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Abstract

We are interested in the Wasserstein distance between two probability measures on R™
sharing the same copula C. The image of the probability measure dC by the vectors of
pseudo-inverses of marginal distributions is a natural generalization of the coupling known
to be optimal in dimension n = 1. It turns out that for cost functions c(z,y) equal to the
p-th power of the L? norm of x —y in R™, this coupling is optimal only when p = g i.e. when
¢(x,y) may be decomposed as the sum of coordinate-wise costs.

Keywords: Optimal transport, Copula, Wasserstein distance, Inversion of the cumulative dis-
tribution function.
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1 Optimal transport between two probability measures sharing
the same copula

Given two probability measures p and p, the optimal transport theory aims at minimizing
[ e(z,y)v(dz,dy) over all couplings v with first marginal v o ((x,y) — z)~! = p and second
marginal v o ((z,y) — y)~! = p for a measurable non-negative cost function c. We use the
notation V<‘pL for such couplings. In the present note, we are interested in the particular case of
the so-called Wasserstein distance between two probability measures p and p on R” :

1/p
Waatiop) = it ([ o= ylpwtan,an) (1)
R7? xR™
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obtained for the choice ¢(z,y) = ||z — y|;. Here R™ is endowed with the norm |[|(z1,...,2y)|; =

>y |xi|q)1/q for ¢ € [1,+00) whereas p € [1,+00) is the power of this norm in the cost
function.

In dimension n = 1, ||z||; = |z| so that the Wasserstein distance does not depend on ¢ and
is simply denoted by W,. Moreover, the optimal transport is given by the inversion of the
cumulative distribution functions : whatever p € [1,400), the optimal coupling is the image of
the Lebesgue measure on (0,1) by u — (F, (), F, ! (u)) where for u € (0,1), F, ' (u) = inf{z €
R: pu((—o0,x]) > u} and Fp_l(u) = inf{x € R: p((—o0,z]) > u} (see for instance Theorem 3.1.2

in [3]). This implies that Wg (1, p) = [ 1) |F7 (w) — Fyl(w) [Pdu.

In higher dimensions, according to Sklar’s theorem (see for instance Theorem 2.10.11 in Nelsen [1]),

=1

" (H(—oo,x@-]> — O (1 (=00, 21])s -, in (=00, 7))

where we denote by p; = po ((z1,...,2,) + x;)~! the i-th marginal of u and C is a copula
function i.e. C(uy,...,un) =m ([ ,[0,w]) for some probability measure m on [0,1]" with all
marginals equal to the Lebesgue measure on [0, 1]. The copula function C is uniquely determined
on the product of the ranges of the marginal cumulative distribution functions z; — p;((—o0, x;]).
In particular, when the marginals u; do not weight points, the copula C'is uniquely determined.
Sklar’s theorem shows that the dependence structure associated with p is encoded in the copula
function C. Last, we give the well-known Fréchet-Hoeffding bounds

Vg, ... un €[0,1], C) (ut,. .. u,) < Clug, ... u,) < CF(ug, ... up)

that hold for any copula function C with C;f (uy, ..., u,) = min(ug, ..., u,) and C,, (u1, ..., u,) =
(ug + -+ +u, —n+1)T (see Nelsen [1], Theorem 2.10.12 or Rachev and Riischendorf [3], section
3.6). We recall that the copula C; is the n-dimensional cumulative distribution function of the
image of the Lebesgue measure on [0,1] by R 3  +— (z,...,z) € R™. Also the copula C; is the
2-dimensional cumulative distribution function of the image of the Lebesgue measure on [0, 1]
by R> x +— (z,1 —2) € R? and, for n > 3, C,; is not a copula.

In dimension n = 1, the unique copula function is C'(u) = u and therefore the optimal coupling
between p and p, which necessarily share this copula, is the image of the probability measure
dC by u = (F;'(u), F,; ! (u)). Tt is therefore natural to wonder whether, when p and p share the
same copula C in higher dimensions, the optimal coupling is still the image of the probability

measure dC by (u1,...,un) = (F,'(u1),..., F N un), Fyt(wr), ..., Fyl(uy)). We denote by

@ o p this probability law on R?". It turns out that the picture is more complicated than in
dimension one because of the choice of the index ¢ of the norm.

Proposition 1.1 Let n > 2, p and p be two probability measures on R™ sharing the same

. 1/p
copula C' and Wy (p1, p) = inf,, s (fRann |z — yHé’y(dx,dy)) .
o If p=gq, then an optimal coupling between p and p is given by v = p o p and

W) = [ S I ) P dC ) = [ S 0B
) =1 )

i=1



o If p # q, the coupling ju o p is in general no longer optimal. For p < q, if C # C;F, we
can construct probability measures p and p on R™ admitting C' as their unique copula such
that

1/p
(/ ) Hm—yugw(dm,dy)) > Wpaljna).
nX n

For p > q, the same conclusion holds if n >3 orn =2 and C # C; .

Remark 1.2 Let p and p be two probability measures on R™ and v <,. Forn =1, v is
said to be comonotonic if v((—oo,z],(—o0,y]) = CF (u((—o0,]), p((—00,y])). Puccetti and
Scarsini [2] investigate several extensions of this notion for n > 2. In particular, they say that
v is w-comonotonic (resp. c-comonotonic) if p and p have a common copula and v = o p
(resp. v maximizes [pn  gn (®,y)0(dx, dy) over all the coupling measures v<},). Looking at some
connections between their different definitions of comonotonicity, they show in Lemma 4.4 that
w-comonotonicity implies c-comonotonicity. Since

/ o — y|30(de, dy) = / le|3u(dz) + / lyl3o(dy) — 2 / (2, ) dz, dy),
R xR" R R R xR"

this yields our result in the case p = q = 2.

2 Proof of Proposition 1.1

The optimality in the case ¢ = p, follows by choosing dy = ... =d, =dy =... =d, =d] =
=dh =1, ¢i(yi, zi) = |yi — ziP, @« = dC, and ¢; = F;;il, W = F&l in the following Lemma.

Lemma 2.1 Let a be a probability measure on R x R% x ... x R% with respective marginals
at,...,an on R4 ... R and ¢; : R% — R% ¥ R — R% and ¢; : R% x R% — R be
measurable functions such that

Vie{l,...,n}, inf /]Rdz i ci(yi, zi)vi(dys, dz;) = /di ci(pi(xi), ¥i(x;))ay(dx;).  (2.1)

’<ai0(p

k2
aiowi

Then setting ¢ : © = (z1,...,2y) D R4 x ... x Rin (p1(x1), ..., onlzn)) € Ré+-+dn and
Yz dRE x X R& s (Pr(21),. .., Yn(zn)) € RET-H0 one has

n

meiZiii /Rd/1+~~+d’n R, 21 ci(yi, zi)v(dy, dz)
1=
n
= /d o Zcz ‘701 xz 1/}2 xz dw Z/ ‘702 .%'Z wl(xl))az(dxz)-
R41+--+dn 1 4

Proof of Lemma 2.1. We give two alternative proofs of the Lemma. The first one is based



on basic arguments.

/d Zci(‘Pi(ﬂci)awi(mi))a(dm)
RA1+---+dn =

n

> inf

l,<a0w*1 Rd’1+AAA+d’nXRd’1’+m+d’,{A
—1 1=

o)

ci(yi, zi)v(dy, dz)
1
n
ZZ inf 1// ) .
po V<§Zi:1 R +-Hdhn Rl +F

n

> inf o Gl zi)vi(dyi, dz;)
: R% xR%
=1y, <

-1
a;op;
Vi

—1
aiowi

B zzl /]Rdi ci(pi(i), i) o (dy)

al ci(yi7 Zz)V(dy, dZ)

n

- \/Rdl-rm.q_dn Z Cz(@l(xl)a 1/}1 (xz))a(d$)7

i=1

where we used that

e the probability measure a o (¢~ !,4~!) on RY1+-Fdn o RAT -7 ag respective marginals
aopland aoyt on RA+-+dn and R¥+-+dn for the first inequality,

e the infimum of a sum is greater than the sum of infima, for the second inequality,

1

e the respective marginals of avo ™
for the third one,

/ i — —
and aoyp~! on R% and R% are a; 0 p; * and a; 09); 1,

e and the hypotheses for the first equality.

The second proof is given to illustrate the theory of optimal transport. It requires to make the
following additional assumption on the cost function ¢;, for all 1 < i < n:

there exist measurable functions g; : R% — R4 and h; : R% — R, such that
ci(Yir zi) < gi(yi) + hi(zi), /d 9i(pi(z;))avi(dz;) < oo, ) hi(¥i(xi))oi(dri) < oo.  (2.2)
R% R%

Basically, this assumption ensures that fRdédeé/ ¢i(yi, zi)vi(dy;, dz;) < oo for any coupling

—1
Q;op;

—1-
Oéiowi

;<

We now introduce some definitions that are needed, and refer to the Section 3.3 of Rachev and
Riischendorf [3] for a full introduction. Let ¢ : R¥ x RY — R. A function f : RY — R is
¢-convex if there is a function a : R — R such that f(y) = sup,cga €y, 2) — a(z). For
y € RY | we define the é-subgradient:

O:f(y) = {z € RY s.t. Vg € domf, f(§) — f(y) > &, 2) — ey, 2)},



where domf = {y € R, f(y) < oo}.

We are now in position to prove the result again. Let X = (Xi,...,Xy) be a random variable
with probability measure a. We define Y; = ¢;(X;), Z; = ¥;(X;) and ¢; = —¢;. From (2.1), we
know that (Y, Z;) is an optimal coupling that maximizes E[¢;(Y;, Z;)]. From Theorem 3.3.11 of
Rachev and Riischendorf [3], this implies the existence of a &-convex function f; : R% — R such
that Z; € 0, fi(Y;). By definition of the ¢;-convexity, there exists a function a; : R% — R such
that f;(y;) = SUp_ g &(yi, z) — a(z). We define for y = (y1,...,yn) € R4 x ... x R% and
z=(21,...,20) €ERH x ... x R%,

n n

n
Fly) =" fily), a(z) = ai(z) and e(y,2) = > @iy, 2)-
i=1 i=1 i=1
The function f is ¢-convex since we clearly have f(y) = SUD__pdl/ ] ¢(y,z) — a(z). Then, we
have the straightforward inclusion:

:f(y) ={(z1,...,22) € RH x ... x R%,
st Vg edomf, > fifi) = fily) =Y @i z) — Y ey, 1)}
=1 =1 =1
D) 361f1(y1) X X aénfn(yn)

This gives immediately Y € 0zf(X). Using again Theorem 3.3.11 of [3], we get that the coupling
(Y, Z) with law p < p is optimal in the sense that it maximizes E[¢(Y, Z)]. ||

We now prove that the coupling i ¢ p is in general no longer optimal when ¢ # p. We first deal
with the dimension n = 2. Given two copulas Co and C4 on [0,1]?, let (U1, U}) be distributed
according dC%. Given (U, U)), let Uy be distributed according to the conditional distribution
of the second coordinate given that the first one is equal to U; under dCy and U7 be distributed
according to the conditional distribution of the first coordinate given that the second one in
equal to U} still under dCy. This way the random variables Uy, Us, U{ and U} are uniformly
distributed on [0, 1] and both the vectors (Uy, Uz) and (U7, Uj) are distributed according to dCs.

For ¢ € [0, 1], we consider
Y;.; = (U1,6U2), ZE = (6U1,U2) and Zé = (eU{,Ué)

We notice that the copula of Y, and Z. is (s since the copula is preserved by coordinatewise
increasing functions (see Nelsen [1], Theorem 2.4.3). Also, Z. and Z! obviously have the same
law. We will show that for a suitable choice of C) and € > 0 small enough, we generally have

E[IY: — Z[g] > E[I[Y= - Z:|ig).

Denoting by p® the law of Y and p® the common law of Z. and Z., this implies the desired
conclusion since

/ o — yll2u® o o (da, dy) = / I (), g (uz)) — (F r), Fig (w2) [2dChun, ws)
R2 xR2 [0,1]2

= E[||Yz — Z[[g] > E[|IYz — ZZ[IF] > W} 4(1, p)-



The coupling between Y. and Z. gives the score
E[(1 - &)?Uf + (1 - )W5)*/%] — E[(U} +U5)P/4),
E—
while the one between Y; and Z! gives:

E[([Us — cU3|7 + U3 — eVal9)P/9] = EI(UF + (U3)7)P/1].

We now focus on the cost function ¢(u1,ug) = —(ud + ul)P/? for uy,us € (0,1). We have

1 -2

_ _ p
oy O, u2) = plg — p)ud ™ (ud + ud)s

When ¢ < p (resp. ¢ > p) this is negative (resp. positive) for any uq,us € (0,1), i.e. ¢ (resp. —¢)
satisfies the so-called Monge condition. By Theorem 3.1.2 of Rachev and Riischendorf [3], we
get that E[¢(Uy, Uj)] is maximal for Uy = 1 — Uy (resp. Uy = Uy), i.e when Ch(u,v) = C5 (u,v)
(resp. Ch(u,v) = C (u,v)). Besides, since dy, Oy,¢(u1,uz) does not vanish, we have

E[E(Ul, UQ)] < E[E(Ul, 1-— Ul)] (resp. E[E(Ul, UQ)] < E[E(Ul, Ul)])
when Cy # Cy (resp. Cy # C3F). Taking Uy = 1 — U; (vesp. Uy = Uy), we have in this case
E[((1 - )70 + (L = &) U)P/1] > E[(|Ur — eUj|* + |U; — eUs|")"/1]

for € > 0 small enough. Notice that since both Yy and Zy have one constant coordinate, the
range of the cumulative distribution function of this coordinate is {0,1} and the probability
measures po and pp share any two dimensional copula and in particular C5 (resp. C; ). That
is why one has to choose ¢ > 0.

This two dimensional example can be easily extended to dimension n > 3. Let C, now denote
a n-dimensional copula, Co(u1,u2) = Cp(u1,ug,1,...,1) and C} be another two-dimensional
copula. We define (Uy, Us, U7, Us) as above. Then, we choose (Us,...,U,) (resp. (Us,...,U}))
distributed according to the conditional law of the n — 2 last coordinates given that the two first
are equal to (Uy,Us) (resp. (Uq,U})) under dC,,. Last, we define

Y. = (Uy,eUs,eUs, ... ,eU,), Z. = (eUy,Us,eUs,...,eU,) and Z. = (eUy, Uy, U}, ..., eU}).

We still have on the one hand that Y, and Z. share the same copula and on the other hand that
Z. and Z! have the same law. Moreover,

E[|Y: - Z:|5) = E(Uf + U and B[|Y. - Z2[2) - (U] + (U5,

Taking ¢ > 0 small enough, we get that E[||Y: — Z.|[}] > E[||Yz — ZL||}] > W5 ,(u, p) if, for
some uy,uz € [0,1], Cy(ur,u2,1,...,1) > C5 (ur,uz) when ¢ < p (resp. Cp(ui,uz,1,...,1) <
Cyf (u1,uz) when g > p). If there exist i < j such that

Co(1,.. Lug, 1,0 Lug, 1,000, 1) > Cy (ug,uj) (vesp. < Cof (ug,uy) ),

then one may repeat the above reasoning with the i-th and j-th coordinates replacing the first
and second ones. Then the coupling ¥ = ¢ p is not optimal for € > 0 small enough. For n > 3,
there is no copula such that C,(1,...,1,u;1,...,1,u;,1,...,1) = C5 (u4,u;) for any i < j ,
ui, u; € [0,1], since this would imply that Uy = 1 —U; = Us and Us = 1 —U,. Also, the only one
copula satisfying Cy,(1,...,1,u;,1,...,L,uj,1,...,1) = CF (us,u ) for any i < 4, u;,uj € [0,1],
is C}f since the former condition implies U; = U; for any i < j.
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