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1 INTRODUCTION

A typical routine in wind field resource assessment, at the
most basic level, consists of first to third order statistics of
times series data. The quality of the time series data can
range between 0.05 to 600 seconds. More often than not the
frequency of data will be the latter of the two since it is the
cumulative power over long periods of time that define the
financial return from turbines and thus high-resolution data
is deemed unnecessary. It is now evident that such coarse
time series data are no longer sufficient for a representa-
tive assessment of the wind and that estimations based on
such data are associated with inaccurate power curve pre-
diction and turbine damage. In particular it has been sug-
gested that such problems are due to a lack of understand-
ing of the somewhat intermittent nature of the wind velocity
fields and the small-scale fluctuations thus associated. In
order to address this there has been a significant increase
in research involving coupled mesoscale-microscale mod-
els and stochastic downscaling methods. Our contribution
is a demonstration that a good knowledge of small-scale
variability is essential for a better understanding of the at-
mospheric boundary layer. We discuss the applicability of
the stochastic anisotropic multifractal model to the complex
conditions of wind farm potential and operational sites.

2 DATA

Available to us is six-months of wind velocity and tempera-
ture measurements at the heights 22, 23 and 43m.

Figure 1: Schematic of turbine positions and wake effect
due to North-Westerly winds (map courtesy of Julien
Richard).

The measurements came from 3D sonic anemometers with
a 10Hz data output rate positioned on a mast in a wind farm
test site subject to wake turbulence effects (see Fig. 1). The
quality of the data was of utmost importance so thorough
pre-processing and verification was implemented to assure
the reliability of the results.

3 ANALYSIS

3.1 The Energy Spectrum and Scaling
A typical first-step-method to determine the overall scal-
ing behaviour is the transformation of the velocity field into
Fourier space. We ‘should’ then be able to observe power-
law behaviour of the spectrum such that

E(ω)≡ Aω
−β (1)

where ω is the frequency, E(ω) is the energy at a given
frequency, A is a coefficient of proportionality and β is
the scaling exponent. The review of [Marusic et. al., 2010]
discusses the existence of a -1 power law sub-range over
small frequencies, adjoined by a classical Kolmogorov iner-
tial sub-range with β = 5/3.
We will present shortly a more in-depth discussion on how
our results compare to Kolmogorov’s predictions however
before this we would like to discuss the fact that there is no
unique scaling regime i.e. there are three common scaling
features, instead of the predicted universal law (see Figs. 2
and 3 also), that are:

• High frequency scaling range (RHF :∼ 0.1 secs to
∼5 mins) in which all three velocity components, u, v
and w, follow (approximately) the same scaling law.

• Mid-frequency w-component departure from scal-
ing at∼5 minutes. Mid-Frequency, RMF , corresponds
to the ranges ∼ 5 mins to ∼1 hour.

• Low frequency scaling reunification (RLF :∼ 1 hr to
∼1 day) for all three velocity components at about an
hour. The power law is not the same as that for small
scales as will be discussed later.

The focus therefore of our more in-depth analysis is the be-
haviour of the horizontal u- and v-components over the mid-
frequency-ranges i.e. ∼5 mins to ∼1 day. In fact what we



found was that our data fell into two categories; days (i.e.,
independent samples of 219 measurements [≈ 14.5 hours]
per day) without a mid-frequency perturbation (Fig. 2) and
days with a mid-frequency perturbation (Fig. 3). In the next
section we will consider the simpler of the two regimes that
are the non-perturbed days.

3.2 Non-perturbed Days &
The Anisotropic Multifractal Model
The results from spectral analysis on non-perturbed days
confirm a unique power law for all three velocity compo-
nents over higher frequencies up to approximately 40 sec-
onds at which the vertical wind w-component shows a clear
scaling break followed by a -1 power law subrange as de-
scribed in the previous section.
Moreover, such a clear separation of power law subranges
allows us to obtain an estimate of the integral length
scale for the vertical wind component as suggested in
[Monin & Yaglom, 1975], which in turn leads to an estimate
of the Reynolds number of about 60,000. Thus, from di-
mensional analysis one may obtain a minimum Reynolds
number of about 14,000. These estimates confirm that the
investigated wind field exhibits fully developed turbulence.
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Figure 2: Averaged spectra for 11 non-perturbed days where
the velocity component u is blue, v is green and w
is red. The high-frequency range from ∼ 0.1 sec to
5 mins has spectral slope ∼ 1.4, less than the pre-
dicted 5/3. In addition we have highlighted the -1 ad-
joining range, from 5 mins to an hour, with the scale
break being predictable based on the mast height (see
[Fitton et. al., 2011] for more details). Low frequency
scaling region is compatible with the -11/5 scaling law.

Over the high-frequency range Fig. 3 displays spectral ex-
ponents that differ from Kolmogorov’s -5/3 law. The dif-
ference corresponds to an intermittency correction of spec-
tral slopes and can be taken into account using the univer-
sal multifractal framework (Schertzer and Lovejoy, 1987),
where:

• the energy density flux is a conserved (at any scale
ratio λ ) multifractal field proportional to a power law
with singularity, γ , i.e.

ελ ∝ λ
γ , (2)

• the statistical moments of the energy density flux are
defined by:

〈εq
λ
〉 ∝ λ

K(q), (3)

• and the scaling moment function K(q) is defined by:

K(q) =
C1

α−1
(
qα −q

)
. (4)

Here, q, is the order of moment, C1 is the codimension of
the mean singularity and α is the multifractal Lévy index.
The spectral exponent of Eq. 1 now becomes

β = 2H +1−K(2) (5)

where H = 1/3 quantifies the degree of non-conservation of
velocity increments. For spectra (i.e. for second order statis-
tics), we estimated K(2) = 0.27. Such high intermittency
corrections are expected over high frequencies in areas with
high Reynolds numbers and complex terrain.

In addition we observed the Bolgiano-Obuhkov -11/5 power
law at low frequencies illustrating the influence of large-
scale vertical motions specific to the topography of our wind
farm test site [Faggio & Jolin, 2003].
To take into account the dominant role of the vertical mo-
tion of large scale atmospheric structures, one may con-
sider that the buoyancy force variance flux, φ , plays the
same role as the energy flux, ε , in 3D turbulence but only
along the vertical [Schertzer & Lovejoy, 1984]. This is con-
trary to the classical ‘buoyancy subrange’ that postulates
an isotropic turbulence [Bolgiano, 1959, Obukhov, 1959]
with two different (horizontal and vertical) scaling regimes.
Thus we have the coupled sets of scaling equations
[Schertzer & Lovejoy, 1984, Lazarev et. al., 1994]:

∆V (∆x) d
= (ε(∆x))1/3∆x1/3

∆V (∆z) d
= (φ(∆z))1/5∆x3/5

}
(6)

=⇒ (ε(∆x))1/3 ≈ (φ(∆z))1/5 when ∆x1/3 ≈ ∆z3/5 (7)

where ∆V (∆x) and ∆V (∆z) denote the horizontal and verti-
cal shears of the horizontal wind respectively and the symbol
d
= means equality in probability distribution.
Because the scaling fluctuations of both fluxes are not ne-
glected (due to their explicit scale dependency) we can de-
fine anisotropic scaling (as defined by the anisotropic multi-
fractal model [Schertzer & Lovejoy, 1984]) at all significant
scales instead of two isotropic regimes, separated by a scal-
ing break (see [Fitton et. al., 2011] for more details).

3.3 Perturbed Days, Wakes and Power Estimation
In [Fitton et. al., 2011] we put forward the argument that the
non-perturbed days were a result of lack of influence of wind
turbines justified by the low frequency power law (cross-
diagonal mean wind) of the integrated cospectral analysis.
The same argument allowed us to select days that were
highly perturbed. By this we mean days where the mid-
frequency range, RMF , in which the scaling of horizontal



velocity components remained the same as described in the
previous section, now have significant fluttering (see below
[Fig. 3]).
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Figure 3: Averaged spectra for 11 perturbed days where the ve-
locity component u is blue, v is green and w is red.
The high-frequency range from ∼ 0.1 sec to 5 mins
has spectral slope ∼ 1.6 which is much closer to the
predicted 5/3. We have highlighted the fluttering for
the horizontal components over RMF . We can also see
the fluttering of the vertical component is accentuated
to a plateau. The 11/5 low frequency scaling regime
remains, although with a lower coefficient of propor-
tionality A (Eq. 1).

To see the effect of the turbines we can do a direct compar-
ison of the integrated spectra, ωE(ω), in log-linear coordi-
nates of perturbed and non-perturbed days (11 of each see
Fig. 4).
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Figure 4: Comparison of perturbed and non-perturbed, u-
component averaged integrated spectra, ωE(ω), in log-
linear coordinates; blue is perturbed days with light-
blue moving average, green is non-perturbed with red
moving average and purple is the differences of the
moving averages.

This gives us a quantification of the energy per frequency
increment making the overall evaluation of the energy gains
and losses much easier. We have selected the horizontal

u-component since there is no -1 adjoining range for non-
perturbed days making it easier to make the comparison.
Note the behaviour of the horizontal v-component is very
similar (evidence of asymmetry at larger scales). From Fig.
4 we can draw the following intermediate conclusions based
on the ranges defined in §3.1:

• High frequency scaling range (∼ 0.1 secs to ∼5
mins) has an injection of energy since perturbed days
(blue integrated spectra, light-blue moving average in
Fig. 4) have more energy than the unperturbed days
(green integrated spectra, red moving average in Fig.
4). This is confirmed by the positive difference of
the moving average of the integrated spectra (purple
curve of Fig. 4). If we consider the most basic ap-
proximation to a turbine, the actuator disc, then we
can assume any eddy larger than the disc will be split
into smaller eddies. This may explain the increase in
high frequency energy. In fact, we can further con-
firm this idea since the transition of energy peaks at
∼ 5 mins highlighted again in Fig. 4 correspond to
the size of the wake shown in Fig. 1.

• Mid-frequency u-component (∼ 5 mins to∼3 hours)
shows evidence of energy pumping from the turbines
for the perturbed days. This is more obvious when
looking at the negative difference of the two inte-
grated spectra over this range.

• Low frequency (∼ 3 hours to ∼ 1 day [mesoscales])
shows that although there is similar scaling behaviour
the energy for the perturbed days (red curve) is greater
than the non-perturbed (light-blue curve) since the
difference of the two (purple line) is positive. In
[Fitton et. al., 2011] we suggested this was because
the two particular types of wind the site was typically
subject were strong North-Westerlys and weak South-
Easterlys. This meant only the stronger winds would
interact with the turbines (see Fig. 1).
In addition we see at ∼ 3 hours the energy of the non-
perturbed days becomes greater than perturbed. In the
previous section we discussed how topographical fea-
tures can change the scaling power law over the lower
frequency data. This suggests there are similar topo-
graphical influences causing the loss of energy e.g.
higher mean winds dissipate more energy over com-
plex terrain.

Fig. 5 displays a schematic diagram that illustrates the corre-
sponding inter-relations of different scaling ranges of the en-
ergy spectra. Over each of these ranges, two distinct power
laws describe the corresponding scaling behaviour, with and
without wake effects. Thus, from Eq. 5 we get:

E1(ω) = A1ω
−β1 , (8)

E2(ω) = A2ω
−β2 . (9)

Since the estimates of the multifractality parameter, α , re-
main stable for both perturbed and non-perturbed fields, the



ratio of the energy spectra is defined by the second order
structure function:

E1(ω)

E2(ω)
=

A1

A2
ω
−ζ∆(2) (10)

where ζ∆ = 2(∆H)− (∆C1/(α − 1)) · (2α − 2) from Eqs. 4
and 5.

Figure 5: Schematic of the inter-relations of different scaling
ranges of the energy spectra in a log-log plot.

From Fig. 5, Eq. 4 and the above equation (Eq. 10) we
see an empirical spectral exponent closer to the theoretical
values of β = 5/3 (over small scales) or β = 11/5 (over
large scales), correspond to a smaller intermittency correc-
tion K(2). Figs. 4 and 5 therefore suggest that by taking
the energy over large scales, wind turbines create additional
small-scale eddies and re-inject them as part of the energy
over smaller scales, making the turbulence more homoge-
neous.

4 CONCLUSION

The aim of this study was to explore the scaling behaviour
of atmospheric velocity measurements in a wind farm test
site subject to wake turbulence effects. Based on this study
we can make the following conclusions:

• Using long time series, 10Hz data, we identified (de-
pending on the direction of the mean wind) two or
three scaling sub-ranges.

• Through spectral analysis we found possible relations
between wind velocity scaling breaks and associated
theories of fully developed turbulence in the atmo-
spheric surface-layer and used the universal multifrac-
tal framework to deal with the strong intermittency of
the field.

• We have discussed how the anisotropic multifractal
model can be applied to near wall atmospheric turbu-
lence over complex terrain how it can be fully vali-
dated for days with no interaction with the wind tur-
bine wakes.

• We found empirical evidence of the influence of
wakes and suggested reasoning and scaling tech-
niques that enable us to quantify the loss of energy
with the potential of taking this into account using the
anisotropic multifractal model.

• And finally, we discussed how the pumping of energy
from wind turbines over mid-frequency scales, creates
additional small-scale eddies which are re-injected as
part of the energy over smaller scales. This makes the
turbulence more homogeneous over the smaller scales
in an analogous way to grid-generated homogeneous
turbulence.
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