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On the energy-minimizing strains in martensitic
microstructures - Part 1: Geometrically nonlinear theory

Michagl Peigney

Université Paris-Est, Laboratoire Navier (Ecole des Ponts ParisTech, IFSTTAR,
CNRS), F-77455 Marne-la-Vallée Cedex 2, France

Abstract

This paper addresses the theoretical prediction of the set of energy-
minimizing strains that can be realized by martensitic microstructures. Poly-
convexification and related notions are used to derive some upper bounds (in
the sense of inclusion of sets). Lower bounds are constructed by lamination
techniques. The geometrically nonlinear theory (finite strains) is considered
in the present Part 1. Analytical expressions are obtained for a three-well
problem which encompasses the cubic to tetragonal transformation as a spe-
cial case. Twelve-well problems related to cubic to monoclinic transforma-
tions are also studied. In that case, sufficient conditions are derived for the
microstructure to be restricted to only two of the 12 wells.

Keywords: phase transformation nonlinear bounds relaxation finite
strain

1. Introduction

Some metallic alloys exhibit a solid/solid phase transformation between
different crystallographic structures, known as austenite (stable at high tem-
perature) and martensite (stable at low temperature). That phase trans-
formation can be triggered both by thermal and mechanical loading. In
terms of crystallographic structure, the austenite has a higher symmetry
than the martensite. This leads one to distinguish several symmetry-related
martensitic variants. Those variants correspond to different orientations of
the martensitic lattice with respect to the austenitic lattice. Accordingly,
to each martensitic variant is attached a transformation strain, describing
the deformation between the crystallographic structures of the austenite and



the martensite. The number of martensitic variants as well as the corre-
sponding transformation strains depends on the alloy considered, through
the structure of the austenite and martensite lattices. Some common ex-
amples include the cubic to tetragonal transformation (MnCu, MnNi), the
cubic to orthorombic transformation (8;CuAlINi) and the cubic to monoclinic
transformations (NiTi, v;CuAlNi), corresponding respectively to 3, 6 and 12
martensitic variants.

The phase transformation between austenite and martensite gives rise
to the shape memory effect displayed by alloys such as NiTi or CuAINi:
cooling down a stress-free sample below a critical temperature transforms
the homogeneous austenite to a martensitic microstructure, in which the
martensitic variants arrange themselves so as to produce a stress-free state
with no macroscopic deformation. This phenomenon is classically referred
to as self-accommodation. Deforming the sample entails a reorientation of
the variants, i.e. a phase transformation of some martensitic variants to
others. After unloading the sample, a residual stress-free strain is observed
at the macroscopic level. That residual strain results from the cooperative
effect of the microscopic transformation strains in each variant. Heating the
sample transforms the martensite back in austenite, thus restoring the initial
configuration.

The shape memory effect is obviously limited: if for instance the strain
imposed in the cooled state is too large, plastic deformations will occur and
the material will no longer be able to recover its initial shape after heating.
This motivates the definition of recoverable strains as macroscopic strains that
can be restored by the shape memory effect. As explained by Bhattacharya
and Kohn (1997), recoverable strains can be interpreted as minimizers of the
macroscopic energy at low temperature. That macroscopic energy is itself
obtained as the relaxation of a multi-well energy function ¥ that models the
behavior of the material at a microscopic level. The relaxation procedure is
notoriously difficult to perform and essentially consists in finding the austen-
ite/martensite microstructures which minimize the global energy. This paper
is essentially concerned with the theoretical prediction of the set of strains
that minimize the macroscopic (or effective) energy, using the framework of
nonlinear elasticity.

The problem can be formulated either in the geometrically nonlinear set-
ting or in the geometrically linear setting. The geometrically nonlinear set-
ting is more accurate and therefore to be preferred, especially as uniaxial
measurements show that recoverable strains may be of the order of 10%. It



turns out, however, that the problem is significantly more tractable in the
geometrically linear setting, which in turn allows the analysis to be pushed
further. For three-dimensional problems, exact solutions are available only
in few cases. In the geometrically non-linear theory, Ball and James (1992)
solved the case of two compatible variants with the same determinant. Bhat-
tacharya and Dolzmann (2001) extended that solution to a special case of the
four-well problem, which remains two-dimensional in nature. In the geomet-
rically linear theory, the solution of the two-well problem has been obtained
by Kohn (1991). Smyshlyaev and Willis (1998) developed the approach of
Kohn (1991) and adapted it to the three-well problem, deriving a lower bound
on the relaxed energy and giving a sufficient condition for that lower bound
to be realizable.

This paper aims at complementing existing results on that problem, es-
sentially through the use of bounds on the set of energy-minimizing strains.
Part 1 is devoted to the geometrically nonlinear theory, whereas the geomet-
rically linear theory is considered in Part 2 (Peigney, 2013). In Part 1 we are
particularly interested in studying the three-well problem, in the geometri-
cally nonlinear theory. The outline of the present Part 1 is as follows. In
Section 2 is derived a general upper bound based on distinctive properties
of Young measures (Kinderlehrer and Pedregal, 1991; Ball and James, 1992;
Miiller, 1999). Lower bounds are obtained using sequential lamination tech-
niques (Kohn, 1991; Ball and James, 1992; Dolzmann, 1999; Stupkiewicz and
Petryk, 2002). To that purpose, the solution of the two-well problem plays
an essential role and therefore is recalled in Section 3. Most of the results in
Section 3 are already known, but for the sake of comprehensiveness they are
reported explicitly and stated as theorems for latter reference. The two-well
problem also serves as a first illustrative example of the methodology intro-
duced in Section 2. Building on the results of Section 2 and 3, a three-well
problem is studied in detail in Section 4. Much emphasis is put on the cubic
to tetragonal transformation, which is a special case of the three-well problem
considered. Closed-form expressions of upper and lower bounds on the set
of energy-minimizing strains are obtained and compared. Section 5 focuses
on cubic to monoclinic transformations: using results of Section 2, we give
sufficient conditions on the macroscopic deformation for the microstructure
to involve only two of the 12 variants, extending similar studies carried out
by Ball and James (1992) and Bhattacharya et al. (1999) for the cubic to
tetragonal and cubic to orthorombic transformations, respectively.



2. Upper bounds on QK

At the microscopic level, the free energy density ¥ of martensitic crystals
is classically modeled as a multi-well function of the form min;<,<,41 VU,
where W, is the free energy of phase r and n is the number of martensitic
variants. We label the phases so that »r = n+ 1 corresponds to the austenite,
and 1 < r < n corresponds to the martensite variants. Each free energy
U, is a function of the deformation gradient F' and is frame indifferent, i.e.
satisfies ¥,.(RF') = U,(F) for all R € SO(3) and for all F. Moreover, the
free energies ¥, of the martensite variants are symmetry related, i.e. for each
1 < r < n there exists a rotation R, such that

VU, (F) =V, (R,FR!) for all F. (2.1)

Let us denote by I the set of deformation gradients F' that minimize the
function ¥. The property (2.1) immediately shows that min ¥,, = min ¥, for
all < n, so that min ¥ = min{min ¥y, min ¥,,; }. At a temperature below
the transformation temperature, martensite achieves the minimum energy,
i.,e. min ¥, ;; > min ¥;. In such case, the set IC is given by

K=[]JK. (2.2)

r=1

where I, = {F|¥,(F) = minV,}. The frame indifference of ¥, implies
that K, can be written as K, = SO(3)U, where U, is a set of symmetric
definite positive tensors. More specifically, for martensitic crystals, the set
IC, assumes the form

K, = SO(3)U, (2.3)

where the distinct symmetric positive definite tensors {U, }1<,<, are the
transformation strains of the different variants. Note from (2.1) that the
strains {U, } are symmetry related, i.e. U, can be written as U, = RrUlRf,
where R, is the rotation appearing in (2.1).

Consider now a martensitic single crystal occupying a domain €2 in the
reference configuration. We denote by « +— u(x) the mapping between the
reference configuration and a deformed configuration at equilibrium. The
crystal is subjected to boundary conditions of the form u(x) = F.xz where
F is a given effective deformation gradient. In the equilibrium theory of



martensitic transformations, the starting assumption is that the system min-
imizes its effective energy, as defined by

= 1
U(F)= inf — | U(F)d 24
QuE = i [ v (2.4

where
A(F) = {F|det F > 0, Ju(x) € W"*(Q,R?) such that
F =Vu in Q;u(x) = F.x on 00}.

Since the function ¥ is bounded from below, the quantity QWU (F) is finite.
However, since ¥ is generally not quasiconvex, minimizing sequences do not
necessarily converge: there may not be existence of a gradient field F* in
A(F) such that QU(F) = (1/]Q|) [, V(F°)de. This property corresponds
physically to the formation of microstructures at a fine scale. Such mi-
crostructures can be described mathematically using Young measures (see
e.g. Kinderlehrer and Pedregal (1991) and references therein). The func-
tion F' + QU(F) is classically referred to as the quasiconvexification (or
relaxation) of the function W.

In this paper we focus on the set QK of deformation gradients that min-
imize the effective free energy, i.e.

QK = {F|QVY(F) = min QV} (2.6)

As proved by Ball and James (1992), QK is the set of deformation gra-
dients F' for which there exists a bounded sequence F; in A(F) verifying
dist(F'j, ) — 0 in measure in €. That last characterization shows that QX
only depends on ¥ through the set K.

The set QK in (2.6) is related to the set of gradient Young measures by
the following theorem :

Theorem 1. (Ball and James, 1992; Miiller, 1999) For any F € QK,
there exists a gradient Young measure v supported on K such that F =

Jrsxs Adv(A).

In the following, that theorem is used to derive upper bounds on QK. Recall
that the gradient Young measures (supported on K) that appear in Theorem
1 have the following properties (Kinderlehrer and Pedregal, 1991):

1/20,/ dv(A) =1,
R3%x3

h( Adv(A)) < / h(A)dv(A) for any h quasiconvex.

R3%3 R3%3

(2.5)

(2.7)



A function h is quasiconvex if

QW (F) < / h(F)dx for all F and F € A(F). (2.8)
Q

We refer to the textbooks of Miiller (1999) and Dacorogna (2008) for a com-
prehensive study of Young measures and quasiconvexity. Let us now examine
how upper bounds on QK can be obtained from the properties mentioned
above. For any quasiconvex function h and any F in QK, the conjunction of
Theorem 1 with (2.7) implies that

h(F) < suph. (2.9)
K
Let H be a given family of quasiconvex functions and define
PyK = {F|0 > sup [h(F) — sup h]}. (2.10)
heH K

It follows from (2.9) that QK C RyK, i.e. Py is an upper bound (in the
sense of inclusion of sets) on QK.

Observe that the particular structure (2.2) of K has not been taken into
account so far: the decomposition (2.2-2.3) shows that K = U!'_, K, where
the wells K, = SO(3)U, are closed and disjoint. In that case (see lemma 3.3
in Ball and James (1992)), the Young measure v can be written as

n
VvV = E Vy
r=1

where v, is a positive measure supported on C, . For any F in QK and h in
‘H, we now obtain that

3x3

WE) <D [ A4 < 36, sl (211)

where

6, = / dv,(A)
R3%3

can be interpreted as the volume fraction of phase r in the microstructures
corresponding to the Young measure v. Note that 8 = (0,---,0,) must
belong to the set 7, defined as

To={0=(01,---.,0,)[0, > 0;> 0, =1}.
r=1

6



It follows from (2.11) that QK is included in the set PK defined by

PK= | PK(0) (2.12)
0<T,
where n
PK(0) = {F|0 > sup [h(F) — Y 6, suph]}. (2.13)
heH —_ K

A given family H of quasiconvex functions thus generates two upper bounds
on K, namely the bound P in (2.10) and the bound PK given in (2.13).
Only the latter makes use of the special structure (2.2) of K. It can be easily
checked that PIC C P/, but the reverse inclusion is not necessarily true (an
example is given in Section 4.1).

The relations (2.12-2.13) also provide some information on the microstruc-
tures that realize a given deformation gradient F in QK. In such microstruc-
tures, the volume fractions @ of the different wells must necessarily be such
that F' € PK(0). Therefore, for a given F, the set

{0|F € PK(0)}

is an upper bound on the possible volume fractions. This gives some partial
information on the underlying microstructure, although not as refined as the
full knowledge of the Young measure.

Let us now turn our attention to the choice of a family H of quasiconvex
functions to be used in the calculation of PyC and PK. A direct consequence
of the decomposition (2.2) is that QK respects the frame indifference, i.e.

F € QK = SO(3)F C QK. (2.14)

Therefore it is a natural requirement that the upper bound considered also
respects the frame indifference. Using the definitions (2.10) and (2.13), it
can easily be verified that Py/C and PK are frame indifferent if H satisfies
the following property:

for all R € SO(3) and h € H, the function F — h(R.F) is in H. (2.15)

In principle the best bounds available from (2.10) and (2.13) are obtained by
optimizing with respect to all quasiconvex functions, which in practice is not



possible because there is no simple characterization of quasiconvexity. In the
following, we restrict our attention to functions of the form

hF)=7:F+a:F"+cdetF (2.16)

where 7, @ and ¢ are arbitrary, and F* = det F(TF)~! is the adjugate of
F. The functions (2.16) are null-lagrangians, i.e. (2.8) holds as an equality.
Moreover, the property (2.15) is respected by that family of functions. With
this particular choice of quasiconvex functions, the bound Py in (2.10)
consists of tensors F' such that

0> sup{F:7+a:F +cdetF— sup (F:7+a:F*+cdet F)} (2.17)
T.G.c Fek

while the bound PA(0) in (2.13) consists of tensors F' such that

0> sup{F:7+a: 1_7‘*—|—cdet1_7’—20r sup (F:7+a:F"+cdetF)}.
T.a.c r=1 FGICT

(2.18)

The bound P,/C given by (2.17) is classically refered to as the polyconvexifica-

tion (or polyconvex hull) of IC (see Dacorogna (2008) and references therein).

Using (2.2) and taking 7 = a = 0 in (2.18), we can see that any F' in PX(0)
satisfies

det F = f,detU,. (2.19)

For any F satisfying this condition, the requirement (2.18) is equivalent to

OZsup{F:T+a:F*—Z«9T sup (F: 17+ a: F")}. (2.20)
T7a, T:1 FEICT

For solving the maximization problem over K, that appears in (2.20), it
is convenient to introduce the function ® defined for any second-order tensor
M by

d(M)= sup S:M. (2.21)
SeS0(3)

The function ®(M) can be calculated using the polar decomposition of M.
We can indeed write M = R.V where R € SO(3) and V is either symmetric



positive (if det M > 0) or symmetric negative (if det M < 0). Denoting by
A1, A2, A3 the eigenvalues of V', it can be shown (Peigney, 2008) that

O(M) = (M, Az, Ao) (2.22)

where f is the positive function defined on R?® by

o~ |

x|+ |y| + || if zyz > 0

2| + [yl + || — 2min(jz, ly], |2)) gz <0. )

Using the relation IC, = SO(3)U,., some elementary manipulations show
that supp c (F : 7+a : F') = ®U,.7 + U .a). The bound PK(0)
therefore consists of deformation gradients F' verifying (2.19) and

0>sup{F:7+a:F — ZQT@(UT.T +U’.a)}. (2.24)
T.a r=1

The bound P in (2.17) is found to consist of deformation gradients F
verifying det F = maxdet U, and

0 >sup{F:7+a:F — max ®U,.7 +U’.a)}. (2.25)
T.a 1<r<n

For a given F', it is in general necessary to resort to numerical techniques
for solving the optimization problem in (2.24) or (2.25) over all tensors (7, a)
in R3*3 x R3*3, Analytical bounds on QK can be obtained by restricting
(T,a) to a well chosen class C of tensors for which the optimization can be
performed in closed-form. Such a class of tensors depends on the problem
considered, notably on the transformation strains U,. Using (2.15), it can
be verified that the corresponding bound will respect the frame indifference
provided that

VR € SO3) ,(1,a) eC = (a.R,T.R) € C. (2.26)

A possible choice is to consider tensors (7, a) of the form
(v@w, v @w) (2.27)
where v, v’ and w are arbitrary vectors. Let us now explicit the correspond-

ing restrictions on QK. Using (2.24) we obtain

0>wFv+wF v - Z 0,2(U,v+U;v")®@w). (2.28)

r=1



The relation (2.22) gives ®(U,.v + U;.v') ® w) = ||lw|||U,.v + U;.7V'||, so
that (2.28) becomes

0>wFv+wF v —|w| 6|U,v+U;|). (2.29)
r=1
That inequality holds for any vectors v, v’ and w. For fixed values of 8, F,
v and v', the right-hand side of (2.29) is maximized when w is parallel to
Fov+ F 2, giving

|Fv+F 2| <) 6,|U.v+ U (2.30)
r=1
For any F in QK, there exists 6 in 7, such that (2.19) and (2.30) are satis-
fied. Note that use of the tensors (2.27) in (2.25) gives the following upper
bound on QK:

|Fo+ F' Y| < max |U,v+U-Y| (2.31)
1<r<n T

where (v,v’) are arbitrary vectors. The relations (2.30) and (2.31) will be
frequently used in the following. In general, those relations do not contain
all the information included in (2.24), as tensors (7, a) of the form (2.27) do
not attain the supremum in (2.24) or (2.25). Therefore the relations (2.30)-
(2.31) will be complemented by other restrictions obtained by optimizing
(2.24) with respect to other tensors (7, a) than those of the form (2.27).

3. A two-well reference problem

In the geometrically nonlinear setting, the exact expression of QK has
been obtained by Ball and James (1992) for a special case of the two-well
problem. The corresponding solution applies to the situation where K =
SO3)U,JSO3)U, and (U4, U,) are symmetric positive tensors such that

(2) det U1 = det Ug,
(11)  SO(3)U; and SO(3)U are rank-1 connected.

We recall that two wells SO(3)U; and SO(3)U are said to be rank-1 con-
nected if there exists a rotation R and a unit vector n such that

RU2 — U1 =a®n (32)

(3.1)

for some vector a. For latter reference, we note the following useful charac-
terization of the rank-1 connection between two wells:

10



Theorem 2. (Ball and James, 1987) Let A1 < Aoy < A3 be the eigenvalues
of U2 —Uj. Then SO(3)U, and SO(3)Us are rank-1 connected if and only

Let us consider the case K° = SO(3)UY U SO(3)UY corresponding to

ne 0 0 m 0 0
Ul=| 0 m 0 L, UY=1 0 e 0 |, (3.3)
0 0 ms 0 0 ms

where 71, no and n3 are positive parameters. The matrix representations are
relative to a reference orthonormal basis (vy, vs, v3). Any two-well problem
satisfying (3.1) can actually be cast under the form (3.3) using a change of
variables introduced by Ball and James (1992) and recalled in Appendix A

Since QK respects the principle of frame indifference, it can be decom-

posed as
QK® = so3)u° (3.4)

where L[? is included in the set M, 83X3_0f symmetric positive tensors. Consider
a fixed U in UY°. The condition det U = ny1,n3 implies that

17* = 7717727]3(7_1. (35)

Applying (2.31) with (v,v') = (711m2vs, —13v3), we obtain that nsU w5 =
mneU .v3, which using (3.5) can be rewritten as l72.v3 = nfvs. Since U is
symmetric positive, it follows directly that U.vs = n3vs3, and that U admits
a matrix representation of the form

uip up 0
U2 U2 0 (36)
0 0 s

The condition det U = 1;75m3 and the use of (2.31) with (v,v’) = (v, £v,0)
give the restrictions

Unilizy — Uty = il UYy + sy + 2ufy + 2Jura(un + ug)| <7 + 5. (3.7)

The components (uy1,u12) of tensors satisfying (3.6-3.7) are represented in
Fig. 1 (left) in the case ny/m = 0.5. For latter reference, observe that there

11



is an upper limit u{, on the shear component |us| of such tensors. It can be
calculated from (3.7) that

0o _ (771_772)2

U12 - —.
2/2(nf +n3)

(3.8)

0.08 T —————

006 -

[

~004 e
\'\

—0.06 - .

—0.08 L L i L L L
0s 055 06 065 07 0.75 08 085 08 0.5 1

Ui,

Figure 1: representation of the set 4° in the two-well problem (n2/m = 0.5).

The arguments used so far only ensure that U° is included in the set
defined by (3.6-3.7). The reverse inclusion is also true: for any given U
satisfying (3.6-3.7), Ball and James (1992) explicitly constructed a laminate
microstructure that realizes U. More precisely, we have the following theo-
rem:

Theorem 3. (Ball and James, 1992) For the two-well problem (3.1), any
deformation gradient F in QK is realized by a second-rank laminate. There
is not unicity of the gradient Young measure, except when F can be realized
by a first-rank laminate.

The conclusion is that the set defined by (3.6-3.7) gives the exact expression
of U°. Referring to Theorem 3, the deformation gradients F' that can be
realized by first-rank laminates take the form ARU, + (1 — \)U; where R

12



is solution of the twinning equation (3.2) and 0 < A < 1. Such deformation
gradients correspond to points on the boundary of the domain represented
in Fig. 1.

Using the solution of the two-well problem, the following property is
proved in Appendix A and will be useful in the next Sections:

Theorem 4. Assume (U,,Us) satisfy (3.1) and take F in Q(SO(3)U; U
SO(3)Us). Then Ker(U; — U3) is of dimension 1, and ||F.v| = ||Uy.v||
for any v € Ker(U? — U?). Similarly, Ker(U?* — UY?) is of dimension 1,
and ||F*wl|| = |U.w| for any w € Ker(U?? —U5?).

Let us address some comments on that theorem. For (U, U,) satisfying
(3.1), the fact that Ker(U7 — U3) is of dimension 1 means that there ex-
ists a non zero vector v (unique up to a multiplicative constant) such that
|U,.v|| = |U.v||. In such condition, any F in SO(3)U; USO(3)U, satisfies
|F.v| = ||U;.v|. Theorem 4 shows that the equality |[F.v| = ||U;.v| is
satisfied not only for F' in SO(3)U; USO(3)U,, but also for F' in the quasi-
convex hull Q(SO(3)U; USO(3)U,). Similar properties hold for adjugates:
there exists a non zero vector w (unique up to a multiplicative constant) such
that |[Ut.w| = ||Us.w| = [|[F".w|| for any F in Q(SO(3)U, USO(3)U,).

As a final remark on the two-well problem, we note that the bound FPykC
in (2.25) happens to give the exact value of Ky, and that rank-1 tensors
(T,a) reach the supremum in (2.25). Those properties are associated with
the two-dimensional nature of the two-well problem: as will be illustrated in
the next Section, the inclusions QK C PK C F,K are generally strict, and
rank-1 tensors (7, a) are not necessarily optimal in (2.24) or (2.25).

4. A three-well problem

In this section we study the three-well problem K = | J?_, SO(3)U, where
U,,U,, U3 admit the matrix representations

pe 00 m 0 0 m 0 0
U1 = 0 [25% 0 s Ug = 0 72 0 s U3 = 0 m 0
0 0 m 0 0 m 0 0 n

(4.1)

in the reference basis (v, vy, v3). The parameters (1, 72, i1, f2) are positive,
distinct and assumed to satisfy niny = p3us9, so that Uy, Uy, Us have the

13



same determinant. For any second-order tensor M, the scalar v;. M .v; is
denoted by M;;. We start by studying in detail the case p1; = n; and hence
la = M2, which corresponds to the cubic to tetragonal transformation. We
derive an explicit upper bound on QK, investigate its structure and compare
it with lower bounds constructed by sequential lamination techniques. We
then study the situation p; # 71, in which case the three wells are not all
pairwise rank-1 connected. The cases uy € [, m] and py & [n2, m] (with m;
assumed to be larger than 7)) are studied separately as they lead to different
structures for the set QK.

4.1. Case py = ny: cubic to tetragonal transformation

We first assume that n; > ny. Let {7, j, k} be a permutation of {1,2, 3}.
Using the relation (2.19) and (2.30) with (v,v') = ('vk,O) (0, vg), we obtain
that any F' in QK satisfies the condition det F' = 1?7, and

|F k]l <= 0k(m —nm2) 1B orll < muma + i (1 — 112) (4.2)
for some @ in T3. Since 1; > 1, the inequality (4.2) can be rewritten as

| F" vg|| — mne < <

771—HFUI~:H
mm —m2) = 77 m—m

(4.3)

Let ¢, € {—1,+1}. Using now (2.30) with (v,v') = (v; + €v;,0) and
(v,v") = (0, v; + €,v;) yields

|E-(vi + aop)ll = ity /i — | (0t ey

V2 — \/n} + 13 m(v/n? + 02 —V/2m)

(4.4)
Combining (4.3) and (4.4), we obtain
Ay(F) < 0, < By(F) (45)
with
Ay(F) = maX(HF*_’ka —mne || F.(v; + ev;)| — m)

mlm =) = Vo~ /nt o)
- —||F. V2 + 02— || F.(v; A :
By(F) = min(nl | F gl mv/n5 +m5 — || F (v + ek'v])H)'

m=n (/0 — V2m)
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In those definitions, the maximum and the minimum are taken over ¢, €
{=1,1} and over {4, j} such that {7, j, k} is a permutation of {1,2,3}. The
restrictions (4.5) correspond to the maximization of (2.24) over tensors (7, a)
assuming one of the following forms:

(vi + &vj) @ w,0), (0, (v; + €v;) ® w), (v, ® w,0), (0,v, ®w) (4.7)

where w is an arbitrary vector. The restrictions (4.5) can be improved by
maximizing (2.24) with respect to tensors (7, a) of the form

3 3
(Z T,0; & ’UZ'.R, Z a;V; & 'UIR) (48)
=1 =1

where R is a rotation and (7;, a;)1<i<3 are arbitrary scalars. In such case, the
tensor U,.7 + U, .a in (2.24) can be written as ), M;v; ® v;.R. Note from
the expression (2.22) that (>, M;v;®v;.R) = f(M;, Ms, Ms). Substituting
(4.8) in the inequality (2.24) shows that any F' in QK satisfies

3 3
0> sup sup{ F: (Z Tv; @v;.R) + F" : (Z a;v; @ v;.R)
ReSO(3) @i i=1 i=1
—01f(y1, 2, 23) — O2f (21, Y2, T3) — O3 f (21, 22, y3) }
(4.9)
where
T = MT +MN20; , Yi = N2T; + 77%@1 (4.10)

for 1 = 1,2,3. Using (4.10) to express (7;,a;) as a function of (z;,y;), the
inequality (4.9) can be rewritten as
3
0> sup sup{Z(li(R.F)xi +mi(R.F)y;)
ReSO(3) = 2 (4.11)
—01f(y1, w2, 23) — O f (21, Y2, 23) — O3 f (21, 02, y3) }

where the operators [; and m; are defined for any second-order tensor M by
7 - 2 2 2 2 '
m(nt —n;) m =1

Considering F' and R as fixed, the right-hand side of (4.11) can be max-
imized with respect to the arbitrary sextuplet (z;,y;)1<i<3. From the defi-
nition (2.23) of f, it can be noticed that (z;,y;) — f(y1, X2, x3) is piecewise

, my(M) = (4.12)
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linear and depends on the ordering of {0, y, x5, x3}. Similar remarks prevail
for f(x1,y2,y3) and f(x1,29,y3). The maximization of (4.11) with respect
to (x4, ¥i)1<i<s thus amounts to solve a series of constrained linear optimiza-
tion problems, obtained by restricting the optimization of (4.11) to values
(@i, Yi)1<i<s compatible with prescribed orderings of {0, x1, xa, X3, y1, Y2, Y3 }-
Carrying out these calculations shows that there is a total of 26 optimal sex-
tuplets to be considered, labelled as (z 1,&)12236 and to be detailed later
on. That family is optimal in the sense that for any F' and R, there exists
1 < j < 26 such that the supremum over (x;,y;) in (4.11) is reached for

(24, Yi)1<i<3 = (2, ¥ )1<i<3. The inequality (4.11) is thus equivalent to

3

0> sup  max {> (L(R.F)x! + m;(R.F)y))
ReSO(3)'¥/=* {5 (4.13)
_Hlf(y{’ ZE%, l’%) - 92f(x317 y%? J/’%) - 93f(x317 I%7 yiji)}

For any 1 < j < 26, define 77/ = >, 7/v; ® v; ,a/ = ¥, alv; ® v; where
(7, al) is related to (xf, y]) via (4.10). Interchanging the supremum and the

maximum, the inequality (4.13) can be rewritten as

0> max sup {RF:7’ + RF”
=152 ReS0(3) (4.14)

—91f<y1,$2,$3) - 92f<l’]1, y%@%) - 93f<l’31, x%’yé)}

In this inequality, the maximization problem over R can be solved with the
help of the function ® introduced in (2.21). We get

for 1 <7 < 26.
Let us now make the family (x Z,yz)}zjgﬁ explicit and write (4.15) in a
more convenient form. That family can be broken down into three groups.

The first group, labeled as (xl,yl)lzfgg , corresponds to sextuplets w1th one

component equal to 1, and all the others equal to 0. In the case where CCk =1
for a certain k, the corresponding tensors (77, a’) are given by

j n j "2
T = 5 20k®vk,a]:—

n =5 m(ni —n3)

Vi @ (U (416)
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and the inequality (4.15) can be written as 0 > ¢x(F) — (1 — 6;) where

1
ou(F) :mq)((mF 1 E"). vy ® v)

1
= ———— [ F v, = F v.
m(nt —n3)

(4.17)

In the case where y] = 1 for a certain k, we arrive at 0 > ¢y (F) — ;, where
Yy, is defined by

— 1 — -
1—

The second group in the family ( Y )}2236 consists of sextuplets of the

form /
xil =€ ) xig =€ ) xig == O? 4 1
p =0 y Yig = 0 y Yis = _66/7 ( . 9)

where e = +1, ¢ = +1 and {i1, 12,13} is a permutation of {1,2,3}. There are

12 sextuplets of this form, labeled as (27, v )1223}8 The last group, labeled
as (7,1 )}ifg% is formed by the eight sextuplets of the form
Ti =6, Yi= ek (4.20)
€

where ¢; = +1. Observe from the expression (4.19) and (4.20) that ]z, 2l) =
f(@1,y9,23) = f(21,25,y3) = 1 for j > 6, so that the inequality (4.15) be-
comes ®(F.77 + F".a’) < 1. The tensors (77,a’) corresponding to (4.19)
are

. 1
T = n? —n? (emvy;, @ vy, + €Mmui, @ vy, + e€Mvy; @ vyy),
1%
. 1
al = —— (emv;, @ v; +¢ v, Qv + €€’ Viy & Vyy),
m(m —n3) (€00 Wi iy 5 iy € € 01
(4.21)
whereas the tensors (77, a’) corresponding to (4.20) are
. 3
i = —772 7 Z €i(m + e1€2€3m2)v; @ 05,
1 21 =1 (4.22)
a] = T35 o Z 6i(7]2 + 616263771)1% & V;.-

m(nt —n3) =

17



In summary, (4.15) can be explicited as

Up(F) <0 <1 —¢p(F) for 1 <k <3,

O(F.77 + F .a?) <1 for 7<j <26 (4.23)
Combining this equation with (4.5), we obtain that
Al (F) < 6y < Bi(F) (4.24)

where
AL(F) = max(Ag(F), Yy(F)) , Bi(F) = min(By(F), 1 — ¢(F)).

Using_; the fact that any 0 in 73 satisfies §; > 0 and ) . 6; = 1, we find that
any F' in QK satisfies

AL (F) < Bi(F) for k=1,2,3;

3 3
S AUF) <1< BU(E), (4.25)
k=1 k=1

and B B
max ®(F.77 4+ F .a’) < 1. (4.26)

7<j<26

The expressions (4.25)-(4.26) are the result of optimizing (2.24) with respect
to tensors (7,a) of the form (4.7) and (4.8). The bound given by (4.25)-
(4.26) is still denoted by PKC, although - contrary to the two-well problem -
it is not ensured that tensors of the form (4.7) or (4.8) reach the supremum
in (2.24). The bound Py obtained by optimizing (2.25) with respect to
the same class of tensors is given by the restrictions (4.26) along with the
following additional requirement:

A (F)<1,0< B(F)fork=1,2,3. (4.27)

Remark 1 : We have not been able to find an example of deformation
gradient F' which satisfies (4.25) but not (4.26), although no attempt has
been made to rigorously prove that such an example does not exist. This
might suggest that the restriction (4.26) is redundant and can be omitted
without losing any information.
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Remark 2 : We have assumed so far that 7, > n,. When 7y > 7y, we
obtain that PK is defined by inequalities analog to (4.25) and (4.26) except
that Ag(F'), Bi(F), ¢r(F), Y (F') are defined by

— o= [Fougll my/mi g — | F (v + o))
A,(F) = min( , - > ),
M — 12 m (V13 +n3 — V/2n)

e |F" wpll = mnp | F.(v; + exv))|| — /i + 13
Bi(F) = max( , ,
X m(m — n2) V2 — /i 413 (4.28)
¢kF = —T]QF.Uk—T]F*.Uk,
g
Up(F) = ———|mF.v, — F v
=M

In the rest of this section, we compare the upper bound PK in (4.25) with
some lower bounds obtained from considerations of laminate microstructures.
This comparison is supported by graphical representations of the bounding
sets considered. For that purpose, it is necessary to consider cross-sections
obtained by assuming a certain form of F. Since QK and PK are frame
indifferent, it is sufficient to consider symmetric positive tensors. For any
given uj,, we consider the set U(uj,) of deformation gradients in QX with a
matrix representation of the form

U11 UTQ 0
UTQ U922 0 . (429)
0 0 Us3

Because of the condition det U = n?ny, any tensor U in U(u3,) is determined
by its components u;; and uge. Therefore U(uf,) can be identified with its
projection on the plane (u;1, us2), which will be done in the following.
Using the results collected in Section 3 for the two-well problem, we first
observe that Q/C contains all the tensors assuming one of the following forms:

m 0 0 a 0 c
0O ac |, 0moO (4.30)
0 c b c 0 b

where a, b, ¢ are submitted to the restrictions (3.7). In particular, it can be
seen from (4.30) that QK contains the tensors W;(\) defined by

W1(\) = diag(m, A, %) Wa(\) = diag(X, i, %) , (4.31)
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with 775 < A < ;. For any A in the interval [ns, 1], Theorem 2 shows that
SO(3)W(A) and SO(3)W () are rank-1 connected. Using the solution of
the two-well problem, it follows that QX contains the tensor

Uyp Uiz 0

Uz uze 0 (4.32)
0 0 mm

for any (uq1, uge, u12) verifying
Uniligy — UTy = THA , Uf) + gy + 2uly + 2lura(urr + ug)| < mf + X% (4.33)

For any given uj,, we denote by U™ (uj,) the set of tensors satisfying the
relations (4.32)-(4.33) with ujs = uj,. The set U™ (uj,) is a lower bound on
U(uiy). Note that U™ (uf,) is not empty as long as |ua| < uly where u?y is
defined in (3.8). Theorem 3 shows that any given U in U~ (u},) is realized
by a second-rank laminate involving deformation gradients in SO(3)W {(\)U
SO(3)Wy(A). Since deformation gradients in SO(3)W;(\) are themselves
realized by second-rank laminates (with deformation gradients in SO(3)U 5 U
SO(3)U3 and SO(3)U; U SO(3)U3 respectively), possible microstructures
realizing any given U in U™ (u},) take the form of fourth-rank laminates,
involving the three wells.

Applying the restrictions (4.25) to positive tensors of the form (4.29)
yields an upper bound on U (u},). That upper bound is denoted by U™ (u3,)
and its boundary is represented on Fig. 2 for several values of uj,. It is found
that U™ (u3y) collapses to the empty set when u}, exceeds a certain threshold
ui,. Some lengthy calculations based on expressions (4.25) shows that w1, is
actually equal to the value u, in (3.8).

There is generally a gap between the sets U~ (ul,) and U™ (u},), as shown
in Fig.3 where U™ (uf,) is represented as a dotted area. Observe in Fig.3 that
the boundaries of U™ (uj,) and U™ (u},) have a non empty intersection. It
can be verified that this intersection is formed by the deformation gradients
in Q(SO(3)U, USO(3)Us3). The dashed lines in Fig. 3 represent the bound

obtained when replacing (A}, (F), B}(F)) with (A,(F), Bx(F)) in (4.25), thus
illustrating the improvement obtained by considering tensors (7,a) of the
form (4.8) in the optimization.

The case uj, = 0 is a special situation where the sets U~ (u},) and U™ (u},)
are equal, thus giving the exact value of U (0). The set of deformations ¢/ (0)

corresponds to dilatations along the principal axis of the crystallographic
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Figure 2: The set U™ (u},) for several values of u},. The ratio 1y/n; is set to 0.5.

structure. It is represented in Fig. 2 in the case ny/m; = 0.5, and in Fig.
4 (left) for MnCu (n2/m = 0.9561). When uj, = 0, the restrictions (4.25)
defining the bound U™ (0) reduce to

M < uin <np, e < uge <y, My < U U (4.34)

The lower bound U™ (0) obtained from Eqs. (4.32)-(4.33) is

U™ (0) = {diag(r,mA/r,mna/N),m2 < XA <n, A <r <m}.

It is easy to verify from these expressions that U*(0) = U~ (0).

For a given U in U(0), there is in general neither unicity of the microstruc-
ture realizing U, nor of the volume fractions. Using the relation (4.23), the
volume fractions @ corresponding to a fixed U = diag(u;) in U(0) are found
to verify , ,

T2 h n T2
H(U_u wi) <6 <1 ni =1 (s uii>7 (4.85)
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Figure 3: Representation of the set U(uj,) for the three-well problem, with 73/, = 0.5
and ufy/m = 0.02 (left); ufy/m = 0.06 (right).

which is complemented by the condition ) . #; = 1. For example, the volume
fractions satisfying (4.35) are represented on Fig. 4 (right) for a particular
deformation gradient in ¢(0) (point labeled A in Fig. 4 (left)).

As a further illustration of the restrictions obtained on QX, consider
deformation gradients F'(w,§) of the form

F(w,8) = (nine)/*(I + dv(w) @ v'(w)) (4.36)

where v(w) = cosw v +sinw vy and v'(w) = — sinw v1 +cosw vy. The defor-
mation gradient F'(w, ) can be realized by cooling down the material (so as
to produce a self-accomodated state with a deformation gradient (n?n,)/3I)
and subsequently applying a simple shear of amplitude § between the direc-
tions v(w) and v'(w). Note that det F'(w,d) = 1?1y, which is a necessary
condition for F(w,d) to be in QK. The shaded area on Fig. 5 represents the
values (§,w) for which F(w,§) meets the requirements (4.25). For every w in
[0, 7], the conditions (4.25) translate into a lower and an upper bound on the
shear amplitude §. A remarkable feature of these curves is the existence of
localized peaks at specific values of w. This property is confirmed by consid-
eration of lower bounds on QK. The construction (4.32)-(4.33) can indeed
be used to find values of (w,d) such that F(w,d) € QK. Consider a tensor
U satisfying (4.32)-(4.33) with A\ = (m172)'/3. The spectral decomposition of
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Figure 4: The set ¢(0) for MnCu (left); Bounds on the volume fractions for (41, 422) =
(0.975,0.99) (right).

U implies that there exists > 1 and a € [0, 27] such that
2 \1/3 1
U = (nin2) " (pwr ® wy + L Ow: t v ® vs3)

with

wi; = Ccosav; +sSinavy , Wy = —sina vy + Cos a Vs.
Setting 0 = p— l% and 3 = arctan y, it can be verified that F(m — 3+ a, §) =
RU and F(3 — 7 + a,—6) = R'U for suitable rotations R and R’. This
construction generates a lower bound on the set {(w, §)|F(w,§) € QK}. That
lower bound is represented by the dotted area in Fig. 5 and is found to have
a similar shape as PIC.

Setting 0° = (n1/m2)Y® — (m1/m2)~"/% and B° = arctan((n1/n2)"/?), the
peaks in Fig.5 are found to correspond to

(wv 5) = (7T - 607 50)’ (7T/2 - 607 50)7 (50 -, _50)7 (50 - 7T/27 _50)'

These values of (w, d) are associated with the deformation gradients

(nine)"/diag((n1/n2)"?, (m1 /m2)~"/3, 1)

and

(i) *diag((m/112) ™% (m /1) "/, 1)
Both these deformation gradients satisfy (4.32)-(4.33) and therefore are in
QK.
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The dotted curves in Fig. 5 are the bounds given by the requirements
(4.27), showing a significant difference between the bounds Py and PK.

0.01

0.02

0.03 S L 4

Figure 5: Bounds on the shear amplitude § for MnCu.

4.2. Caseny < pp <m

We now address the case where 11 # 7y in (4.1). To keep the presentation
short, we assume in the following that 7, > 19, and we essentially focus our
attention on the set U(0) of deformation gradients in QI that are diagonal
in the reference basis.

When 7, < p; < mp, it remains possible to exhibit microstructures in-
volving the three wells, even though they are not necessarily pairwise rank-1
connected. Since SO(3)U; and SO(3)U3; are rank-1 connected, U(0) indeed
contains the tensors W () defined in (4.31) for o < A < n;. Using The-
orem 2, the tensor W (u;) is found to have rank-1 connections with Uj.
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Consequently, using the solution (3.6-3.7) of the two-well problem, QK is
seen to contain the tensors

diag(X, pi1, pafiz/N) (4.37)

for min(pe, 1) < A < max(pg,n1). Similarly, the tensor Wy(mne/u1) is in
@K and has rank-1 connections with U;. Therefore, Q) also contains the
tensors

diag(A, papz/A, pa) (4.38)

for min(ug,m1) < A < max(ug, ;). For any fixed A between min(pz, ;) and
max(pe, 11 ), use of Theorem 2 shows that the two tensors in (4.37) and (4.38)
are rank-1 connected. Consequently ¢(0) contains the set of tensors

{diag(\, X', pfpe/AN); min(pug,m) < X < max(pg, m1);
BB ) < X < max(BE2 3,

A A

(4.39)

min(

That set is depicted by the dotted area in Fig. 6. It has a ’'triangular’
shape, with corners U1,W(u1) and W(mny/p1). Invoking Theorem 3,
any deformation gradient of the form (4.39) can be realized by a sixth-rank
laminate involving the three wells.

We now explicit an upper bound on QK. For our purpose, it is sufficient
to use (2.31) with (v, v’) = (v;,0), (0, v;) and to optimize (2.25) with respect
to tensors (7, a) of the form (4.8). Using (2.31) we obtain

IF 1| <max(ni, ), ||Fva <m, || Fvsl| <y,

— — & — % 4.40
|F" || < max(mi, i), |l <2, [l <z (440

We now optimize (2.25) with respect to tensors (7,a) of the form T =
S T @v; and @ = Y0 a;v; ® v;. The bound (2.25) gives

3
Z Z EZTl + F*az max(f(:z:l, T2, x3)7 f(yh Y2, y3)7 f(Zb 22, Z3)> (441>

with
Ty =TI+ a1, Ty = MiTo + il , T3z = NoT3 + Nias,
Y1 = UoTy + M%CM ) Yo = [Ty + faflols , Y3 = (1 T3 + f1fioag, (4.42)
21 =1T1, 29 = M2T2 + 77%(12 ) 23 = M1 T3 + N11N203.
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Using these relations to express (7;, a;) as a function of (z;, y;), the inequality
(4.41) can be rewritten as

3
Z Z(Zzpl<-p) + qul(F)) - maX(f<x1a x27$3)7 f(y17y27y3)7 f(Zb 22, 23))
=1

(4.43)
where
7 Uil H2 7y = — 2 1 -,
pl( ) 2 2(F11 2F11)7 (J1<F) = (F11 — _Fll)
N — M3 1 n — 13 2
F 2 n I —H1 M2 =«
p = Foy — —F5), @(F)= Fyy— ZF 4.44
2(F) 773—,“%< 22 “12 5), @(F) n%_ul( 22 771% ), (4.44)
F n I % 7 —H1 = "
ps(F) = Fy— —F3), as(F) = Fy— L F
3(F) U%—M%< B 53), a3(F) R 5 (£33 772 Fis)-

Note from (4.42) that the parameters (x;,y;, z;) are not independent. For
i € {2,3} we can write
T = oz + Biyi (4.45)

with

o — ) (i — n3) L B
=) T e B ey )

The six parameters (z;,y;)1<i<s can be chosen arbitrarily. Maximizing the

right-hand side of (4.43) with respect to (z;, y;)1<i<s shows that the optimal
values are

) 13+ e

pa(m + o) (447)

21:y1:1’22:—23:6’y2:—y3:
where e = +1. Note in particular that those values are such that f(x, o, x3) =
f(y1,y2,y3) = f(z1, 22, 23) = 1. The expression (4.43) becomes

2

12 p1(F)+ 01 () + elpa(B) = po(B)) -1 (gy(F) = s (F). (448)
pa(m + n2)

This inequality corresponds to the use of diagonal tensors (7,a) in (2.25).

Optimizing with respect to all tensors of the form (4.8) shows that (4.48)

has to be satisfied for all R.F where R € SO(3). It is possible to write the

corresponding restrictions on QK in terms of the function ® introduced in
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(2.21), but for the sake of conciseness those developments are not reported
here. In the case where F' = diag(u;;) with u; > 0 and det F' = 5?15, some
algebraic manipulations allow the inequality (4.48) to be rewritten as

€ 1
(w11 — po)ugo +€ e

m + e m+ 12

0> (up1—m)(— ). (4.49)

2
— < U11Uy»n +
m(m + n2) He

i Ui
095
091
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Figure 6: Lower and upper bounds on (0) in the case n2/m = 0.5, p1/m = 0.75.

We denote by U1 (0) the set of tensors diag(u;;) satisfying (4.40) and
(4.49). The set U*(0) is an upper bound on U(0). The set obtained is the
union of the segment [U,Us3] with a ’triangular’ area, as depicted in Fig. 6

in the case ny/m = 0.5, pu1/m = 0.75. The corners of that triangular area
are Uy, W1 (Apn),W1(Ay) where

+ - + -
A, = i 772<_|771 | 1 \/Z) Ay = Uit 772(|771 | + \/Z)
2 M+ p2 2 M+ 2

and A = (1 — p2)?/(m + p2)* + 4mnz/ (i + n2)*. The upper bound U™ (0)
is found to be very close to the lower bound defined by (4.39). A measure of
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the gap between those two sets is obtained by comparing |pq — 7172/ 1| with
Avr — A (see Fig.6). We have

A — A
M _1:M1(771+772) 1

|11 — mm2/ | {13 + mng
In the case depicted in Fig. 6, this scalar is approximatively equal to 5.88%.
Fig. 7 represents the upper bound U*(0) for different values of y; in the
interval [ne,m1]. Fig. 8 shows the evolution of A\y; — Ay, and |pg — mima/ 1] as
a function of p;. Notice that the upper bound U (0) and the lower bound
(4.39) coincide for py € {n2, m, /M2 }. Those values of y1; correspond to
cases where the three wells are pairwise rank-1 connected.

LiF
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Figure 7: Evolution of the upper bound on U(0) as u varies from ns = 0.5 to n; = 1.

4.8. Case py & [1m2,m]
When gy ¢ [n2,m], the considerations used in the previous section for

constructing tensors in U(0) fail. The only tensors in U(0) which can be

28



0.5 . . . .

0.45

041 A\ i

0.35

T
1

0.25

0.15

0.1} g

0.05 A |u1dn1n2/u1|

O Il 1 1 L
0.5 0.6 0.7 0.8 0.9 1

Hy/m,

Figure 8: Comparison of the lower and upper bound on U(0).

simply exhibited are U; and W () for 7, < A < ;. This does not imply
however that microstructures involving the three wells do not exist.
We assume in the following that p; > n; > n9. Using (2.30) we obtain

[Foil <o, [[F ol < g,

|F.vil| < i, |[F il < fori=2,3. (4.50)

Like in the previous subsection, additional information is obtained by opti-
mizing (2.25) with respect to tensors (7, a) of the form (4.8). Carrying out
this calculation shows that, compared to (4.50), the only additional informa-
tion is obtained by using (4.43) with

Moty + 15
(12 + p1)’

Observe that f(y1,vy2,vy3) = f(21,22,23) for such values of (y;,2;). Using
(4.45)-(4.46), it can also be verified that f(xi,22,23) = 1. Substituting

—Rk1 = k23 = 29 = —Yi1 = Y2 = Y3 = 1 (451)
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(4.51) in (4.43) yields

+n? _ _ _ _ _ _
1> BT () (RF)+ps(R.F))+py(RF)+a(R.F)+q5(RF)—q (R.F)
m(n2 + 1)
(4.52)
for all R € SO(3).
U
14 4
1.2
i 7
0.6
1,
0'13.1 L‘rI) 'EI.-3 Cl.-4 ulj D:ﬁ &_I? IZI.IS - Cl:g 1I 1..1

U1|m1

Figure 9: Upper bound on U(0) in the case 71 < p1.

The tensors F = diag(uy;) satisfying that inequality with R = I are
represented by the shaded gray area in Fig. 9, in the case n; = 1, 7, = 0.5,
p1 = 1.5. The intersection with the tensors satisfying (4.50) (represented by
the hatched area in Fig. 9) defines an upper bound on #(0). In contrast with
the case puy < ny, the set U(0) of diagonal strains in QK is not a connected
set (U1 is an isolated point). Note that the upper bound obtained allows for
mixture of the three phases. It is not clear whether such microstructures do
really exist, or whether that result is due to a non optimality of the upper
bound considered. Similar results can be obtained when gy < ns.

We close this study of the three-well problem by summarizing the main
results that have been obtained. As long as py € [n2,m], the set U(0) is
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connected (in the topological sense) and we can exhibit some laminate mi-
crostructures involving the three wells. The upper bound U*(0) is found
to be quite close to the lower bound (4.39) constructed from laminate mi-
crostructures. Those bounds are actually equal when the three wells are
pairwise rank-1 connected, which happens not only for pu; = 7 (cubic to
tetragonal transformation) but also for 1 = n; and py = /m72. When
w1 & [n2,m], it is no longer possible to simply exhibit microstructures involv-
ing the three wells. This coincides with a drastic change in the structure of
U(0): the deformation gradient U; becomes an isolated point in /(0).

Although much attention has been devoted to tensors in QX that are
diagonal (in the reference basis), we note that the expressions (4.25) and
(4.48) give an upper bound on the whole set QIC, not just on its trace on the
space of diagonal tensors.

5. Reduction to two wells in cubic to monoclinic transformations

In this section, we consider some implications of the bounds (2.30) for
the twelve-well problems corresponding to cubic to monoclinic transforma-
tions. More precisely, we aim at deriving sufficient conditions on F' for the
corresponding gradient Young measures to be supported on only two of the
12 wells. For the cubic to tetragonal transformation, Ball and James (1992)
showed that such a reduction to two wells is ensured if F is a solution of a
two-well problem involving two of the three variants.

Bhattacharya et al. (1999) studied the cubic to orthorombic-I transforma-
tion, in which case there are six wells, all pairwise rank-1 connected. These
authors showed that, except for some very special values of the lattice pa-
rameters, the Young measure is unique (and supported on two wells) for any
deformation gradient F' that can be realized by a first-rank laminate.

In this section, we investigate the extent to which such results can be
generalized to the cubic to monoclinic transformations. There are two types
of cubic to monoclinic transformations (classically referred to as cubic to
monoclinic-I and cubic to monoclinic-IT). The methodology employed can
actually be applied to any n—well problem K = U ,SO(3)U, where the
transformation strains U, are symmetric positive with the same determi-
nant. Consider a given deformation gradient F' and two rank-1 connected
transformation strains (U;,U;). Assume that one can find a vector v veri-
fying

U;-UN)w =0, [|Upv| < ||U;v| for all k #1i,j. (5.1)
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Noting that ||U;.v|| = |U;.v|| and applying the inequality (2.30) with v’ = 0,
we obtain

IFl| < 8+ 0)|Usvl| + ) 6l|Uxv||
k#i,j (5.2)
< (0; + 6;)(|U;v|| — sup |[Ug.vl]) + sup |U.v],
k#i,j k#i,5
which can be rewritten as

HFU” — SUPg; 4 Uy

<0+ 0, 5.3
|U ;v — supy . ; |U ;.|| ! .

Therefore, if F is such that ||[F.v|| = |U;.v|| then 6; +6; = 1 and 6}, = 0 for
k # i,j. Possible microstructures realizing F are thus necessarily restricted
to the wells SO(3)U; and SO(3)U ;. Note from Theorem 4 that the condition
| F.v|| = |U;.v| is satisfied for all F in Q(SO(3)U; USO(3)U), i.e. for any
F solution of the two-well problem involving variants ¢ and j.

In the same fashion, assume that one can find a vector w verifying

U -Uw=0, [|[Upw| < |Ufw| for all k # i, j. (5.4)

A similar reasoning shows that if ||[F".w]|| = |U;.w| -which by Theorem
4 is satisfied for all F in Q(SO(3)U; U SO(3)U,)- then the gradient Young
measure is supported on SO(3)U,; U SO(3)U;.

Since we know from Theorem 4 that Ker(U7 —U?) and Ker(U;* - U;?)
are of dimension 1, it is easy to check if (5.1) or (5.4) can be satisfied. Even
if neither (5.1) nor (5.4) holds, restriction to two wells may still be ensured
for special deformation gradients in Q(SO(3)U; U SO(3)U,). Consider in
particular deformation gradients that are realized by first-rank laminates.

Such deformation gradients F' are of the form
F=U,+)a®n (5.5)

where 0 < A < 1 and (a, n) is solution of the twinning equation RU; —U; =
a ®n. Assume one can find a vector v such that

vn =0, |[Ugv| < |U;v| for all k # i, ;. (5.6)

Since v is orthogonal to n, we have ||F.v| = |U;v| = |U;v|. Using
the inequality (2.30) with such a vector v and with v’ = 0, we obtain that

32



0; +0; = 1. The reduction to two wells is thus recovered. Moreover, invoking
Theorem 3, there is uniqueness of the gradient Young measure.

Since the equation RU; —U; = a ® n can be rewritten as RU; — U} =
—detU;(RU ;) "n ®U; 'a (provided det U; = det U;), similar conclusions
are obtained if there exists a vector w verifying

wUla=0, |U.w| < ||Ulwl| for all k # i, j. (5.7)

Conditions of the form (5.6) and (5.7) are essentially the arguments used
by Bhattacharya et al. (1999) for proving the restriction to two wells in the
cubic to orthorombic transformation. Let (w1, u2) be an orthonormal basis
of the plane nt. Setting v(w) = cosw u; + sinw uy, the condition (5.6) can
be rewritten as

sup {|[U:0(w)[* — sup [[Uv(w)|*} > 0. (5.8)

0<w<m k#1,j

In a similar fashion, considering an orthonormal basis (w1, ws) of the plane
(U;'.a)* and setting w(w) = cosww; + sinww,, the condition (5.7) is

equivalent to

sup {|U7.v(w)|* - sup [|U}.v(w)|*} > 0. (5.9)
0<w<T k#i,j
For given values of (Uy,---,U,), it can easily be checked numerically if

(5.8) or (5.9) is satisfied. In the rest of this Section, the general procedure
described so far is applied to the cubic to monoclinic transformations.

5.1. Cubic to monoclinic-1 transformation

The twelve transformations strains in the cubic to monoclinic-1 trans-
formation are listed in Table 1. The matrix representations in Table 1 are
relative to the orthonormal basis (v, va,v3) of the austenitic cubic lattice.
In the following, we take o = 1.0243, § = 0.9563, § = 0.058, ¢ = —0.0427.
These values correspond to Ni-49.75Ti (Knowles and Smith, 1981). Using
Theorem 2, each variant is found to have rank-1 connections with seven of
the others. For instance, variant 1 has rank-1 connections with variant 7 for
i€{2,3,4,5,8,9,11}. Considering such a variant 7, let us examine sufficient
conditions on F' for the microstructure to be necessarily restricted to the
wells SO(3)U; and SO(3)U;.
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U, U, Us; Uy
B e € B —€e —€ B —e € Jo] € —e
e a 0 — « 1 - a -0 € -
e 0 « —€ 0 a € -5 « — -0 «
Us Usg U~ Us
a € 6 a —€ 0 a —e —0 a e —0
e B € —e B —€ — p € € B —e
d € « § —€ « -5 € « -5 —€ «
Uy Ui Ui Uio
a & € a 6 —€ a -0 € a -0 —€
6 a € 6 a —e€ -0 a —e€ -0 « €
e e B — —€ B € —e B —e € B

Table 1: Transformation strains in the cubic to monoclinic-I transformation.

For i € {3,4,5,9}, the condition (5.4) is found to be verified. Restriction
to two wells is thus ensured for any F in Q(SO(3)U,; USO(3)U,).

For ¢ € {2,8,11}, neither (5.1) nor (5.4) is satisfied, so we turn our
attention to (5.8) and (5.9) instead. To that purpose, the solutions of the
twinning equation RU; — U; = a ® n are needed. That calculation is
relatively simple if there exists a 180° rotation S such that U; = STU, S
(Ericksen, 1981). In that case, the twinning equation RU; —U; = a®n
has two solutions, denoted by (Ry,a;,m1) and (Ry, as, ny) and given by

Ui'e
a; = 2(% - Ulé) , My =g,
U e ) (5.10)
a; = pU e , Ng = —€ — —-5),
p [IU€[?
where é is the axis of S and p is taken such that ||ny|| = 1. First consider

the case 1 = 8. It can be verified that RUg— U = a®mn where S is the 180°
rotation of axis (v +vg)/\/§. For deformation gradients U1+ Aa; ®n; (resp.
U, + May ® ny), the condition (5.8) (resp. (5.9)) is found to be satisfied.
Similar results are obtained for ¢ = 11.

The case ¢« = 2 is the least favorable in terms of restriction to two wells.
Solutions of the twinning equation are given by the expressions (5.10) with
é = v;. For deformation gradients U; + Aa; ® ny, we obtain that (5.8) is
satisfied. However, for F' = U, + \ay ® no, it appears that neither (5.8) nor
(5.9) is satisfied. The reduction to two wells is thus established for only one
of the two classes of first-rank laminates involving variants 1 and 2.

One can repeat this analysis for all the pairs of variants. The results are
collected in Table 2. The entry (i, j) in Table 2 is left blank if variants i and
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Variant [1 2 3 4 5 6 7 8 9 10 11 12
1 .1 3 3 3 2 3 2
2 1 . 3 3 2 3 .2 3
3 3 3 1 3 2 . 2 . 3
4 3 3 1 2 3 3 2
5 3 2 .1 3 3 3 .2
6 2 3 1 . 3 3 2 3 .
7 3 2 3 3 1 2 3
8 2 3 3 3 1 3 2
9 3 . 2 . 3 . .13 3
10 2 03 2 31 . 3 3
11 2 .3 . .3 .2 3 3 . 1
12 3 22 03 03 3 1

Table 2: Reduction to two wells in Ni-49.75T1i.

j are not rank-1 connected. The entry (7, j) is set equal to 3 if reduction to
two wells holds for any F'in Q(SO(3)U;USO(3)U), i.e. for any deformation
gradient F' that can be realized by a second-rank laminate involving variants
i and j. An entry r(7,j) equal to 2 indicates that reduction to two wells is
only ensured for deformation gradients F' that can be realized by a first-rank
laminate. Lastly, the entry (i, j) is set equal to 1 if reduction to two wells
only holds for one of the two types of first-rank laminates. The corresponding
type of laminate can be characterized by the value of the normal n in the
twinning equation. We have

n = v, fOT {Z,]} == {172}7 {374}7
n=wvy for{i,j}={56},{7,8}
n =wv3 for {i,j} = {9,10}, {11, 12}.

The numerical calculations have also been done for other compositions of
NiTi alloys (Hane and Shield, 1999; Knowles and Smith, 1981) without ob-
serving any change to the results displayed in Table 2.

5.2. Clubic to monoclinic-1I transformation

The twelve transformation strains for the cubic to monoclinic-II transfor-
mation are given in Table 3. Values of the lattice parameters are taken as
a = 0.9842, f = 1.1042, v = 0.9178, § = 0.016. Those values correspond
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Table 3: Transformation strains in the cubic to monoclinic-II transformation.

2

to f1Cu-14Al-4Ni (Otsuka et al., 1974). No pair of rank-1 connected vari-
ants satisfies (5.1) or (5.4). Therefore, contrary to the cubic to monoclinic
I transformation, restriction to two wells can only be established for defor-
mation gradients corresponding to first-rank laminates. Variant 1 is rank-1
connected with variant i for i € {2,3,4,6,7,10,12}. For all those variants
U, except Uy, there is a 180° rotation S; such that SiT.Ul.Si =U, (see e.g.
Pitteri and Zanzotto (1998)). The solutions of the twinning equation are then
given by expressions (5.10). Variant 1 is also rank-1 connected with Uy, but
in that case there is no 180° rotation S such that ST.U;.S = U,. The so-
lutions of the twinning equation can still be calculated, but the expressions
are not as simple as (5.10) (see e.g. Ball and James (1987)).

For i € {5, 7}, we find - using (5.8) and (5.9) - that the restriction to two
wells holds for any F' corresponding to a first-rank laminate.

For i € {2,3}, use of (5.8) and (5.9) only ensures the restriction to two
wells for one of the two solutions of the twinning equation RU;—U; = a®n,
the corresponding value of n being given by

n = (vy —w3)/V2 fori=2,

n = v,y for i = 3. (5-11)

For i € {4, 10,12}, it is found that neither (5.8) nor (5.9) is satisfied. In that
case, reduction to variants 1 and ¢ cannot be ensured, even though those two
variants are rank-1 connected.

Table 4 summarizes the results obtained after going through all the pair
of variants, using a similar nomenclature as in Table 2. The entry r(i, ) is
set equal to 0 if variants i and j are rank-1 connected but no condition on F
has been found for restricting the microstructures to the two wells SO(3)U;
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Variant [1 2 3 4 5 6 7 8 9 10 11 12
1 .1 1 0 2 2 . 0 0
2 1 . 01 0 0o 2 . 2
3 1 0 1 2 2 . 0 0
4 0 1 1 1 12 . 2
5 2 .1 1 0 0 0
6 0 01 . 01 2 . 2
7 2 . 2 1 0 10 . 0 .
8 0 0 0 1 1 2 2
9 2 02 0 . ... 1 1 0
10 o . 0o . . 2 . 2 1 . 1
11 .2 .20 .0 .1 0 . 1
12 o . o0 . . 2 . 20 1 1

Table 4: Reduction to two wells in 8] Cu-14Al1-4Ni

and SO(3)U,.

The results of Table 4 apply to {Cu-14Al-4Ni. Using measurements
of the lattice parameters available from the literature, we have also carried
out the calculations for other materials undergoing a cubic to monoclinic-II
transformation, such as Cu-15Zn-17Al (Chakravorty and Wayman, 1977),
Cu-20Zn-12Ga (Saburi et al., 1976) or Cu-39.3Zn (Tadaki et al., 1975). The
results are identical to those shown on Table 4.

It has to be emphasized that conditions (5.1)-(5.7) are sufficient condi-
tions of F' for the reduction to two wells to hold. Therefore it is possible
that the results of Tables 2 and 4 can be improved. For instance, for a
pair of variants {i, 7} such that r(i,7) = 1 in Table 2 or 4, other arguments
than (5.6)-(5.7) may show that restriction to two wells actually holds for any
first-rank laminate of variants ¢ and j. It can be proved, however, that the
values r(i,7) in Table 4 are optimal for (4,7) € {1,2,3,4}*. Bhattacharya
and Dolzmann (2001) indeed determined the quasiconvexification of the four-
well problem U?_,SO(3)U, where {U, }1<,<4 are given in Table 3. Note that
the four transformation gradients {U, }1<,<4 have the same determinant and
verify U,.v; = ~ywv;. Taking this very special feature into account, Bhat-
tacharya and Dolzmann determined the quasiconvex hull Q{U?_,SO(3)U,}
in closed form. They also obtained necessary and sufficient conditions for
restriction to two wells to hold. Their results correspond to the predictions
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of Table 4: in the four-well problem U?_,SO(3)U.,, restriction to two wells is
only possible for the pair of variants {1,2} and {1,3}, when in addition F
corresponds to one of the two types of first-rank laminate (given by (5.11)).
It follows that the values of Table 4 for the twelve-well problem are optimal
for (i,7) € {1,2,3,4}*. A similar conclusion holds for (i,7) € {5,6,7,8}?,
and for (i,7) € {9,10,11,12}%

Comparing Tables 2 and 4, we can see that stronger results are obtained
for monoclinic-I martensite than for monoclinic-II martensite: for some pairs
of variants in monoclinic-I martensite, reduction to two wells is ensured for
any deformation gradient solution of the corresponding two-well problem.
This is the strongest result that can be expected in terms of reduction to two
wells, and such a result is not established for monoclinic-II martensite. On
the other extreme, for monoclinic-II martensite, there are some pairs of rank-
1 connected variants for which restriction to two wells cannot be guaranteed
(as indicated by the zero values in Table 4). That scenario does not occur
for monoclinic-I martensite.

6. Concluding remarks

Considering the geometrically nonlinear setting, closed-form bounds have
been obtained for a three-well problem that includes the cubic to tetragonal
transformation as a special case. Although the exact expression of QK re-
mains out of reach, comparison with lower bounds obtained from lamination
techniques shows that the upper bound PIC is likely to be tight. It is not
ensured that analog expressions can be derived for the cubic to orthorombic
(or cubic to monoclinic) transformations, as calculation of the bound PK in
(2.24) gets increasingly difficult as the number of variants grows. One can fall
back on the bound FP,K in (2.25) but it has been seen that some information
is lost in that process.

It would be interesting to use such results to study recoverable strains
of polycrystals. In that regard, a general method has been proposed by
Peigney (2008) for bounding the recoverable strains of martensitic polycrys-
tals, assuming that an upper bound on the set of recoverable strains in the
constitutive reference single crystal is available. Combining that method
with the results presented in this paper is the object of ongoing work.

Studying restrictions to four wells in cubic to monoclinic transforma-
tions has revealed some structural differences in the set of energy-minimizing
strains corresponding to monoclinic-I and monoclinic-II martensite. Such
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differences will be further explored in Part 2 (Peigney, 2013), considering the
geometrically linear setting.

Appendix A. Proof of Theorem 4

Consider a two-well problem I = SO(3)U,USO(3)U 3 where (U,U) are
two symmetric positive tensors satisfying det Uy = det Uy and RU, —U; =
a ® n for some rotation R. In order to prove Theorem 4, we first need to
express QK in term of the canonical solution QK" in (3.6)-(3.7). This is
accomplished by a change of variables introduced by Ball and James (1992).
Define

U''n
= Tr—1 . €
CAT 1
d=s||U; n|.lla|, L=U; (I —de;® ey).

2

a
= — = /\

Since det U; = det U4, a simple calculation shows that e;.es = 0, so that
the basis (eq, e, e3) is orthonormal. It can be verified that
UlL:I—6€2®€1 s U2L2I+562®61.

This construction can be applied to the tensors U{ and U3 in (3.6). Using
expressions (5.10) and (A.1), we obtain that

UL’ =1-xe!, UL’ =1 +’e) ® e,

with
1 sgn —
el = ?(771’01 + 12v3) 6(2) = M(%’Ul — 11V32)
Vi m ni+ (A.2)
50 = ’771 _772‘ : LO: (U(1)>71<I_5Oeg®e(13>.
2mne

Setting vs = es, the expressions (A.2) show that it is always possible to
choose (vy,v2,m1,12) such that e = e, € = ey, and 6° = §. With such a
choice, we find

U,.(U;'UY) =0, (A.3)
for r = 1,2. Following Ball and James (1992), we have

QK.U'UY = QK°. (A.4)
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We are now in a position to prove Theorem 4. Consider indeed a given F'
in Q(SO(3)U; USO(3)Us). By (A.4), there exists F° € QK° such that
FU'UY = F°. Introduce the vector k defined by k = U;'Ules =
mU7'es. Using (3.6) and (A.3), and recalling that vs = es, it can be
easily calculated that

Ul.k: Ug.k:nleg ,HF’C” =mM- (A5)
Let us now verify that k € Ker(U7 — U3). Using (3.2), we find
Us-Ui=|al’n@n+U,a®n+neU,.a,

hence (U; — U7).k = (n.k)(||la||®>n + U,a) + (k.U,.a)n. The definitions
(A.1) give
n.k=n||U; n|e .es=0

and
k:.Ul.a, = 7’]1“&”62.63 = 0.

Therefore k € Ker(U] — U3). It remains to observe that under assumptions
(3.1), the dimension of Ker(U? — U3) is necessarily equal to 1. Indeed, if
Ker(U? — U3) was of dimension 2, there would exist a unit vector b and a
scalar v # 0 such that U? — U3 = vb ® b. This relation can be rewritten
as U = Uy(I +yU,'b @ U,'b)U,. Since det U; = det U, , we find that
det (I +~U,'b ® U,'b) = 1. This last equality can be satisfied only if
YU 'b = 0, thus contradicting the fact that v # 0 and ||b|| = 1. Therefore,
the dimension of Ker(U? — U3) is equal to 1, so that any v in Ker(U} — U3)
is colinear to k. The equality |[F.v|| = ||U;.v| thus follows directly from
(A.5).

Setting k' = (U?) 1 (UY)*es, a similar reasoning shows that
UT’C/ = U;k, = Mmmns€s , ||F*k7/|| =mnsz, (l];72 — U?2)k§ = 0. (A6)

Using the twinning equation (3.2) as well the relation detU; = detU,, a
simple calculation shows that

RU; —U; = —(detU,)(RU,) "n®@Uj 'a. (A.7)

The sets SO(3)U7 and SO(3)U3 are thus rank-1 connected. One can show
as above that Ker(U7}? — Ufa) is of dimension 1 and therefore conclude in a
similar way:. a
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