(t,S1,...,Sq) satisfies the Black-Scholes PDE which can be obtained using the
Feynman-Kac theorem. The Black-Scholes equation in a d-dimensional framework is a parabolic PDE
that has the following form:

9L 4 LP =0, t<T,(S1,...,54) € Re, (22)
P(T,S1,..,Sa) = f(S1,...,84), (Si,...,Sq) € RY,

where the operator L is given by

1 <. 92p

£P =3 2. 35,55,"

3,7=1

P
0;0;5:5; —l—ZrS 6S —rP.

Let us recall the standard framework for problem (22). Setting 7:=T — ¢, the time to maturity, we
get the following forward parabolic problem for P(7,57...,84) = P(¢,51...,54)

92 _LP =0, 0<7<T,(S,...,5) € RL (23)
P(O,Sl,...7Sd) = f(Sl,...,Sd), (Sl,...,Sd) GRi
We note that it is possible to write the diffusion term in the operator £ + r in a divergence form as
follows:

d d
- | 0 oP
LP+rP = B ;:1 35S, jEZl Pi,j0i05S ]aS + E (TS E 35 (pi01055:5; )) 35

Therefore, if we multiply —LP by a test function @) and then we integrate on R , we obtain the
following bilinear form:

d P 9Q
Z P75 55 o

/ ( Z@S p”UZJ]SS)> §§Q+TAdPQ.

Let us now introduce the Hilbert space

|
i

V(Ri){v ve L*(RY), SS (RY), '1,...,d}



and its norm

ov
S;—
0S;

d 2 3
lolly = { lvlZ2 gy + :
L2(R4) z:zl L2

We have the following result for problem (23) (see Theorem 2.11 in [1]).

Theorem 3.1. Let us assume that the matriz E defined by Z; ; = p; jo,0; is positive-definite. Then for
all f € L*(RY), there exists a unique function P € L2(0,T;V)NCO([0, T]; LA(RY)), with 2 € L2(0,T;V")
such that, for any function ¢ € D(0,T), for allv €V,

T T
- /0 & (1) ( /R i P(t)v) dt + /0 S()be(P(t), v)dt = 0 (25)

and

P(t=0)=f. (26)

This result shows the existence and uniqueness of a weak solution for the problem (23).

In this work, our goal is to obtain the curve of prices for a put basket option which has a square-
integrable payoff. The price of call basket options can be obtained by the well-known put-call parity. So,
as initial condition we consider the payoff function:

d
F(St,...,84) = (Kégsi(oo (27)

+

where the constant K is the strike of the option.

Three new difficulties appear when we want to apply the greedy algorithm (4) to solve the problem
(23) when we compare it with the application of the greedy algorithm to the case of the Poisson problem
studied in [6]:

1. It is a problem posed on an infinite domain.
2. It is a time-dependent problem.
3. We cannot simply recast the weak formulation (25) of the problem (23) as a minimization problem

because the bilinear form (24) is non-symmetric.

3.2 Formulation on a bounded domain

The financial assets S; for ¢ = 1,...,d take values in [0,00). Consequently, we have to deal with an
infinite domain. Let us then introduce the following transformations:

S

U:Ry —[0,1], — , 28
eo 01, ao (28)

K
U-1:00,1] = R et P
[0) ] '_> +> z '_> d(l _ :C) ( 9)

As remarked by Pommier in [9], the change of variables (28) maps bijectively R to the interval [0, 1]
and appears to be efficient in practice since it leads to a refined mesh around the singularity line of the
payoff function. In [9], Pommier explains that if we set a classical localized boundary-domain then the
volume next to this singularity decays exponentially with the dimension. This change of variables allows
us not to impose artificial boundary conditions contrary to classical truncation techniques. Proposi-
tion 3.1 below shows that with the change of variables (28), we get a well-posed problem in a bounded
domain without boundary conditions.

Applying the change of variable (28) into the equation (22), we obtain:

10



%4 Lu=0
ot + Lu ) X« J N (30)
u(vala s azd) = (K —4a Zi:l 1—1%;)’
where u(t,z1,...,7q4) = P(t,S1,...,S4) with S; = ¥(x;),(21,...,74) € Q= (0,1)% and
~ ¢ o & Ju
Lu = div(AVu) + Z r+oir; — o + 51 - Z -piyjaj(ij - 1) z;(1 - :Ez)a—sz — ru,
i=1 j=1,5#1
with the matrix A given by
i,jTi0;
AiJ(.’L'l,...,(Ed) = p’JTJ.’L'iZCj(l—ZEi)(l—ZEj). (31)
Then let us introduce the following Hilbert space
Y 2 . v 2
V(Q)=<qve L (Q)|V1<i<d, (l—zi)xi%EL(Q) , (32)
endowed with the norm
%
lolly = (Hol2qy + 1013 ) (33)
where
d v II?
2 _ (1 — 7)) ——
lvl}, = Z zi(1 xZ)azi . (34)
i=1 L2(Q)
In what follows, we need the following lemma:
Lemma 3.1. The space C2°(Q) is dense in V(Q).
This lemma can be directly deduced from Lemma 2.6 in [1].
Corollary 3.1. The following integration by parts formula holds:
/div(AVu)v = */(AV’U,)V’U, Yu,v € V(Q). (35)
Q Q
Proof. It follows from Lemma 3.1. (|

Therefore, multiplying —Lu by a test function v € C2°(Q) and then using (35), we get the following
bilinear form:

o, v) = /Q (AVW) Vo — /Q (aVu)o + /Q ruv. (36)

where a = (a1, ...,aq) : Q — R is the vector field with i-th component given by
o &
ai(w1, .. xq) = 2i(1— ;) |r+olw; —o? + 51 Z pijoj(2z; — 1) |, (37)
J=1,5#

The following result holds for the the bilinear form defined in (36)

Lemma 3.2. The bilinear form by is continuous from V XV, that is, there exists a constant ¢ that does
not depend on t such that for all functions v,w € V

be(v,w) < ellv|plwl; (38)

Moreover, the bilinear form by verifies a Garding inequality, that is, there exist two positive constants
c¢> 0 and A > 0 such that for all functions v €V

b(v,v) > clolf; = MllvllZ2q) (39)

11



Proof. The Garding inequality is obtained by observing that the first order term satisfies the

following:
v 1 Op 9
T1y...,2q) V| < = T1ye..,Tg)V],
/Qp( ! d)al'z ‘ 2 o) (91'1( ! d)
where p(z1,...,2z4) is a polynomial. The proof of the continuity uses the same arguments. O

Thus, we obtain the following result concerning the existence and uniqueness of the solution for the
weak formulation associated to the problem (30).

Proposition 3.1. For all function g € L*(Q), there exists a unique u € L*(0,T; f)) NCo([0,T); L3()),
with % € L2(0,T; V') such that for any function ¢ € D(0,T), for all function v €V,

T T
- /0 0 /Q u(tyvdt + /0 d(1)b(u, v)dt = 0, (40)

ut=0) = g (1)
Moreover, u solution of (40) is related to P solution of (25) by the functions defined in (28) and (29).

and

This proposition can be deduced from Lemma 3.2 using standard techniques, see [1].

3.3 The IMEX scheme and the Black-Scholes equation as a minimization
problem

To apply the greedy algorithm (4), our goal is to rewrite the problem (30) as a minimization problem. As
a first step, we propose to use an Euler scheme to discretize the problem in time. Let us consider a time
discretization grid of M +1 points, 7o =0 < ... < 7py = T, where 7; = iAt and At = % We introduce a
time discretization of the variational formulation (40) where we treat explicitly the non-symmetric part
of b; and implicitly its symmetric terms (IMEX scheme).

Fori=1,...,M, find u* € V such that

) At - At . )
% A % - % %
/qu+ 1+rAt/Q( Vu')Vo 30T A [/ﬂ(aVu )er/Q(aVv)u}

_ 1 i—1 At i1 i _
_1+7*At/ﬂu U+2(1+rAt) [/ﬂ(aVu Jv /Q(aVv)u , Yve.

Thus, using that the left hand side of the equation (42) is symmetric in u® and v, we are led to solve
the following sequence of minimization problems
Fori=1,...,M:

(42)

Find «' € V() such that u’ = argmin & (u) (43)
u€V(Q)

where

1 5 At
Ei(u) = 5 /., lul® + S0+ A [/ (AVu)Vu — aVu u]

1 1—1 At 11— 1
_1+rAt/Q“ YT oMt rAn [/ (aVu /Q“v“ }

Let us introduce the bilinear symmetric form a(u, v)

(44)

o, v) = /Q w+ < f: - /Q (AVW) Vo — ﬁ { /Q (aVu)o + /Q (aVv)u] CNVuweV  (45)

12



and the linear form

_ _ 1 i1 At i1 i1 Y
Li_1(v) = 1+7“At/ﬂu v+2(1+rAt) [/Q(aVu v /Q(aVv)u , YveV. (46)

We have that & (u) = La(u,u) — Li_1(u).

3.4 Stability analysis for the IMEX scheme

In this section, we study the L2-stability of the IMEX scheme (42). Let us consider u™ the solution of
the problem (43) at time 7,,. In our context, the meaning of stability is given in the following definition.

Definition 3.1. The numerical scheme (42) is L?-stable if there exists a constant C > 0 that does not
depend on the discretization parameter At such that for any initial condition u° and for all n > 0

[u (|22 < Cllu®| L2

We will see that the scheme (42) is L2-stable under a condition on the time step At. For the sake of
simplicity we take r = 0. Let us begin with the following lemma:

Lemma 3.3. Let us assume that the matriz = defined by Z; ; = p; joi0;5, i,j = 1,...,d, is positive-
definite. Then there exists a constant o > 0 such that

/Q (AVu) Vu > a|u|$~;, Yu € V. (47)

Proof. Using that the matrix = is positive-definite, we have

d
/ Z Pij%i%; (1 fzi)%xj(l —xj)% = / YTy > < min >\> |u|2
o 9 ox; T Q AeSP(E)

where Sp(Z) denotes the set of eigenvalues of the matrix = and Y is the vector such that Y; = x;(1—x;)
This proves (47) with o = minycgp=) M.

Ou
Ox; °
]

Now, we can state the following proposition:

Proposition 3.2. The scheme proposed in (42) is L?-stable under the following condition on the time
step At

1
At < 48
9 (4(H&Hw+ll div(a)]lee) | %) (48)

[e3%

where the constant « is defined in Lemma 3.3 and a is the vector such that for all i =1,...d

~ 2 o2 4+
a; = |r+ojz;, — o] E pi;joi(2x; — 1)
Jj=1,j#1

Proof.
Let us take r = 0 and v = u’ in the variational formulation (42). Thus, we obtain

2At (/| T fut 12) 2At/ u’ —u' TP /Q(AVUZ')VUi*/Q(aVu")ui
~ 3 [ [ v~ [ @]
“ 2 </| Tt ”) 2At/ fuf — =t + /Q(Aw')w

1 i i—1yy, i L AU (U — w1 =
-3 @Vt s u e - 5 [ vy )=0. (49)
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Moreover, we note that a; = z;(1 — x;)a; and that a € L (Q).
Thus, for all € > 0 we have that

/Q((IVUZ)(UZ B uifl) < €|uz|% + HG;JLOO /(2 |u1 _ ui71|2. (50)

Besides, using the integration by parts given by (35) to study the term [,(aV(u" + u'~!))u’, we
observe that

)

§€|ui|%+ Ha;lll:o (/92|ui_ui—1|2+/98|ui|2)

o di - o . .
/div(a)uz(uZ +uh| < I divia)lloo (/ 2t — w2 —|—/ 8|ul|2) —|—e/ lu'|?. (52)
Q 4e Q Q Q
Then, using (50), (51) and (52), we deduce from (49) that
L laflee — [[div(a)] iy i2
|55 - Lol= - — 5] [ - o

1 llal o I le( Moo i i—1)2 1 i—1(2
- - T 1 < 7 .
+ |:2At 46 46 Q |u v | - 2At Q |u |

So, if we assume the condition (48) and we choose € = §, then we can deduce the following three
inequalities:

/ aVu'(u' +u'" 1)
Q

aVu' (2u' + (u' ™t —uh)
Q

(51)

and

(53)

1 lalloo + [ div(a)]lec € llalloo + || div(a) |l
— — S5 0and — .
oA c g ~Vand o Ac

Consequently, we get
1 .
7|2 < i—12
[t < =g [

<(1 +20At)/ |l ?
Q

(54)

§(1+20At)M/ [u®?
Q

SeQCT/ |u0|2’
Q

where C = 2 (Mjw(“)”“) + %) is a constant which is independent of the discretization parame-
ter At. O

3.5 Implementation of the greedy algorithm for the Black-Scholes PDE

To simplify the notation we consider the case of only three dimensions, but the definition of the algorithm
and all the equations below can be easily generalized to a d-dimensional framework.
We recall that the greedy algorithm will generate the function u’ in the separated representation:

u'(x1, 20, 13) = Zr;@ ® s}, ® ty,(z1, 22, T3).
E>1

14



The greedy algorithm (43) is defined as follows: For i = 1,..., M, iterate on n > 1

n—1
(rh, sh,th) € argmin %d(r@s@t,r@s@t) —Li1(reset)—a (Z MRSt rese t) (55)
reV(), k=1
s e f)(Qg),
t € V()

where @ is defined by (45) and L;_1 by (46).
Then, the Euler equation associated with the problem (55), that is used in practice to implement the
algorithm, is given by:
Find (17, s, 1) € V(Q1) x V(Q2) x V(Q3) such that for any functions (r, s,t) € V(Q1) x V(Q2) x V(Qs)
arl @ sh Qth,r s, Qth +rh @s@th +1h Qsh Q) =Li 1(rQsh @th+rh @s@th +rh @sh @)
n—1
+a <r®s;®t;+ri®s®t;+r;®s;®t7zr};®s};®t};>
k=1

(56)

Henceforth, we will consider without loss of generality s = 0 and ¢t = 0 in order to study in detail each
term of this Euler equation (56). We recall that the Euler equation is solved using a fixed point procedure
as in (14).

Remark 3.1. All the high-dimensional integrals in (56) are easily calculated using Fubini’s rule because
the functions in these integrals are separable except for i = 1 where the term u® appears as follows:

/ ) sﬁl ® tfl(xl, o, .T3)UO((E1, X9, x3)dxy, dredrs, (57)
Ql XQQ XQS

The idea used to overcome this practical obstacle is to approximate, in a preliminary step, the initial
condition u® of the Black-Scholes PDE by a sum of tensor products as explained in Section 2.2. Once
the initial condition u° has a separated approximation:

u® (21, 12, 23) = Zr% ® s @ tQ(x1, T2, 73).
k>1

the integral (57) is easy to compute using Fubini’s rule.

Using the space discretization described in Section 2.2 and the notation given by (15), the following
vectors will be used:

rn = [T;,Oa s 776:'1,N]T’ Sin = [Sn,O’ .- "S;,N]Ta tin = [ :’1,0’ R ;,N]Ta

Given the fact that all the terms in the equation (56) admits a separated representation, the equa-
tion (56) can be written in a matrix form.
The following matricial expressions allow us to deduce the matricial form for the equation (56):

[ s et es, o6 =t e Msi,
Ql XQQ Xﬂg

. . . . . 2 . . . . 2 . . . . .
/ (Awr; ® by ® t;)) V(res,®t,) = <0—2[t;TMt;][s;TLsL] + ”—B[t;TLt;][s;TMs;]) Mrl,
Q1 X Q2 x Q3 2 2
+ (L2222 T arel )" Dsh) + 202192 T Dl s s

2
(D + DT)rl, + %[S;TMS;][t;TMt;]Lr;,
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/ (aVehosh @) rosh o) = sh Mshlith MehBrh + (2202 s, Oslieh " bt

Q1 XQ2 xXN3
+7’“3;“’3[ Toth sk Msn)Drn (””"1"2[ MtL)s T Dst)
+%[ T Dt ][k, Ms,,]) crl + ([tn Mtist " Bs')]
+7f’“;”3[ Toti)sh " Dst] + L7 Bti][sh " Ms')]
+@[ " Dti][sk, cs;])Mr;

where the matrices M, L, B, C, D are explicitly computable tridiagonal matrices of size NV x N, with N
the number of intervals in each direction. The computation of the components for these matrices boils
down to one-dimensional integrals.

In this way, solving (56) with a fixed point procedure allows us to obtain for a fixed ¢ such that
1 <i < N, the n-th term of the sum ) ;_, ri ® si @ ¢ which is an approximation of the solution at
time ¢; = ¢At of the problem (30).

4 Numerical results

4.1 Testing the method against an analytical solution

In this part, we apply our greedy algorithm (55) to solve the problem (30) with the following initial

condition:
d +
T
0 e =K - —_— 58
U( y L1, ,ZCd) ( 11:[1(11'1)> ( )
for which the solution is analytically known.
Using the Feynman-Kac theorem (21) we get that the solution of the PDE (23) is given by E [e*TT(K — H?Zl SE)T,

which is possible to calculate analytically in the Black-Scholes model. We have:

d d
E leTT(K ~[sp)T| =e""KP (K > 11 ST> —e TR
=1

=1
We get the quantity P (K > Hi:l SZT) as follows:

d PR K
(o qls) = et
1=1 Hi:lsé

P<Y<1°g<nfisoi>>

. 2 . .
where X = (r — 3 )T + oW} and Y = Z'ii:l X7 is a normal random variable with mean equals to

2
PO (r - %) T and variance given by 3¢ Z;l:l pijoioiT.
Besides, we remark that:

H SrLl{ssme, ;}1 (59)

= E |:€Y1{ey<

=1

d d

i=1 0 d=1
where the last term can be calculated analytically. We remark that the analytic solution (59) is not
separable with respect to each coordinate.

We present in figure 4 a numerical example of the solution obtained with our algorithm and the
analytic solution. In figure 5 we see the same surface but intersected with the plane x; = xs.

Figure 6 shows the convergence curves, i.e, the L? relative error with respect to the number of
iterations of the algorithm according to the dimension. We note that the number of iterations needed to
obtain convergence increases as the dimension of the problem increases.
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Analytical solution and solution obtained by the greedy method

e
o

o
e

exacte  +
+
e greedy
-
¥
+
-
T
4
4
4
"
¥
ot
-
F 4
. S
L 3 e L R,
i e O e N
S R LG (*ﬁ¢+;+++++;:++++++++++++++++++ Kok
b b L b
e o R
% S B P ek
B e e AL e e
e s A e
e e
ok

et

e
e

e

+
RERRIS
g KRS

B e ot
e e e,
e s e,
SRR SRR

*ﬁ%:;u £

Figure 4: The analytical solution and the numerical one obtained with our method for the problem (23)

with the initial condition (58) in a two-dimensional framework. For this example, we consider At = 155

_ 1
and Az = 35
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Figure 5: The analytical solution and the numerical one obtained with our method for the problem (23)
with the initial condition (58) in a two-dimensional framework. We represent the intersection between
the surface in figure 4 and the plane x; = x5. For this example, we consider At = ﬁ and Ax = %.

Relative error

Convergence curves for the analytic solution

10 15 20 25 30 35 40 45
Number of iterations

50

Figure 6: Convergence curves for the solution at time T of the equation (23) with initial condition given
by (58). To obtain this curves, we consider Az = 0.1 for each dimension and At = 0.01.
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4.2 Results on the Black-Scholes equation

In this section, we show the results that we obtained applying our greedy algorithm described in the
previous section to the Black-Scholes equation.

Figure 7 represents the approximation of the solution at time T to the problem (23) with initial
condition (27) obtained using our greedy algorithm defined by the equations (56)

Price Basket Put Option at the maturity

+++++++ e +++
+++ +++ iy

g T
puirey ;.
30 EpCheet +:+++++++:+++++

Figure 7: The approximated solution obtained with our method for the problem (23) with the initial
condition (27).

Figure 8 represent the price of a basket put option when all the assets take the same value, i.e. S =
. = S4. Precisely, Figure 8 compares prices obtained with different discretizations Ax.

Ox=1/10 ——

Ax=1/20

Ax=1/30 ---%---
Monte Carlo &

40 45 50 55 60

Figure 8: The approximated solution obtained with our method for the problem (23) with the initial
condition (27) in a four-dimensional framework. For these results, we set Az = 0.1,0.2 and At = 0.01.

In terms of computational time, the greedy approach (55) is not competitive compared to Monte
Carlo methods when one is interested in the price of only one value of the spot, but on the other side
the curve of prices is obtained for any time ¢ € [0,7] and any price spot.

4.3 Application as a variance reduction method

In this part, we show that we can use the solution obtained by the greedy method described above in
order to find a control variable to reduce the variance when calculating the price an of option.
We can re-write the equations (19) and (20) which define the Black-Scholes model as follows:

ds: & :
S; =rdt + o'y H; ;dW/ (60)

Jj=1
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Dimension | Without variance reduction | With variance reduction
4 0.1233 0.0012
5 0.1204 0.0034
6 0.1197 0.0078
7 0.1245 0.0113
8 0.1257 0.0254

Table 2: Variance with a correlation parameter p; ; = 0.9 constant between all the assets.

where W is a d-dimensional Brownian motion and the matrix H verifies HH! = ¥ where X is a d x d
matrix such that 3; ; = 1if j =14 and X; ; = p;; otherwise.
We recall that the price of a basket put option is given by

E e f(St, S7,...,5%)]

where (S}, 53,...,58) = (K - 1 20, S%)
Jr
Now, for the sake of simplicity, let us consider » = 0. Generalization to r # 0 is straightforward. Let
us introduce the Kolmogorov equation:

4 (61)

HP—1A: V2P =0
P(0,z) = f(z)

where A = FH(FH)T and F is a diagonal matrix such that F;; = ¢*S® for i = 1,...,d. Notice that

P(T,So) =E [f(St,SF,...,5%)] .

Therefore, we have

T
P(0,87) — P(T, Sp) = / FHVP(T —t,5S;)dB;
0

and thus,
A T A
P(TS0) = £(Sr) ~ | FHYP(T - .5, (62)
0

The random variable ¥ = fOT FH VP(T —t,5,)dB; has zero mean and is a perfect control variable
since

Var [f(Sr) — Y] =0.

As we do not know the solution ]5, in practice, we calculate an approximation P* of P using the
greedy algorithm presented in Section 3. Therefore, we obtain an approximated control variable Y* =
fOT FH VP*(T—t, St)d B¢ and we can compute an approximation of P(T, So) by Monte Carlo, computing
the following quantity:

T A~
E lf(ST) 7/0 FH VP*(T —t,8,)dB,

We remark that this idea can be applied to any payoff function and that for a new value of Sy we use
the same approximation P

In Table 2 and 3 we present the performance of our variance reduction method compared with the
variance obtained with the classical method, i.e. calculating directly E[f(ST)].

For two typical values of the correlation, we observe that the reduction of the variance is important,
for example, up to a factor 6 in dimension 8.
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Dimension | Without variance reduction | With variance reduction
4 0.1256 0.0023
5 0.1248 0.0045
6 0.1230 0.0096
7 0.1199 0.0158
8 0.1232 0.0296

Table 3: Variance with a correlation parameter p; ; = 0.1 constant between all the assets.
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