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Abstract

The durability of concrete materials with regard to early-age volume changes and cracking phenomena depends on the evolution of
the poroelastic properties of cement paste. The ability of engineers to control the uncertainty of the percolation threshold and the
evolution of the elastic modulus, the Biot-Willis parameter and the skeleton Biot modulus is key for minimizing the vulnerability
of concrete structures at early-age. This work presents original results on the uncertainty propagation and the sensitivity analysis
of a multiscale poromechanics-hydration model for cement pastes of water-to-cement ratio between 0.35 and 0.70. Notably, the
proposed approach provides poroelastic properties required to model the behavior of partially saturated aging cementpastes (e.g.
autogenous shrinkage) and it predicts the percolation threshold and undrained elastic modulus in good agreement with experimental
data. The development of a stochastic metamodel using polynomial chaos expansions allows to propagate the uncertainties of
kinetic parameters of hydration, cement phase composition, elastic moduli and morphological parameters of the microstructure.
The presented results show that the propagation does not magnify the uncertainty of the single poroelastic properties although, their
correlation may amplify the variability of the estimates obtained from poroelastic state equations. In order to reducethe uncertainty
of the percolation threshold and that of the poroelastic properties at early-age, engineers need to assess more accurately the apparent
activation energy of calcium aluminate and, later on, of theelastic modulus of low density calcium-sillicate-hydrate.

Keywords: Microporomechanics, Global sensitivity analysis, Sobol’variance decomposition, Elastic modulus, Biot-Willis
parameter, Percolation threshold, Cement paste

1. Introduction

In poroelastic media such as concrete materials [1], the de-
velopment of internal stresses due to drying and autogenous
shrinkage and the risk of cracking significantly depend on the
evolution of the poroelastic properties [2–4]. The abilityof en-
gineers to predict and control the variability of the percolation
threshold, the elastic modulus, the Biot-Willis parameterand
the skeleton Biot modulus is of prime importance to minimize
the risk of cracking of concrete structures at early-age.

Recently, continuum micromechanics models have been used
in many successful assessments of the effective mechanical
properties of hardened cement-based materials [5–8]. The ex-
tension of these models to take into account the poroelasticbe-
havior of concrete materials [1, 9, 10] introduced several model
applications [11–14]. At early-age, the microstructure evolves
due to the hydration of anhydrous cement particles and addi-
tional chemical reactions. Bernard et al. [6] were the first to
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model the evolution of the elastic modulus and Poisson’s ratio
of hydrating concrete materials by means of micromechanics.
They proposed a hydration model and described the aging pro-
cess by an evolution of the relative volumetric proportionsof
elementary phases with invariant mechanical properties. While
providing good results for mid- to late-stages of hydration, this
model lacked of precision at very early-age. Later on, Sanahuja
et al. [15, 16] studied the impact of the shape of solid hydrates
on the prediction of the solid percolation threshold and theelas-
tic modulus of aging cement pastes. However, portlandite and
ettringite were not considered among the hydration products re-
sponsible for setting in the model.

The input parameters of these deterministic models can be
classified into four categories: the initial phase quantification,
the kinetic parameters of hydration, the invariant elasticprop-
erties and the microstructural/morphological parameters. This
information is uncertain and, as a consequence, the model re-
sponses can be considered as random variables. Berveiller et
al. [17] first propagated uncertainty through a multistep mi-
cromechanics model of concrete. They predicted the variabil-
ity of the elastic modulus and Poisson’s ratio of cement paste
by polynomial chaos expansions. The resulting variances were
decomposed into Sobol’ indices recovered by post-processing
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the polynomial expansions for much less calculation than what
is required by Monte-Carlo simulation. Later on, Sudret et al.
[18] used polynomial chaos expansions as stochastic metamod-
els in order to assess the full randomness of elastic properties
at different scales of hardened concrete and perform sensitivity
analyses from scale to scale. However, a sensitivity analysis of
the poroelastic properties of cement paste over time has notyet
been accomplished.

The purpose of this work is threefold: first, to provide a de-
terministic multiscale poromechanics-hydration model topre-
dict the evolution of the Biot-Willis parameter, the skeleton Biot
modulus, the Poisson’s ratio, the elastic modulus and the per-
colation threshold; second, to improve the agreement between
the prediction of the elastic modulus and experimental databy
considering the effect of the shape of ettringite and portlandite
particles on setting; third, to assess the uncertainty of these pre-
dictions at different stages of hydration and identify their great-
est contributors among the input parameters. The originality of
this work relies on the application of a non-intrusive method
of uncertainty propagation to a microporomechanics-hydration
model for cement pastes in order to assess the contribution of
the material parameters to the variability of the macroscopic
poroelastic properties over time. For the first time, this work
presents the second central moment of the Biot-Willis parame-
ter and the Biot skeleton modulus as functions of time.

The uncertainty propagation is performed by polynomial
chaos expansion of the random model responses [19]. This ap-
proach has the advantage to give access to sensitivity informa-
tion and to allow the computation of large samples of predic-
tions for much less calculation than required by Monte-Carlo.

The paper is organized as follows: firstly, the materials stud-
ied in this work are presented; secondly, the deterministicmul-
tiscale poromechanics-hydration model is introduced; thirdly,
the polynomial chaos expansion and the post-processing are
explained; fourthly, the uncertainties of the input parameters
are described; fifthly, the model is validated, the uncertainty is
propagated, a sensitivity analysis is performed, the correlation
between the poroelastic properties is investigated and thePDF
of the elastic modulus is estimated at different timesteps.

2. Material

This work focuses on three cement pastes with different
water-to-cement ratio (w/c) of 0.40, 0.50 and 0.60. The cement
composition is an important factor that influences the chemistry
of hydration and the properties of cement paste. The cement
composition of this study is taken from the experimental study
of Boumiz et al. [20, 21] on the elastic properties at early-age
of cement-based materials. Two approaches can be used to de-
scribe the cement composition: the oxide composition and the
chemical phase composition. The major oxides composition of
this cement is presented in Table 1.

To model hydration, one needs to assess the phase com-
position. Cements are made of four major grinded clinker
phases that react differently with water: tricalcium silicate,
dicalcium silicate, tricalcium aluminate (aluminate) andtetra-
calcium aluminoferrite (ferrite). According to cement chem-

Table 1: Major oxides composition of cement PCCB9402 [20]

Oxyde Mass fraction [%]
CaO 66.23
SiO2 21.68
Fe2O3 0.29
Al2O3 4.17
SO3 3.54

istry those are refered to as C3S, C2S, C3A and C4AF where
C = CaO, A= Al2O3, F = Fe2O3, S̄= SO3 and H= H2O so
that C3S= 3CaO· SiO2 and so on. An amount of gypsum
(CS̄H2) about 5% of the total mass of the system is usually
added to these phases by cement producers.

Several methods can be used to determine the phase compo-
sition using the stoichiometry of those compounds and the re-
spective amounts of the former oxides. The approach adopted
in this study is a widely used method developped by Bogue
[22]. It consists in a linear system of equations based on a quan-
titative oxide composition (see Table 1) under certain assump-
tions:

• the main phases of the cement are C3S, C2S, C3A and
C4AF, to which are added some gypsum and free lime;

• all the Fe2O3 present in the system occurs as C4AF;

• the remaining amount of Al2O3 occurs as C3A;

• the CaO occurs either as C3S, C2S, free lime or gypsum.

The mathematical formulation of the Bogue calculation is
well documented and can be found in the book of Taylor [23].
We assume an amount of free lime equal to 1g/100g of cement.
The amount of calcium oxide that occurs as gypsum is fixed to
70% the mass of SO3.

3. Multiscale poromechanics-hydration model

The multiscale poromechanics-hydration model is applied in
a two-step manner: a hydration model and a multiscale porome-
chanics model. The hydration model allows to define the evolu-
tion of the volumetric fractions of the invariant material phases
contained in the aging cement paste. The multiscale porome-
chanics model is used to upscale the poroelastic properties
based on a microstructure scheme.

3.1. Hydration model

The hydration model adopted in this work was proposed by
Bernard et al. [6] and improved by Pichler et al. [11]. It consists
in stoichiometric and kinetic equations used to assess the evo-
lution of volume fractions of hydration products and reactants
through time.
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3.1.1. Stoichiometry
Independently from the rate of reaction, the amounts of reac-

tants and products involved in cement hydration can be assessed
by stoichiometric relations. Those reactions occur between the
anhydrous compounds named above (C3S, C2S, C3A, C4AF,
and C̄SH2) and water to form hydration products. Some of the
hydration products also react further on. Tennis and Jennings
[24] proposed stoichiometric relations to describe this process:

2C3S+ 10.6H→ C3.4S2H8 + 2.6CH (1)

2C2S+ 8.6H→ C3.4S2H8 + 0.6CH (2)

C3A + 3CS̄H2 + 26H→ C6AS̄3H32 (3)

2C3A + C6AS̄3H32 + 4H→ 3C4AS̄H12 (4)

C4AF + 2CH+ 10H→ 2C3(A,F)H6 (5)

Eq. (1) and Eq. (2) describe the formation of calcium-silicate-
hydrates(C3.4S2H8) and portlandite (CH). Eq. (3) allows to
quantify the amount of ettringite (C6S̄3H32), also noted AFt,
formed by hydration of gypsum and aluminate. Ettringite can
react further with aluminate to form some monosulfoaluminate
(C4AS̄H12) also noted AFm. The hydration of ferrite leads to
the precipitation of hydrogarnet (C3(A,F)H6).

3.1.2. Kinetic
The mass exchanges described by stoichiometry occur at dif-

ferent rates depending on the clinker phase involved in the reac-
tion. The advancement of the hydration process of a sole clinker
phase is expressed by means of a hydration degree:

ξX(t) ≡ 1− mX(t)
mX,0

(6)

Where the hydration degreeξX refers to the relative amount
of reactant consumedmX compared to the initial amountmX,0

present in the system. The overall hydration degreeξ is ob-
tained by summing the hydration degrees of all the anhydrous
phases weighted by their respective initial weight fraction. The
kinetics of hydration of the four major clinker phases is de-
scribed by relationships that link the reaction rate dξX/dt to the
affinity A(ξX) referred to as the driving force of the hydration
reaction. In a first order approach, we disregard the chemome-
chanical couplings which are of secondary importance for nor-
mal conditions of temperature and pressure. The normalized
affinity is expressed as follows:

Ã(ξX) = τX,0 exp

[

Ea,X

R

(

1
T0

− 1
T

)]

dξX

dt
(7)

WhereEa,X is the apparent activation energy for the hydration
of a phaseX among the major clinker compounds andR is the
universal gas constant. The characteristic timeτX,0 is defined at
a reference temperatureT0 and depends on the hydration pro-
cess. Three main reaction processes can be considered to de-
scribe the hydration of a cement mixture: dissolution, growth
and nucleation and diffusion.Dissolutionis the first reaction to
occur. It can be described with a normal affinity Ã(ξX) of 1 and

a characteristic timeτX,0 equal totX,0/ξX,0. The end of dissolution
is marked by a threshold degree of hydrationξX,0 for each of the
main clinker phases.

Growth and nucleationfollow the dissolution. This process
is well described by the phase evolution model of Avrami [25].
The corresponding normalized affinity is:

ÃA(ξX) =
1− 〈ξX − ξX,0〉

[− ln
(

1− 〈ξX − ξX,0〉
)](1/κ)−1

(8)

Where the operator〈·〉 is such that〈x〉 = 1/2(x+ |x|)∀x ∈ R.
The characteristic timeτX,0 related to this kinetic law is equal to
1/(κXkX) whereκX is the reaction order andkX, a constant rate.

Diffusionoccurs as a late hydration process beyond a thresh-
old degreeξ∗X defined for every main clinker phase. The nor-
malized affinity associated with this process is:

ÃD(ξX) =
(1− ξX)

2
3

(1− ξ∗X)
1
3 − (1− ξX)

1
3

(9)

Thanks to the work of Fujii and Kondo [26], the character-
istic time τX,0 of this kinetic mechanism can be expressed by
R2/(3DX) whereR is the initial mean radius of the anhydrous
cement particles andDX, the coefficient of diffusion of dissolved
ions through existing layers of hydration products towardsthe
remaining anhydrous phaseX.

Because the hydration of aluminate follows two stoichiomet-
ric reactions, an order of priority needs to be specified between
Eq. (3) and Eq. (4). Aluminate reacts primarily with gypsum to
form ettringite as described by Eq. (3). Once all the gypsum is
consumed, it can react with ettringite to form monosulfoalumi-
nate with respect to Eq. (4).

It is assumed that the diffusion process leads to the precipi-
tation of calcium-silicate-hydrates (C-S-H) that are denser than
those associated with dissolution and nucleation [6]. Hence, a
distinction is made between the C-S-H precipitated either dur-
ing the first hydration processes or by diffusion. With respect to
the nomenclature inroducedby Jennings [27], the first ones are
refered toas low density (LD) C-S-H and the last ones as high
density (HD) C-S-H.

3.1.3. Volume fractions
The volumesVX of the main clinker phases can be com-

puted as functions of time equal tomX,0ξX(t)/ρX where the molar
massesMX and densitiesρX are given by Tennis and Jennings
[24]. The hydration degreesξX(t) are obtained from the solution
to Eq. (7) with respect to the appropriate expression of the nor-
malized affinity of each kinetic process. It is assumed that the
sample is hydrated with an infinite supply of water so that the
volumes of hydration products can be computed as functions
of time governed by the remaining amounts of major clinker
phases:

VP(t) =
MP

MX

ρX

ρP

mX,0nP/XξX(t) (10)

where the indexP refers to the hydration product andnP/X

is the number of moles of product generated by hydration of
one mole of anhydrous cement phaseX. The stoichiometric
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ratiosnP/X are straightforwardly obtained from Eqs. (1)-(5). The
volume fractions of reactantsfX(t) and hydration productsfP(t)
are obtained by normalization of the respective volumesVX and
VP with the total volume at timet.

3.2. Multiscale poromechanics model

The multiscale poromechanics model provides the Biot-
Willis parameter, the skeleton Biot modulus, the Poisson’sra-
tio, the elastic modulus and the percolation threshold of cement
paste as functions of volume fractions which are obtained from
the hydration model.

The approach adopted is inspired from underlying works in
microporomechanics [1, 9, 10] and model applications to early-
age cement-based materials [6, 15, 16]. However, the proposed
model assumes different hypotheses with respect to the work of
Sanahuja et al. [15], such as: (i) a spherical elementary C-S-H
particle at the nanometer scale. As demonstrated by Sanahuja et
al [28], the shape of particles of polycrystals with packingden-
sity greater than 60% (as LD and HD C-S-H) is a second order
parameter; (ii) a larger number of anhydrous phases and hydra-
tion products; (iii) spherical particles of HD C-S-H embedded
into a matrix of LD C-S-H. Although the observed morphol-
ogy of C-S-H at the scale of several hundreds of nanometers
is often refered to as fibrillar, it varies over time [29] and de-
pends on drying conditions that provoke the rearangement of
the elementary C-S-H particles [30]. As it is difficult to define
a precise morphology that will correspond to the shape of LD
and HD C-S-H in any conditions, the same representation that
Bernard et al. [6] is adopted (see Fig. 1); (iv) non-spherical
inclusions of portlandite and ettringite. Crystals of portlandite
and ettringite exhibit strongly aspherical shapes and contribute
to the setting of cement paste [23]; (v) a fixed porosity of LD
C-S-H.

The model is developed as follows: firstly, the microstructure
of cement paste is represented in terms of elementary phasesof
invariant mechanical properties. A representative elementary
volume (REV) [31] that contains qualitative and morphologi-
cal information is drawn for every characteristic length scale
of the material. These elements are significantly smaller than
the size of the structure and larger than the inhomogeneities
they contain; secondly, the microscopic mechanical responses
of the cement paste subjected to prescribed macroscopic bound-
ary conditions are expressed by means of localization tensors;
thirdly, the general macroscopic response of the system is ex-
pressed in terms of state equations obtained by homogenization
of the local reactions. The investigated poroelastic properties
are recovered from these resulting equations.

3.2.1. Microstructure representation
Converging efforts of experimental characterization of me-

chanical properties at nanoscale [5, 7] and modeling of calcium-
silicate-hydrates [27, 32] have led to a multiscale representation
of heterogeneity in cement-based materials. A microstructure
of cement paste can be described over three length scales [1].
As presented in Fig. 1, those are, from the coarsest to the finest:
the cement paste itself (level II), the aging C-S-H (level I)and

the scale of preferential invariant densities of hydrates (level0).
The qualitative phase composition of each scale and the cor-
responding essential morphological information are communi-
cated below.

Figure 1:

Level II is representative of heterogeneities of characteristic
lengths smaller than 10−4 m. The phases at this scale are the
anhydrous cement particles, hydration products and pores.The
anhydrous phases (C3S, C2S, C3A, C4AF, and C̄SH2) are not
very sharp [23] and are usually considered as spherical inclu-
sions [6, 15]. The main non-porous elementary hydration prod-
ucts are portlandite, AFt, AFm and hydrogarnet. The shape of
AFm and hydrogarnet is not well defined and could even change
during hydration [23]. Due to lack of information and their
small volume fractions, they are here simply represented by
spherical inclusions [11, 33]. Portlandite can be present in great
amounts in form of platy crystals which are here representedby
oblate ellipsoids [33]. AFt crystals exhibit very sharp rod-like
shapes and can be modeled by prolate ellipsoids [33]. The pores
are part of the capillary porosity and remain filled of water,
they are considered as spherical inclusions. Calcium-silicate-
hydrates are present as a sole homogeneous aging phase. At
this scale, C-S-H particles can either be considered as needles
[34, 35] or as spherical inclusions [6, 7]. This is a long-standing
and still open scientific debate. Here, the C-S-H particles are
considered spherical.

When hydration starts, the mixture contains a greater amount
of liquid than solids and the paste behaves like a viscous fluid.
As long as enough hydration product is precipitated to ensure
a contact between solid particles, the paste sets and exhibits an
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increasing stiffness as a function of time. As stated by Bernard
et al. [6], this is the scale of solid percolation [36] for which
Sanahuja et al. [15] have demonstrated the strong influence of
the shape of inclusions on the estimated threshold.

Level I is representative of heterogeneities of characteristic
length smaller than 10−6 m. This is the smallest scale that can
be characterized by current nanoindentation techniques due to
roughness limitations [37]. According to the colloidal model of
calcium-silicate-hydrates proposed by Jennings [27, 32],these
phases are the hydration products that constitute the actual ag-
ing C-S-H: low density and high density C-S-H, also refered to
as LD and HD C-S-H or outer and inner products [38]. The in-
variance of the properties of these phases was the major finding
of Constantinides [10] confirmed by Vandamme [39]. Early-
hydration is characterized by nucleation and growth of LD C-
S-H. HD C-S-H precipitates later, within smaller regions con-
fined by low density product. Hence, the high density calcium-
silicate-hydrates are represented by spherical inclusions embed-
ded into a matrix of low density hydration product.

Level 0is representative of heterogeneities of characteristic
length about 10−9 m. Two REV’s are drawn in order to describe
both types of calcium-silicate-hydrates. According to thecol-
loidal model of Jennings [27, 32], LD and HD C-S-H are con-
situted of the same spherical C-S-H solid particles. These parti-
cles, refered to asglobules(with the superscriptgℓ), are packed
at different densities with respect to each of the C-S-H phases.
The corresponding gel porositiesφLD andφHD were estimated to
37.3% and 23.7% and remain filled by water [1, 27].

Three position vectorszk with k = 0, 1, 2 are defined over the
REV’s drawn at levels 0, I and II. An uniform strain boundary
condition is applied on the REV at level II so that the displace-
mentξ

2
is equal toE · z2 whereE is the macroscopic uniform

strain tensor. The REV’s defined at smaller scales are subjected
to the same kind of boundary conditions induced by local me-
chanical responses developed at relative upper scales. A pres-
surep is applied in both interconnecting porosities defined at
scale 0 and II.

3.2.2. Localization

At level I, the poroelastic behavior of the LD and HD C-S-
H phases is described by means of classical state equations of
microporomechanics [1, 10, 40]. The mean stressesσ

Y induced
by the prescribed strainsεY and the pore pressurep are related
as follows:

σ
Y
= CY : εY − BYp (11)

whereY stands either for LD or HD C-S-H. The overbar op-
erator is defined so thatai refers to the volume average ofa over
the phasei. The stiffness tensorsCY are known. The contribu-
tion of the pore pressure on the stress states of these REV’s is
quantified by the Biot tensorsBY which can be readily calcu-
lated by stress average as:

BY = 1 :
[

I − (1− φY)A(z0)
gℓ
]

(12)

whereφY refers to the porosities of LD and HD C-S-H,1 is
the second order identity tensor, andI is the fourth order iden-

tity tensor. The localization tensorA(z0)
gℓ

would concentrate
the totality of the strainεY on the globules of the corresponding
phaseY if the pore pressure was equal to zero.

The second poromechanical state equation expresses the La-
grangian porosity change as follows:

(φ − φ0)Y = BY : εY
+

1
NY

p (13)

whereNY’s are skeleton Biot moduli:

1
NY

= 1 : (1− φY)Sgℓ :
(

1 − 1 : A(z0)
gℓ
)

(14)

The indexY stands for LD and HD C-S-H and the compli-
ance tensor of the globulesSgℓ is known.

The strainsεY developed at scale 0 are due to the combined
effect of the pore pressurep and the mean strainεCSH applied
over the aging C-S-H at scale I. Thanks to linear elasticity,
this problem can be decomposed into superimposable loading
cases: first, the strainεCSH is applied and the mean stressesσ′

Y

and mean strainsε′
Y

occur at level 0. Second, the pore pres-
surep is applied and the mean stressesσ′′

Y
and mean strains

ε
′′Y are developed. The application of Levin’s theorem [40–42]

provides the following relation:

∑

Y=LD,HD

fYσ
′′Y : ε′

Y
=

















∑

Y=LD,HD

fYσ
′′Y

















: εCSH (15)

where the strainsε′
Y

developed under the first loading case
are of the formA(z1)

Y

: εCSH. The relations between stress and
strain developed under the second loading case are determined
with respect to Eq. (11) and the above equation is recast as:

p
∑

Y=LD,HD

fYBY :
(

A(z1)
Y − I

)

=
∑

Y=LD,HD

fYCY : ε′′
Y

:
(

A(z1)
Y − I

)

(16)
A second use of Levin’s theorem leads to the following equa-

tion:
∑

Y=LD,HD

fYCY : A(z1)
Y

: εCSH : ε′′
Y
= 0 (17)

An expression forε′′
Y

is obtained from Eqs. (16) and (17)
and the total strainsεY are recovered by summing the strains
developed under the first and second loading cases:

ε
Y
= A(z1)

Y

: εCSH
+ SY : BY :

(

A(z1)
Y − I

)

p (18)

where the compliance tensorsSY are the inverses of the stiff-
ness tensorsCY.

At level II, the strain acting over the aging C-S-H is due to
the pore pressurep and the macroscopic strainE applied over
the cement paste. Similarly, the situation is decomposed into
superimposable loading cases: first, the strainE is applied and a
mean stressσ′

CSH
and mean strainε′

CSH
occur at level I; second,

the pore pressurep is applied and the mean stressσ′′
CSH

and
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mean strainε′′
CSH

are developed. A first application of Levin’s
theorem gives the following relation:

















−ϕ2p1+ fCSHσ
′′CSH
+

∑

s∈As

fsσ
′′s

















: E = −ϕ2p1 : A(z2)
p

: E

+ fCSH

[

CCSH : ε′′
CSH − BCSHp

]

: A(z2)
CSH

: E

+
∑

s∈As

fsCs : ε′′
s

: A(z2)
s

: E

(19)

whereAs is the set of non-porous solid phases of the REV at
level II, ϕ2 is the porosity at the same scale and the Biot tensor
BCSH is defined to simplify the formulation [10]:

BCSH = f ∗LDA(z1)
LD

: BLD + f ∗HDA(z1)
HD

: BHD (20)

where f ∗LD = fLD/( fLD + fHD) and f ∗HD = fHD/( fLD + fHD) so that
f ∗LD + f ∗HD = 1.

The stiffness tensorCCSH of the aging C-S-H is:

CCSH = f ∗LDCLD : A(z1)
LD

+ f ∗HDCHD : A(z1)
HD

(21)

Because the volume average of the localization tensors overa
REV is equal to the fourth order unity tensor, the concentration
tensor of the porosity of level II can be recast in:

A(z2)
p
=

1
ϕ2

















I − fCSHA(z2)
CSH −

∑

s∈As

fsA(z2)
s

















(22)

A second application of Levin’s theorem leads to the follow-
ing equation:

∑

s∈As

fsCs : A(z2)
s

: E : ε′′
s
+ fCSHCCSH : A(z2)

CSH

: E : ε′′
CSH
= 0

(23)
The total strain developed over the aging C-S-H can then be

recovered from Eqs. (19), (22) and (23).

ε
CSH
= A(z2)

CSH

: E + SCSH : (1 − BCSH) :
(

A(z2)
CSH − I

)

p (24)

The mean strain applied over every non-porous phase of scale
II reduces to:

ε
s
= A(z2)

s
: E + Ss : 1 :

(

A(z2)
s − I

)

p (25)

The mean strain applied over the capillary porosity is then
equal to:

ε
p
= − 1
ϕ2

















fCSHε
CSH
+

∑

s∈As

fsε
s

















(26)

The localizer tensor for an ellipsoidal inclusion in a medium
subjected to uniform boundary conitions assessed from the so-
lution of Eshelby [43]. The assumption is made that, for each
phasei of the level k, the inclusions are randomly oriented in
the REV with respect to a uniform distribution. Then, the strain

concentration tensorA(zk)
i
is obtained from the following space

average over Euler angles [16]:

A(zk)
i
=

∫ 2π

φ=0

∫ π

θ=0

[

I + Pi(θ, φ) : (C0 − Ci)
]−1 sinθ

4π
dθdφ (27)

The Hill polarization tensorPi(θ, φ) depends on the shape of
the inclusions ofΩi , their orientation and the stiffness tensorC0

of the reference medium. Every polarization tensor is related to
an Eshelby tensorSesh

i by the relationSesh
i = Pi : C0. The form

of the Eshelby tensor is widely documented in textbooks on
micromechanics [44]. The only missing parameter is the aspect
ratio defined as the ratio of the length of the symmetry axis and
the diameter in the symmetry plane. For oblates, spheres and
prolates it is respectively smaller than 1, equal to 1 and greater
than 1. The double integration of Eq. (27) is performed with
respect to the approximation of Stroud [35, 45].

A reference phaseΩ0 is defined as a function of both the
morphology the homogenization scheme adopted for each REV.
Two homogenization schemes are considered: the self con-
sistent scheme and the Mori-Tanaka scheme [46]. The Mori-
Tanaka scheme is typical for media with a strong matrix-
inclusion morphology and considers the embedding phase as
the reference medium. The self consistent scheme is typical
for polydisperse granular media and considers the resulting ho-
mogenized medium as a reference and involves an implicit for-
mulation of the auxiliary problem. According to Bernard et
al. [6], the self consistent scheme is appropriate to model the
solid percolation of the REV drawn at level II. This scheme is
also appropriate to model the nanogranular nature of the col-
loidal representation of LD and HD C-S-H at scale 0 [47]. The
Mori-Tanaka scheme is adopted to take into account the strong
matrix-inclusion morphology of the aging C-S-H. The LD C-S-
H is then refered to as the reference medium of scale I.

3.2.3. Homogenization
The macroscopic resulting stress tensorΣ can be obtained by

volumetric average of the localized resulting stresses:

Σ =
∑

s∈As

fsCs : εs
+ fCSHCCSH : εCSH − ( fCSHBCSH + ϕ21) p (28)

The state equation (28) can be recast in:

Σ = C : E − Bp (29)

whereC is the homogenized stiffness tensor:

C =
∑

s∈As

fsCs : A(z2)
s
+ fCSHCCSH : A(z2)

CSH

(30)

The effective Biot tensor of the cement paste,B, is expressed
by:

B =1 :

















I −
∑

s∈As

fsA(z2)
s − fCSHA(z2)

CSH

















+ fCSHA(z2)
CSH

: BCSH

(31)
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The total Lagrangian change in porosity is formulated as fol-
lows:

φ − φ0 = ϕ2trεp
+ fCSH

[

f ∗LD (φ − φ0)LD + f ∗HD (φ − φ0)HD

]

(32)

where the first term represents the change in the capillary
porosity (level II) and the second one represents the total change
in the gel porosity (level 0). This state equation can be recast
in:

φ − φ0 = B : E +
1
N

p (33)

whereN is the skeleton Biot modulus. It exhibits two com-
ponents, for the two scales where the pore pressurep is applied:

1
N
=

1
N0

+
1
N2

(34)

The contribution of the pressure applied in the gel porosity
on the total change in porosity can be quantified withN0:

1
N0

= fCSH (1 − BCSH) : SCSH : BCSH :
(

A(z2)
CSH − I

)

+ fCSH

(

f ∗LD

NLD

+
f ∗HD

NHD

) (35)

Likewise, the contribution of the pressure applied in the cap-
illary pores on the total change in porosity can be quantified
with N2:

1
N2

= fCSH (BCSH − 1) :
[

SCSH : 1 :
(

A(z2)
CSH− I

)]

+ 1 :

















∑

s∈As

fs (BCSH − 1) : Ss : 1 :
(

I − A(z2)
s)
















(36)

In the absence of fluid mass exchange, the undrained stiffness
tensor can be evaluated by [40]:

C
u = C + MB ⊗ B (37)

where the Biot modulus,M, is a function of the skeleton Biot
modulusN and the total porosityϕ0:

1
M
=

1
N
+
ϕ0

kf ℓ.
(38)

By considering the pore solution as water, the fluid bulk mod-
uluskf ℓ can be estimated at 2.3 GPa. The total porosity of the
cement pasteϕ0 contains capillary pores and gel pores so that
ϕ0 = ϕ2 + fLDφLD + fHDφHD = fH + fLDφLD + fHDφHD because the
capillary pores remain saturated.

It is assumed that all the invariant elementary phases consid-
ered in this model and the resulting homogenized cement paste
are isotropic. Then, the stiffness tensorC can be recast in the
form 3kJ + 2gK where the fourth order tensorsJ andK stand
for the spherical and deviatoric projections and are respectively
equal to 1/31 ⊗ 1 and I − J. Likewise, the Biot tensorB is

reformulated inb1 whereb is refered to as the Biot-Willis pa-
rameter. The bulk and shear moduli, respectivelyk andg, can
be related to the elastic modulusE and the Poisson’s ratioν
with the following equations:

E =
9kg

3k+ g
; ν =

3k− 2g
6k+ 2g

(39)

The solid percolation thresholdt0 of the cement paste is in-
vestigated by means of the following equation:

t0 = arg max
t ∈ R+

dg
dt

(t) (40)

whereg is the shear modulus of the cement paste.

4. Polynomial chaos expansion and post-processing

After having presented the poromechanics-hydration model,
the randomness of the input parameters is assumed and the un-
certainty of the poroelastic properties is apprehended by aspec-
tral non-intrusive approach [19, 48]. The model responses are
represented by polynomial chaos expansions and the resulting
metamodel is post-processed in order to extract statistical mo-
ments, perform a global sensitivity analysis and estimate PDF’s
for model outputs [49].

4.1. Polynomial chaos representation

The deterministic multiscale poromechanics-hydration
model is notedM. It has M random input parameters
{Xi , i = 1, ...,M} gathered in a vectorX with prescribed prob-
ability density function (PDF)fX(x) and predicts poroelastic
properties at different time steps. All these predictions are
represented by random variables gathered in{Yj , j = 1, ...,N}.
This relation is expressed as follows:

Y ≡ M (

X
)

(41)

whereX andY are the random vectors of input parameters
and model predictions. Their realizations are notedx andy.

4.1.1. Construction of the basis
It is assumed thatM is square integrable with respect to

the probability measureP(dx) = fX(x)dx, meaning that every
model response has a finite variance. Thereby, each output vari-
able can be represented by a polynomial chaos expansion of the
following form [19]:

Yj =M( j) (X
) ≡

∑

α∈NM

a( j)
α φα

(

X
)

(42)

whereα denotes all the possible multi-indices (α1, ..., αM)
with αi ∈ N, a( j)

α refers to unknown deterministic coefficients
andφα(x) to multivariate basis functions orthonormal with re-
spect to the joint probability density functionfX(x) of the input
parameters. The orthonormality is verified by the followingin-
ner product of the Hilbert spaceH = L2(RM,R,P(dx)):
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〈

φα(x), φβ(x)
〉

H
≡

∫

RM
φα(x)φβ(x) fX(x)dx = δαβ (43)

whereδαβ = 1 if α = β and 0 otherwise.
In the case of independent input parameters, the multivari-

ate basis functions of Eq. (42) are expressed in terms of tensor
products of univariate functions [49]:

φα(x) ≡
M

∏

i=1

π(i)
αi

(xi) (44)

Eq. (43) is verified by defining every univariate Hilbertian
basisπ(i)

αi
(xi) as the normalized function of a classical orthogo-

nal polynomial. The choice of the suitable family of polyno-
mials is dictated by the PDF of the input parameterXi . In the
sequel the input parameters of the multiscale poromechanics-
hydration model are described either by lognormal (lnN) or
uniform (U) distributions. In the former case, lognormal vari-
ables anre transformed into Gaussian variables using the clas-
sical exponentiation and the associatedHermite polynomials
(that are othogonal with respect to the Gaussian measure) are
used. In the latter case, so-calledLegendre polynomialsare
used.

π(i)
αi

(xi) =

{

(2αi + 1)−1/2Leαi (xi) if Xi ∼ U
(αi !)−1/2Heαi (xi) if ln Xi ∼ N

(45)

whereLeαi andHeαi refer to the Legendre and Hermite poly-
nomials of degreeαi .

Thereby, the multiscale poromechanics-hydration model
M(X) is replaced by a polynomial expansion of the form of
Eq. (42). For practical application, one needs to determinethe
coefficientsa( j)

α associated with each model predictionYj .

4.1.2. Practical implementation
For the sake of practical implementation, the infinite polyno-

mial expansion of Eq. (42) is truncated and the model responses
are approximated. This is done by limiting the expansion to
multivariate polynomials of total degree less or equal to a fixed
degreep. The total degreeq of any multivariate basis polyno-
mial φα(x) is given by:

q = |α| ≡
M
∑

i=1

αi (46)

The sizeP of the corresponding finite set of coefficients
{a( j)
α , q = |α| ≤ p, j = 1, ...,N} is:

P = N

(

M + p
p

)

= N
(M + p)!

M!p!
(47)

whereN is the number components of the model response.
Each model response can then be approximated by a serie of

the following form:

Yj =M( j) (X
) ≈

∑

|α|≤p

a( j)
α φα

(

X
)

=

P/N−1
∑

k=0

a( j)
k φk

(

X
)

(48)

The multi-indicesα of the last right-hand side are changed
into k indices in order to improve the understanding and sim-
plify the forthcoming formulations. However, the amount ofin-
formation contained by the multi-indicesα is greater than what
the integer indicesk provide. Hence, a track is kept between the
multi-indicesα and the coefficientsa( j)

k . Each coefficienta( j)
k is

part of the following set:

Aa =
{

a( j)
k , k = 0, ...,P/N − 1, j = 1, ...,N

}

(49)

The coefficients of the truncated expansion can be deter-
mined by solving the following least-squares minimization
problem:

Aa = arg min
a( j)

k ∈ R

N
∑

j=1

ns
∑

n=1

















M( j)
(

x(n)
)

−
P/N−1
∑

k=0

a( j)
k φk

(

x(n)
)

















2

(50)

wherex(n) is a realization of the random input vector of pa-
rametersX among the experimental designX = {x(n), n =
1, ..., ns}. The size ofX needs to be at least as big asP/N so
that a solution exists for Eq. (50). It is usually recommended to
take∼ 2−3P/N [48, 50]. The experimental design can be gener-
ated by Monte-Carlo simulation or Latin-Hypercube-Sampling
(LHS).

4.2. Post-processing

Once the finite set of coefficients of Eq. (49) is correctly esti-
mated, the truncated serie expansion of Eq. (48) can be used as
a surrogate of the multiscale poromechanics-hydration model
in order to provide random predictions. Moreover, some quan-
titative information can be obtained by post-processing these
coefficients without any need to simulate additional model re-
sponses. Indeed, the first statistical moments and Sobol’ indices
of the random outputs are straightforwardly computed that way.
Eq. (48) can also be used together with Monte Carlo simulation
in order to assess the PDF of the poroelastic properties by ker-
nel smoothing techniques [51].

4.2.1. First statistical moments
The mean average value of every model predictionM( j)(X)

is the coefficienta( j)
α of order zero [49]:

µYj ≡ E[Yj ] = a( j)
0 (51)

where it is assumed that the indexk equals 0 for|α| = 0.
The variance of each model response can be obtained from

the following expression:

σ2
Yj
≡ V[Yj] =

P/N−1
∑

i=1

(

a( j)
i

)2
(52)
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4.2.2. Sobol’ decomposition

The univariate polynomials defined at Eq. (45) are indepen-
dent onxi if αi is equal to zero. Thereby, it is possible to identify
the input parameters the multivariate polynomials are not func-
tions of, and to reformulate the expansion of Eq. (42) by taking
this information into account. An arbitrary setIi1,...,is that con-
tains all the multi-indicesα for which {αi , i = i1, ..., is} are the
only indices greater than zero is defined for this purpose:

Ii1,...,is =

{

α :
αi > 0 ∀ i = 1, ...,M, i ∈ (i1, ..., is)
αi = 0 ∀ i = 1, ...,M, i < (i1, ..., is)

}

(53)

As presented by Sudret [52, 53], it is possible to gather the
terms of Eq. (42) with respect to the input parameters they de-
pend on:

M( j)(x) = a( j)
0 +

M
∑

i=1

∑

α∈Ii

a( j)
α φα(xi)

+
∑

1≤i1<i2≤M

∑

α∈Ii1,i2

a( j)
α φα(xi1, xi2) + ...

+
∑

1≤i1<...<is≤M

∑

α∈Ii1,...,i s

a( j)
α φα(xi1, ..., xis) + ...

+
∑

α∈I1,...,M

a( j)
α φα(x1, ..., xM)

(54)

wherea( j)
0 refers to the mean ofYj (see Eq. (51)). The sum-

mands of the above formulation constitute the unique Sobol’
decomposition [54] ofYj . Each summand can be expressed as
follows [52]:

M( j)
i1,...,is

(xi1, ..., xis) =
∑

α∈Ii1,...,i s

a( j)
α φα(xi1, ..., xis) (55)

whereM( j)
i1,...,is

is the part of the model responseYj that de-
pends only on the input parameters{xi , i = i1, ..., is}. Conse-
quently, the part of the total variance that depends only on these
parameters is:

V( j)
i1,...,is

(xi1, ..., xis) =
∑

α∈Ii1,...,i s

(

a( j)
α

)2
(56)

The relative contribution of any combination of random input
parameters to the variance ofYj is straightforwardly expressed
by the following polynomial chaos-based Sobol’ indices [52]:

S U( j)
i1,...,is

= V( j)
i1,...,is

(xi1, ..., xis)/σ
2
Yj

(57)

whereσ2
Yj

is given by Eq. (52) for a truncated polynomial
expansion and a finite set of coefficients given by Eq. (49).

The Sobol’ indices constitute the quantitative information
used for the sensitivity analysis of model predictions to the un-
certainty of the input parameters.

4.2.3. Probability density function
The polynomial chaos expansion in Eq. (48) may also be con-

sidered as a surrogate model of the original modelM. In or-
der to estimate and plot the probability density function ofany
scalar random response a large sample set of points is drawn
according to the input joint probability density functionfX(x),

say{y(k)
j , k = 1, ..., ns} (e.g. ns = 10, 000 - 100, 000). Then the

PDF ofM( j)(X) may be estimated by kernel smoothing:

f̂Yj (y j) =
1

nsh

ns
∑

k=1

K

















y j − y(k)
j

h

















(58)

where f̂Yj (y j) is the estimator of the PDF ofYj , ns is the sam-
ple size,K(·) is a kernel function andh is the bandwidth pa-
rameter. The kernel is a positive function defined such that
∫

K(y j)dy j = 1. The most usual kernels are Gaussian and
Epanechnikov functions [51]. For a given kernel function, the
quality of the estimation depends on the smoothness controlled
by the band width parameter. Good results can be obtained from
the empirical Silverman rule for the calculation of the band-
width:

h (K) =

[

8
√
πR(K)

3µ2 (K)2

]1/5

σ̂n−1/5
s (59)

whereσ̂ is the estimator of the standard deviation ofYj based
on the sample{y(k)

j , k = 1, ..., ns}. This formulation is obtained
by the minimization of the asymptotic mean integrated square
error for densities not far from normal.R(K) andµ2(K) are
obtained from:

R(K) =
∫

K(y)2dy ; µ2 (K) =
∫

y2K(y)2dy (60)

5. Model input parameters

The multiscale poromechanics-hydrationmodel presented by
the authors requires the specification of four kinds of inputpa-
rameters: the initial phase composition, the kinetic parameters
of hydration, the invariant elastic properties and the morpholog-
ical parameters of microstructure. Most of this information has
either been directly characterized with uncertainty or assessed
by inverse modeling and calibration. The aim of this sectionis
to present the models of uncertainty considered for those input
parameters.

5.1. Phase composition

The initial quantitative phase composition of the cement mix-
ture (see Table 2) is determined by application of the Bogue
method described in Section 2.

The inaccuracy of the mass fractions predicted by Bogue cal-
culation has been discussed by several authors [23, 55–58].
The first reason for this discrepancy with the pure composi-
tion is that this method assumes that the clinker reaches equi-
librium during cooling while it is very unlikely to happen in
cement manufacture [23]. The non-consideration of the sig-
nificant amounts of substituent ions present in the anhydrous
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Table 2: Quantitative phase composition

Anhydrous Mass fraction,mX [1]
phase,X Mean PDF
C3S 0.622 U (0.568,0.676)
C2S 0.152 U (0.126,0.178)
C3A 0.106 U (0.097,0.115)
C4AF 0.009 U (0.008,0.010)
CS̄H2 0.074 U (0.068,0.080)

phases and the attribution of the whole amount of major oxides
(see Table 1) solely to the main clinker phases also contribute to
estimation errors [23]. Without experimental data available, in
this first approach, we reasonably assume those input parame-
ters as uniform random variables. The mean of each mass frac-
tion is taken equal to the estimation obtained from Section 2
and a coefficient of variation of 5% is considered. This cor-
responds to selecting a range [−0.05

√
3µ•, 0.05

√
3µ•] around

each mean valueµ•.

5.2. Kinetic parameters

The input parameters of the hydration model described at
Section 3.1 are summarized in Tables 3 and 4. The character-
istic timeτX,0, the reaction orderκX, the diffusion coefficientDX

and the hydration degreesξX,0 andξ∗X that mark the advancement
stages of hydration at transition between kinetic processes (see
Section 3) are listed in Table 3 for C3S, C2S, C3A and C4AF.
All those parameters were presented by Bernard et al. [6] and
most of them vary as functions of water-to-cement ratio (w/c).
According to Berliner et al. [59], the reaction orderκX and the
diffusion coefficientDX are considered as random input param-
eters while the characteristic timeτX,0 and the hydration degrees
are deterministic. The characteristic times are modeled bylog-
arithmic PDF with coefficients of variation about 10% and the
diffusion coefficients are also considered as lognormal random
input parameters with coefficients of variation about 12%.

The apparent activation energies presented in Table 4 are ob-
tained from Bernard et al. [6]. Without precise quantitative
information about their uncertainty, the authors considerthese
input parameters as uniform random variables with coefficients
of variation of 5%.

5.3. Elastic parameters

The input parameters of the multiscale poromechanics model
presented at Section 3.2 are summarized in Table 5. Those are
the elastic moduliE and the Poisson’s ratiosν of the elemen-
tary material phases presented in Fig. 2. Most of the elastic
moduli have been determined from measurements obtained by
nanoindentation while considering fixed values of Poisson’s ra-
tios. These Young moduli are defined as lognormal random
input parameters with coefficients of variation between 5 and
20%, depending on the values reported by the authors (see Ta-
ble 5). A coefficient of variation of 10% is considered to fill the
lack of quantitative information about uncertainty for gypsum,

hydrogarnet, AFm and AFt. The Poisson’s ratios are considered
as deterministic input parameters.

5.4. Microstructure parameters

The morphological input parameters of microstructure are
the aspect ratiosrX of inclusions and the gel porositiesφX of
LD and HD C-S-H. Most of the inclusions of the multiscale
model are considered spherical with a deterministic aspectratio
of 1. Ettringite crystals are modeled by prolate ellipsoidswith
an aspect ratiorAFt of 20 in order to take their sharpness into
account. Portlandite inclusions are represented by oblateellip-
soids and their aspect ratiorCH is set to 0.25 [33]. Both of these
input parameters are defined as uniform random variables with
a coefficient of variation of 10%. The porositiesφLD andφHD are
respectively set to 37.3 and 24.7% with respect to the estima-
tions of Jennings [27] and Ulm et al. [1]. Because the density
of early-age calcium-silicate-hydrates is much less certain than
the density of latter hydration product [65], the porosity of LD
C-S-H is considered as a random input parameter whileφHD is
kept deterministic. A lognormal PDF is considered forφLD with
a coefficient of variation of 10%.

6. Results and discussion

The multiscale poromechanics-hydration model proposed by
the authors allows one to predict the solid percolation threshold
of a cement paste as a function of the water-to-cement ratio for
0.35≤ w/c ≤ 0.70. It also gives access to estimates of the Biot-
Willis parameter, the skeleton Biot modulus and the drained
and undrained elastic moduli and Poisson’s ratios as functions
of time. The aim of this section is to validate this deterministic
model, to present the results of uncertainty propagation from
the input parameters, to identify the greatest contributors to the
uncertainty of model predictions and to estimate the PDF of the
drained elastic modulus at different time steps.

6.1. Model validation

The predictive capabilities of the deterministic model are
evaluated with respect to the evolution of the undrained elas-
tic modulus and Poisson’s ratio compared to experimental data
obtained by Boumiz et al. [20, 21] on cement pastes similar to
the materials considered in this study.

The evolution of the volume fractions required by the multi-
scale poromechanics model is presented in Fig. 2 for a water-to-
cement ratio of 0.50 at a curing temperatureT of 25oC. The vol-
ume fractions of hydration products (fLD , fHD, fCH, fAFt and fC3AH6

)
increase in counteraction to decreases of the amounts of reac-
tants (fC3S, fC2S, fC3A , fC4AF, fCS̄H2

and fH). The late reaction of ettrin-
gite to form AFm starts at an overall hydration degreeξ of 0.68
and is not total; a remaining amount of AFt is predicted at the
end of hydration.

The prediction of the undrained elastic modulusEu is pre-
sented in Fig. 3 as functions of the overall hydration degree
and time. A good agreement is observed between those esti-
mates and the experimental data of Boumiz et al. [20] obtained
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Table 3: Kinetic parameters

Phase, w/c τX,0 κX [1] ξX,0 DX [cm2/h] ξ∗X
X [1] [h] Mean SD PDF [1] Mean SD PDF [1]

C3S 0.4 12.7 1.79 0.18 lnN 1.05× 10−10 0.13× 10−10 lnN
0.5 11.9 1.72 0.17 lnN 0.02 2.64× 10−10 0.32× 10−10 lnN 0.60
0.6 11.2 1.69 0.17 lnN 6.42× 10−10 0.77× 10−10 lnN

C2S 0.4 66.1 1.03 0.10 lnN
0.5 60.9 0.96 0.10 lnN 0.00 6.64× 10−13 0.80× 10−13 lnN 0.60
0.6 59.8 0.90 0.09 lnN

C3A 0.4 53.5 1.07 0.11 lnN
0.5 49.2 1.00 0.10 lnN 0.04 2.64× 10−10 0.32× 10−10 lnN 0.60
0.6 42.6 0.93 0.09 lnN

C4AF 0.4 24.2 2.37 0.24 lnN 1.05× 10−10 0.13× 10−10 lnN
0.5 21.4 2.30 0.23 lnN 0.40 2.64× 10−10 0.32× 10−10 lnN 0.60
0.6 17.9 2.23 0.22 lnN 6.42× 10−10 0.77× 10−10 lnN

Table 4: Apparent activation energies

Anhydrous Ea,X/R [K]
phase,X Mean PDF
C3S 4500 U (4110,4890)
C2S 2500 U (2285,2715)
C3A 5500 U (5025,5975)
C4AF 4200 U (3835,4565)

by accoustic wave measurements. The root mean square er-
ror computed between experiments and predictions are 1.22,
0.43 and 0.39 GPa for water-to-cement ratios of 0.40, 0.50 and
0.60. Graphically, the solid percolation thresholds can bein-
terpreted as the timest0 or hydration degrees where the curves
of undrained elastic moduli intercept the horizontal axes.The
greatest discrepancy with experimental data is observed for the
mix of water-to-cement ratio of 0.40.

The predictions of the Poisson’s ratios for the three mix de-
signs of the study are presented in Fig. 4 and compared to exper-
imental data from Boumiz et al. [21] at a water-to-cement ratio
of 0.40. The model predicts a slightly faster decrease of the
Poisson’s ratio than suggested by the experimental data. How-
ever the relationνu(t) has a shape that is representive of the
observations and that tends towards the same value than what
was measured on the hardened cement paste.

The multiscale poromechanics-hydration model is validated
for its capaciy to predict the evolution at early-age of the elas-
tic properties of cement pastes with water-to-cement ratios be-
tween 0.35 and 0.70. The upper-limit value ofw/c is imposed
by the validity domain of the kinetic parameters calibratedby
Berliner et al. [59] and the lower value is prescribed by the lim-
itation of the self-consistent homogenization scheme adopted
at level II (see Section 3.2.2) to model percolation. Indeed, the
multiscale poromechanics-hydrationmodel predicts initial stiff-
nesses significantly greater than zero for mix designs of water-
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to-cement ratios lower than 0.35.

6.2. Uncertainty propagation

A set of nt deterministic time steps is prescribed for the
three mix designs of this study (w/c = 0.40, 0.50, 0.60). For
each mix, the solid percolation thresholdt0 is computed and
the drained elastic modulusE, the Biot-Willis parameterb and
the skeleton Biot modulusN are simulated at every time step.
There are 3nt + 1 model responses calculated by mix and 31 in-
put parameters. A degreep = 2 is prescribed for the truncature
of the polynomial expansion (see Eq. (48)) so that the number
of unknown coefficients is 528 per model response. According
to precedent works [48, 66, 67], these coefficients can be accu-
rately determined by regression from experimental designsof
sizes 2 to 3 times greater than the number of unknowns. An ex-
perimental design that contains 2,000 realizations by model re-
sponse is drawn by LHS. The calculatoins are carried out using
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Table 5: Elastic parameters

Compound Nominal E [GPa] ν Ref.
formula Mean SD PDF

Tricalcium C3S 135.0 7.0 lnN 0.3 Acker [60], Velez et al. [61]
silicate
Dicalcium C2S 130.0 20.0 lnN 0.3 Acker [60], Velez et al. [61]
silicate
Tricalcium C3A 145.0 10.0 lnN 0.3 Acker [60], Velez et al. [61]
aluminate
Tetracalcium C4AF 125.0 25.0 lnN 0.3 Acker [60], Velez et al. [61]
aluminoferrite
Gypsum C̄SH2 45.7 4.6 lnN 0.33 Choy et al. [62],

Bhalla et al. [63]
Portlandite CH 38.0 5.0 lnN 0.305 Constantinides and Ulm [7]
Hydrogarnet C3(A,F)H6 22.4 2.2 lnN 0.25 Kamali et al. [64]
AFm C4AS̄H12 42.3 4.2 lnN 0.324 Kamali et al. [64]
AFt C6AS̄3H32 22.4 2.2 lnN 0.25 Kamali et al. [64]
LD C-S-H C3.4S2H8 21.7 2.2 lnN 0.24 Constantinides and Ulm [7]
HD C-S-H C3.4S2H8 29.4 2.4 lnN 0.24 Constantinides and Ulm [7]
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the open source software for uncertainty quantification Open
TURNS (http://www.openturns.org/).

Means and variances are computed with respect to Eqs. (51)
and (52). The evolution of the means plus or minus a stan-
dard deviation and the coefficients of variation of the poroelas-
tic properties (E, b, N) are represented as functions of time in
Fig. 5. The uncertainties of the model predictions are described
as follows:

Drained elastic modulus, E: A very high uncertainty is ob-
served during the first 12 hours, when percolation is susceptible
to happen. The lower the water-to-cement ratio, the faster is the
decrease of the coefficient of variation towards a limit of 5% in-
dependent of the mix design. In comparison to the uncertainty
models of input parameters (see Section 5), the propagationof
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Figure 4:

randomness through scales up to the macroscopic elastic mod-
ulus tends to diminish the uncertainty.

Biot-Willis parameter, b: The initial uncertainty is negligible
but it increases fastly during the first 12 hours of hydration. The
limit coefficients of variation lie between 1.5 and 4% and are
inversely proportional to the water-to-cement ratio. The prop-
agation through scales does not show any magnification of the
uncertainty.

Skeleton Biot modulus, N: The coefficients of variation of
the skeleton Biot modulus vary between 5 and 10%. The un-
certainty of the mix design with a water-to-cement ratio of 0.40
exhibits a significant increase during the first 24 hours.

Solid percolation threshold, t0: The mean predictions of the
solid percolation threshold are 1.01, 2.06 and 2.60 h respec-
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Figure 5:

tively for water-to-cement ratios of 0.40, 0.50 and 0.60. The
coefficients of variation are 2.5, 6.3 and 9.6%. The greater the
initial amount of water, the greater is the uncertainty on setting
predictions.

Fig. 5 also presents the evolution of pairwise correlations
among the macroscopic poroelastic properties as a functionof
time. The elastic modulusE and the Biot-Willis parameterb
are negatively correlated. According to the counteractingcon-
tribution of pore pressure and strain in the first poromechanics
state equation (see Eq. 29), this correlation is likely to amplify
the uncertainty of the computed stress acting over an isotropic
element of cement paste subjected to tensile strains. In the
case of a prescribed pore pressure with stress-free deformations
(e.g. autogenous shrinkage), this correlation may be responsi-
ble of a magnification of the uncertainty of the computed vol-
ume changes. Similarly, beyond 12 hours of hydration, the joint
uncertainty of the skeleton Biot modulusN and the Biot-Willis
parameterb amplifies the uncertainty of the porosity change
predicted by Eq. (33).

The pairwise correlations of the poroelastic properties with
the solid percolation threshold are presented in Fig. 6 as a func-
tion of time. The more the hydration process is advanced, the

less significant is the correlation between the setting timeand
those macroscopic properties. This is consistent with the fact
that different micromechanics-hydration models [6, 15, 35] can
predict significantly different behaviors during the first hours
of hydration while providing equally good estimates of mature
elastic properties. The correlations of the Biot-Willis parame-
ter tensor and the skeleton Biot modulus witht0 decrease faster
thanρE,t0(t).

6.3. Global sensitivity analysis

The results of the global sensitivity analysis are respectively
presented in Figs. 7, 8 and 9 for the percolation threshold, the
drained elastic modulus and the Biot-Willis parameter. Forthe
sake of clarity, the 31 input parameters were gathered into four
categories (see Section 5) and allocated as follows: 5 initial
amounts of anhydrous cement phases, 12 kinetic parameters,11
elastic moduli and 3 morphological parameters of microstruc-
ture.

The contribution of each category consists in the sum of the
first order Sobol’ indices (see Eq. (58)) of the input parameters
belonging to the category. The total sum of these indices is
almost 1 for every model response. This means that there are
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negligible interaction effectsbetween these variables. Hence,
only the univariate contributions are considered in the sequel.

The greatest contributors to the uncertainty of the percola-
tion threshold are the kinetic parameters. Independently of any
category, the variability of the apparent activation energy of alu-
minateEa,C3A/R, the aspect ratio of ettringiterAFt, and the aspect
ratio of portlanditerCH is responsible of more than 94% of the
uncertainty of the setting time for any mix design. The lower
the water-to-cement ratio, the lower is the influence of the ki-
netic parameters and the bigger is the contribution of the shape
of inclusions. However, the total contribution of the microstruc-
ture parameters does not go over 19.6%. The quantitative phase
composition has a negligible influence and the elastic moduli of
the elementary material phases do not contribute at all.

The most important contribution to the variability of the elas-
tic modulus during the first 12 hours (see Fig. 8) comes from the
kinetic parameters and, more precisely, the apparent activation
energy of aluminate. The part of variance due to the elastic
moduli of the elementary material phases increases with time
until the end of hydration. After 18 hours, the elastic parame-
ters govern andELD is the greatest source of uncertainty. After
36 hours, the second greatest contributor is the elastic modulus
of portlandite, and at 96h, approximately 60% of the variance
is due toELD. The microstructure parameters and the quantita-
tive phase composition have negligible effects. The sensitivity
of the elastic modulus of cement paste does not vary much as a
function of the water-to-cement ratio.

The Biot-Willis parameterb exhibits the same decreasing
sensitivity to the apparent activation energyEa,C3A/R (Fig. 9).
However, the rate of the increasing part of variance due to the
elastic moduli is slower. After 12 hours, the quantitative phase
composition starts to influence the uncertainty and this contri-
bution grows until it lies between 14 and 22%, depending on
the water-to-cement ratio.

6.4. Probability density function

The stochastic metamodel (see Eq. (48)) is used to generate
samples of 7,000 realizations of the elastic modulus at different
time steps. The PDF of these reponse quantities is estimatedby
Gaussian kernel smoothing (see Section 4.2.3) and represented
in Fig. 10. Then, extreme values of the elastic modulus can be
obtained from those distributions. For instance, the 5% quantile
is represented in Fig. 10.

Before using such PDFs for consistent reliability analysis, it
could be relevant to confront the uncertainty propagation pre-
dicted in this study to experimental observations of the prop-
agation of randomness through scales. A part of this infor-
mation could be obtained by an extensive application of non-
destructive mechanical testing procedures at nano- and macro-
scale.

7. Conclusion and outlook on future research

A multiscale poromechanics-hydration model was proposed
to estimate the Biot-Willis parameter, the skeleton Biot modu-
lus and the drained and undrained elastic moduli and Poisson’s
ratio of hydrating cement paste as a function of time. The shape
of the inclusions of ettringite and portlandite in cement paste
was considered to provide a better modeling of the evolutionof
the elastic properties during the first hours of hydration. These
properties can then be used in macroscopic state equations to
model the poromechanical behavior of partially saturated ce-
ment paste.

The model was validated for cement pastes with water-to-
cement ratios between 0.35 and 0.70. We employed a powerful
probabilistic approach based on polynomial chaos expansion to
propagate the uncertainty of the phase composition, the kinetic
parameters of hydration, the elastic moduli and the morpho-
logical parameters through length scales. The polynomial ex-
pansion allows predicting variability and identifying itsgreatest
contributors among the uncertain input parameters. The results
show that the propagation does not magnify the uncertainty
for the single poroelastic properties although, their correlation
may amplify the variability of the estimates obtained from the
macroscopic state equations. In order to reduce the uncertainty
of the percolation threshold and the poroelastic properties at
early-age, engineers should attempt to decrease the uncertainty
of the apparent activation energy of calcium aluminate. Later
on, the variability of the poroelastic properties can be reduced
by improving the accuracy of the elastic modulus of LD C-S-H.
This work is a first step for us towards a probabilistic microp-
oromechanics approach for assessing volume changes at early-
age and risk of cracking directly from relevant features of the
microstructure of cement-based materials.
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la pâte de ciment, Ph.D. thesis,École Nationale des Ponts et Chaussées
(2008).

[17] M. Berveiller, Y. Le Pape, J. Sanahuja, A. Giorla, Sensitivity analysis
and uncertainty propagation in multiscale modeling of concrete, 4th Biot
Conference on Poromechanics (2009).

[18] B. Sudret, T. Yalamas, E. Noret, P. Willaume, Sensitivity analysis of
nested multiphysics models using polynomial chaos expansions, Safety,
Reliability and Risk of Structures, Infrastructures and Engineering Sys-
tems – Furuta, Frangopol & Shinozuka (eds) (2010) 3883–3890.

[19] C. Soize, R. Ghanem, Physical systems with random uncertainties: Chaos
representations with arbitrary probability measure, SIAMJ. Sci. Comput.
26 (2) (2004) 395–410.

[20] A. Boumiz, C. Vernet, F. Tenoudji, Mechanical properties of cement
pastes and mortars at early ages: Evolution with time and degree of hy-
dration, Advanced Cement Based Materials 3 (3-4) (1996) 94–106.

[21] A. Boumiz, D. Sorrentino, C. Vernet, F. C. Tenoudji, Modelling the de-
velopment of the elastic moduli as a function of the hydration degree of
cement pastes and mortars, 2nd International RILEM Symposium on Hy-
dration and Setting; Dijon, France, 11-13 June 1997 (2000).

[22] R. H. Bogue, Calculation of the compounds in portland cement, Industrial
& Engineering Chemistry Analytical Edition 1 4 (1929) 192–197.

[23] H. Taylor, Cement chemistry, Academic Press, 1990.
[24] P. D. Tennis, H. M. Jennings, A model for two types of calcium silicate

hydrate in the microstructure of portland cement pastes, Cement and Con-
crete Research 30 (6) (2000) 855–863.

[25] M. Avrami, Kinetics of phase change. I, Journal of Chemical Physics 7
(1939) 1103–1112.

[26] K. Fujii, W. Kondo, Kinetics of the hydration of tricalcium silicate, Jour-
nal of the American Ceramic Society 57 (11) (1974) 492–497.

[27] H. M. Jennings, A model for the microstructure of calcium silicate hy-
drate in cement paste, Cement and Concrete Research 30 (1) (2000) 101–
116.

[28] Sanahuja, J. and Dormieux, L. and Chanvillard, G., A reply to the dis-
cussion “Does C–S–H particle shape matter?” F.-J. Ulm and H.Jennings
of the paper “Modelling elasticity of a hydrating cement paste”, CCR 37
(2007), Cement and Concrete Research 38 (8-9) (2008) 1130–1134.

[29] H. M. Jennings, B. J. Dalgeish, P. L. Pratt, Morphological development
of hydrating tricalcium silicate as examined by electron-microscopy tech-
niques, Journal of the American Ceramic Society 64 (10) (1981) 567–572.

[30] P. Fonseca, H. Jennings, The effect of drying on early-age morphology
of C–S–H as observed in environmental SEM, Cement and Concrete Re-
search 40 (12) (2010) 1673–1680.

[31] A. Zaoui, Continuum micromechanics: Survey, J. Eng. Mech. 128 (8)
(2002) 808–816.

[32] H. M. Jennings, Refinements to colloid model of C-S-H in cement: CM-
II, Cement and Concrete Research 38 (3) (2008) 275–289.

[33] E. Stora, Q.-C. He, B. Bary, Influence of inclusion shapes on the effective
linear elastic properties of hardened cement pastes, Cement and Concrete
Research 36 (7) (2006) 1330–1344.

[34] B. Pichler, S. Scheiner, C. Hellmich, From micron-sized needle-shaped
hydrates to meter-sized shotcrete tunnel shells: micromechanical upscal-

ing of stiffness and strength of hydrating shotcrete, Acta Geotechnica
3 (4) (2008) 273–294.

[35] B. Pichler, C. Hellmich, J. Eberhardsteiner, Spherical and acicular repre-
sentation of hydrates in a micromechanical model for cementpaste: pre-
diction of early-age elasticity and strength, Acta Mechanica 203 (3-4)
(2009) 137–162.

[36] E. Garboczi, Computational materials science of cement-based materials,
Materials and Structures 26 (4) (1993) 191–195.

[37] G. Constantinides, F. Ulm, K. Van Vliet, On the use of nanoindentation
for cementitious materials, Materials and Structures 36 (257) (2003) 191–
196.

[38] J. Tapli, A method for following the hydration reactionin portland cement
paste, Australian Journal of Applied Science 10 (1959) 329–345.

[39] M. Vandamme, The nanogranular origin of concrete: A nanoindentation
investigation of microstructure and fundamental properties of calcium-
silicate-hydrates, Ph.D. thesis, Massachusetts Institute of Technology
(2008).

[40] L. Dormieux, D. Kondo, F.-J. Ulm, Microporomechanics,Wiley, 2006.
[41] V. Levin, Thermal expansion coefficient of heterogeneous materials,

Mekh. Tverd. Tela 2 (1967) 83–94.
[42] N. Laws, On the thermostatics of composite materials, Journal of the Me-

chanics and Physics of Solids 21 (1) (1973) 9–17.
[43] J. D. Eshelby, The determination of the elastic field of an ellipsoidal inclu-

sion, and related problems, Proceedings of the Royal Society of London
Series A - Mathematical and Physical Sciences 241 (1226) (1957) 376–
396.

[44] S. Nemat-Nasser, M. Hori, Micromechanics: Overall properties of het-
erogeneous materials, Vol. 47, North-Holland, Applied Mathematics and
Mechanics, 1993.

[45] A. Stroud, Approximate calculation of multiple integrals, Prentice-Hall,
Englewood Cliffs, 1971.

[46] T. Mori, K. Tanaka, Average stress in matrix and averageelastic energy
of materials with misfitting inclusions, Acta Metallurgica21 (5) (1973)
571–574.

[47] G. Constantinides, F.-J. Ulm, The nanogranular natureof C–S–H, Journal
of the Mechanics and Physics of Solids 55 (1) (2007) 64–90.

[48] M. Berveiller, B. Sudret, M. Lemaire, Stochastic finiteelement : a non
intrusive approach by regression, Eur. J. Comput. Mech. 15 (2006) 81–
92.

[49] Sudret, B., Uncertainty propagation and sensitivity analysis in mechani-
cal models – Contributions to structural reliability and stochastic spectral
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