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Abstract

This work deals with four classical prediction settings, namely full information, bandit,
label efficient and bandit label efficient as well as four different notions of regret: pseudo-
regret, expected regret, high probability regret and tracking the best expert regret. We
introduce a new forecaster, INF (Implicitly Normalized Forecaster) based on an arbitrary
function 1 for which we propose a unified analysis of its pseudo-regret in the four games we
consider. In particular, for ¢ (z) = exp(nz) 4+ 7, INF reduces to the classical exponentially
weighted average forecaster and our analysis of the pseudo-regret recovers known results
while for the expected regret we slightly tighten the bounds. On the other hand with
P(z) = (%)q + &, which defines a new forecaster, we are able to remove the extraneous
logarithmic factor in the pseudo-regret bounds for bandits games, and thus fill in a long
open gap in the characterization of the minimax rate for the pseudo-regret in the bandit
game. We also provide high probability bounds depending on the cumulative reward of the
optimal action.

Finally, we consider the stochastic bandit game, and prove that an appropriate mod-
ification of the upper confidence bound policy UCB1 (Auer et al., 2002a) achieves the
distribution-free optimal rate while still having a distribution-dependent rate logarithmic
in the number of plays.

Keywords: Bandits (adversarial and stochastic), regret bound, minimax rate, label
efficient, upper confidence bound (UCB) policy, online learning, prediction with limited
feedback.

1. Introduction

This section starts by defining the prediction tasks, the different regret notions that we will
consider, and the different adversaries of the forecaster. We will then recap existing lower
and upper regret bounds for the different settings, and give an overview of our contributions.
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AUDIBERT AND BUBECK

Parameters: the number of arms (or actions) K and the number of rounds n
with n > K > 2.

For each round t =1,2,...,n

(1) The forecaster chooses an arm I € {1,..., K}, possibly with the help of
an external randomization.

(2) Simultaneously the adversary chooses a gain vector g; = (91,¢,.-.,9k.t) €
[0, 1]% (see Section 8 for loss games or signed games).

(3) The forecaster receives the gain gy, ; (without systematically observing
it). He observes

— the reward vector (g14,...,9k,) in the full information game,

— the reward vector (g1, ...,9k,) if he asks for it with the global
constraint that he is not allowed to ask it more than m times for
some fixed integer number 1 < m < n. This prediction game is the
label efficient game,

— only g7, in the bandit game,

— only his obtained reward gy, ; if he asks for it with the global con-
straint that he is not allowed to ask it more than m times for some
fixed integer number 1 < m < n. This prediction game is the label
efficient bandit game.

Goal : The forecaster tries to maximize his cumulative gain >}, g7, 1.

Figure 1: The four prediction tasks considered in this work.

1.1 The Four Prediction Tasks

We consider a general prediction game where at each stage, a forecaster (or decision maker)
chooses one action (or arm), and receives a reward from it. Then the forecaster receives
a feedback about the rewards which he can use to make his choice at the next stage. His
goal is to maximize his cumulative gain. In the simplest version, after choosing an arm the
forecaster observes the rewards for all arms, this is the so called full information game. In
the label efficient game, originally proposed by Helmbold and Panizza (1997), after choosing
its action at a stage, the forecaster decides whether to ask for the rewards of the different
actions at this stage, knowing that he is allowed to do it a limited number of times. Another
classical setting is the bandit game where the forecaster only observes the reward of the
arm he has chosen. In its original version (Robbins, 1952), this game was considered in a
stochastic setting, that is, the nature draws the rewards from a fixed product-distribution.
Later it was considered in an adversarial framework (Auer et al., 1995), where there is an
adversary choosing the rewards on the arms. A combination of the two previous settings
is the label efficient bandit game (Gyorgy and Ottucsék, 2006), in which the only observed
rewards are the ones obtained and asked by the forecaster, with again a limitation on the
number of possible queries. These four games are described more precisely in Figure 1.
Their Hannan consistency has been considered in Allenberg et al. (2006) in the case of
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unbounded losses. Here we will focus on regret upper bounds and minimax policies for
bounded losses.

1.2 Regret and Pseudo-regret

A natural way to assess the performance of a forecaster is to compute his regret with respect
to the best action in hindsight (see Section 7 for a more general regret in which we compare
to the best switching strategy having a fixed number of action-switches):

n

R, = max > (git—91.1)-

A lot of attention has been drawn by the characterization of the minimax expected regret
in the different games we have described. More precisely for a given game, let us write sup
for the supremum over all allowed adversaries and inf for the infimum over all forecaster
strategies for this game. We are interested in the quantity:

infsupER,,,

where the expectation is with respect to the possible randomization of the forecaster and
the adversary. Another related quantity which can be easier to handle is the pseudo-regret:

n

R, = max E i — .
n 1<i<K — (gz,t glt,t)

Note that, by Jensen’s inequality, the pseudo-regret is always smaller than the expected
regret. In Appendix D we discuss cases where the converse inequality holds (up to an
additional term).

1.3 The Different Adversaries

The simplest adversary is the deterministic one. It is characterized by a fixed matrix of nK
rewards corresponding to (gi:)1<i<k,i<t<n. Another adversary is the “stochastic” one, in
which the reward vectors are independent and have the same distribution.! This adversary
is characterized by a distribution on [0, 1]¥, corresponding to the common distribution of
gt, t =1,...,n. A more general adversary is the fully oblivious one, in which the reward
vectors are independent. Here the adversary is characterized by n distributions on [0, 1]%
corresponding to the distributions of ¢i,...,¢g,. Deterministic and stochastic adversaries
are fully oblivious adversaries.

An even more general adversary is the oblivious one, in which the only constraint on the
adversary is that the reward vectors are independent of the past decisions of the forecaster.
The most general adversary is the one who may choose the reward vector g; as a function
of the past decisions I,...,I;—1 (non-oblivious adversary).

1. The term “stochastic” can be a bit misleading since the assumption is not just stochasticity but rather
an i.i.d. assumption.
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inf sup R,, infsupER,,
Lower bound | Upper bound | Lower bound | Upper bound
Full information game vnlog K vnlog K vnlog K vnlog K
Label efficient game n % n % n % n 10%
Bandit game vVnK vnKlog K vnK vnKlogn
: : K Klog K K Klogn
Bandit label efficient game ny/ o n\/% ny/ o n\/%

Table 1: Existing bounds (apart from the lower bounds in the last line which are proved in
this paper) on the pseudo-regret and expected regret. Except for the full informa-
tion game, there are logarithmic gaps between lower and upper bounds.

1.4 Known Regret Bounds

Table 1 recaps existing lower and upper bounds on the minimax pseudo-regret and the
minimax expected regret for general adversaries (i.e., possibly non-oblivious ones). For
the first three lines, we refer the reader to the book (Cesa-Bianchi and Lugosi, 2006) and
references within, particularly Cesa-Bianchi et al. (1997) and Cesa-Bianchi (1999) for the
full information game, Cesa-Bianchi et al. (2005) for the label efficient game, Auer et al.
(2002b) for the bandit game and Gyodrgy and Ottucsak (2006) for the label efficient bandit
game. The lower bounds in the last line do not appear in the existing litterature, but
we prove them in this paper. Apart from the full information game, the upper bounds are
usually proved on the pseudo-regret. The upper bounds on the expected regret are obtained
by using high probability bounds on the regret. The parameters of the algorithm in the
latter bounds usually depend on the confidence level § that we want to obtain. Thus to
derive bounds on the expected regret we can not integrate the deviations but rather we have
to take 0 of order 1/n, which leads to the gaps involving log(n). Table 1 exhibits several
logarithmic gaps between upper and lower bounds on the minimax rate, namely:

e /log(K) gap for the minimax pseudo-regret in the bandit game as well as the label
efficient bandit game.

e /log(n) gap for the minimax expected regret in the bandit game as well as the label
efficient bandit game.

e /log(n)/log(K) gap for the minimax expected regret in the label efficient game,

1.5 Contributions of This Work

We reduce the above gaps by improving the upper bounds as shown by Table 2. Different
proof techniques are used and new forecasting strategies are proposed. The most original
contribution is the introduction of a new forecaster, INF (Implicitly Normalized Forecaster),
for which we propose a unified analysis of its regret in the four games we consider. The
analysis is original (it avoids the traditional but scope-limiting argument based on the
simplification of a sum of logarithms of ratios), and allows to fill in the long open gap in the
bandit problems with oblivious adversaries (and with general adversaries for the pseudo-
regret notion). The analysis also applies to exponentially weighted average forecasters. It
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allows to prove a regret bound of order \/ nK Slog(nK/S) when the forecaster’s strategy
is compared to a strategy allowed to switch S times between arms, while the best known
bound was /nKSlog(nK) (Auer, 2002), and achieved for a different policy.

An “orthogonal” contribution is to propose a tuning of the parameters of the forecasting
policies such that the high probability regret bounds holds for any confidence level (instead
of holding just for a single confidence level as in previous works). Bounds on the expected
regret that are deduced from these PAC (“probably approximately correct”) regret bounds
are better than previous bounds by a logarithmic factor in the games with limited informa-
tion (see columns on inf sup ER,, in Tables 1 and 2). The arguments to obtain these bounds
are not fundamentally new and rely essentially on a careful use of deviation inequalities
for supermartingales. They can be used either in the standard analysis of exponentially
weighted average forecasters or in the more general context of INF.

Another “orthogonal” contribution is the proposal of a new biased estimate of the re-
wards in bandit games, which allows to achieve high probability regret bounds depend-
ing on the performance of the optimal arm: in this new bound, the factor n is replaced
by Gmax = Maxj—1,_.n > s git- If the forecaster draws I; according to the distribution
Bp ‘Z“). This

t

pt = (P14, .., PK,t), then the new biased estimate of g; ¢ is v;; = —% log (1 -

U7, —; . . .
t= " for which bounds in terms of G exists
Dit b max

in expectations as shown in (Auer et al., 2002b, Section 3), and to vy = giy ]I;?Ti + %

for some B > 0 for which high probability bounds exist but they are expressed with the n
factor, and not Gax (see Section 6 of Auer et al., 2002b, and Section 6.8 of Cesa-Bianchi
and Lugosi, 2006).

We also propose a unified proof to obtain the lower bounds in Table 1. The contribution
of this proof is two-fold. First it gives the first lower bound for the label efficient bandit
game. Secondly in the case of the label efficient (full information) game it is a simpler proof
than the one proposed in Cesa-Bianchi et al. (2005). Indeed in the latter proof, the authors
use Birgé’s version of Fano’s lemma to prove the lower bound for deterministic forecasters.
Then the extension to non-deterministic forecasters is done by a generalization of this
information lemma and a decomposition of general forecasters into a convex combination
of deterministic forecasters. The benefit from this proof technique is to be able to deal
with the case K =2 and K = 3 while the basic version of Fano’s lemma does not give any
information in this case. Here we propose to use Pinsker’s inequality for the case K = 2
and K = 3. This allows us to use the basic version of Fano’s lemma and to extend the
result to non-deterministic forecasters with a simple application of Fubini’s Theorem.

estimate should be compared to v;; = g;

The last contribution of this work is also independent of the previous ones and concerns
the stochastic bandit game (that is the bandit game with “stochastic” adversary). We prove
that a modification of UCBI1, Auer et al. (2002a), attains the optimal distribution-free rate
VnK as well as the logarithmic distribution-dependent rate. The key idea, compared to
previous works, is to reduce exploration of sufficiently drawn arms.

1.6 Outline

In Section 2, we describe a new class of forecasters, called INF, for prediction games. Then
we present a new forecaster inside this class, called Poly INF, for which we propose a general
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inf sup R,, | inf supER, High probability
bound on R,

Label efficient game n % n\/ %
Bandit game with fully oblivious adversary vnK vnK VnKlog(671)
Bandit game with oblivious adversary vnK vnK lglgfg{ log(Ko671)
Bandit game with general adversary vnK nKlog K 1:gKK log(Ko671)

L.E. bandit with deterministic adversary

3
3

S
PR
3

BEE
3
3
2™
=
=)
PPN
=
7

L.E. bandit with oblivious adversary

X
&
>
>

L.E. bandit with general adversary

3

3
3
®
=

Table 2: New regret upper bounds proposed in this work. The high probability bounds are
for a policy of the forecaster that does not depend on the confidence level ¢ (unlike
previously known high probability bounds).

theorem bounding its regret. A more general statement on the regret of any INF can be
found in Appendix A. Exponentially weighted average forecasters are a special case of INF
as shown in Section 3. In Section 4, we prove that our forecasters and analysis recover the
known results for the full information game.

Section 5 contains the core contributions of the paper, namely all the regret bounds for
the limited feedback games. The interest of Poly INF appears in the bandit games where it
satisfies a regret bound without a logarithmic factor, unlike exponentially weighted average
forecasters. Section 6 provides high probability bounds in the bandit games that depends on
the cumulative reward of the optimal arm: the factor n is replaced by maxi<i<x Y 1 Git-
In Section 7, we consider a stronger notion of regret, when we compare ourselves to a
strategy allowed to switch between arms a fixed number of times. Section 8 shows how to
generalize our results when one considers losses rather than gains, or signed games.

Section 9 considers a framework fundamentally different from the previous sections,
namely the stochastic multi-armed bandit problem. There we propose a new forecaster,
MOSS, for which we prove an optimal distribution-free rate as well as a logarithmic distribu-
tion-dependent rate.

Appendix A contains a general regret upper bound for INF and two useful technical
lemmas. Appendix B contains the unified proof of the lower bounds. Appendix C contains
the proofs that have not been detailed in the main body of the paper. Finally, Appendix D
gathers the different results we have obtained regarding the relation between the expected
regret and the pseudo-regret.

2. The Implicitly Normalized Forecaster

In this section, we define a new class of randomized policies for the general prediction game.
Let us consider a continuously differentiable function 1 : R* — R satisfying

Y >0, lim () <1/K, ni%w(x) > 1. (1)
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Lemma 1 There exists a continuously differentiable function C : Rf — R satisfying for
any x = (x1,...,v5) € RE,

. < .t
max z; < C(x) < max z; — ¢~ (1/K), (2)
and
K
> w(wi—C(z) = 1. (3)
i=1
Proof Consider a fixed # = (z1,...,2x). The decreasing function ¢ : ¢ — S5 h(z; — ¢)
satisfies
o ng)l( . ¢(c) > 1 and cl}?oo ¢(c) < 1.
1<i<K

From the intermediate value theorem, there is a unique C(x) satisfying ¢(C(z)) = 1. From
the implicit function theorem, the mapping x +— C(z) is continuously differentiable. |

INF (Implicitly Normalized Forecaster):
Parameters:
e the continuously differentiable function v : R* — R satisfying (1)

o the estimates v;; of g;; based on the (drawn arms and) observed rewards
at time ¢ (and before time t)

Let p; be the uniform distribution over {1,..., K}.
For each round t = 1,2, ...,
(1) Draw an arm I; from the probability distribution p;.

(2) Use the observed reward(s) to build the estimate v, = (v1,4,..., vk ) of
(91,6 gxc0) and let: Ve = 370 vs = (Vi Vice)-

(3) Compute the normalization constant Cy = C(V4).

(4) Compute the new probability distribution pi4+1 = (P1,441,- -+ PK,141)
where
Pigr1 =Y (Vig — C).

Figure 2: The proposed policy for the general prediction game.

The implicitly normalized forecaster (INF) is defined in Figure 2. Equality (3) makes
the fourth step in Figure 2 legitimate. From (2), C(V;) is roughly equal to max;<j<x Vi:.
Recall that V;; is an estimate of the cumulative gain at time ¢ for arm 7. This means that
INF chooses the probability assigned to arm i as a function of the (estimated) regret. Note
that, in spirit, it is similar to the traditional weighted average forecaster, see for example
Section 2.1 of Cesa-Bianchi and Lugosi (2006), where the probabilities are proportional to
a function of the difference between the (estimated) cumulative reward of arm i and the
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cumulative reward of the policy, which should be, for a well-performing policy, of order
C(Vi).

The interesting feature of the implicit normalization is the following argument, which
allows to recover the results concerning the exponentially weighted average forecasters, and
more interestingly to propose a policy having a regret of order v/nK in the bandit game
with oblivious adversary. First note that y " , Zfil i tv;,¢ roughly evaluates the cumulative
reward Y ;" g1, of the policy. In fact, it is exactly the cumulative gain in the bandit game
when v,y = g; 41— I, , and its expectation is exactly the expected cumulative reward in the
full informat10n game when v;; = g;;. The argument starts with an Abel transformation

and consequently is “orthogonal” to the usual argument given in the beginning of Section
C.2. Letting Vo = 0 € RX. We have

Zgb,t ~ Z sz tUit

t=1 i=1
_Zzpzt it zt 1)
t=1 i=1
_szn+l‘/;n+zz‘/;t pzt pzt—l—l)
i=1 t=1
K n
_szn+1 pzn+1 +C +ZZ pthrl +Ct)(pzt pi,t+1)
i=1 t=1
K n
:CnTLZpi,nJrlw pzn+1 TLZZT!} 1 pz t+1 pz,t*pi,tJrl)a
= =1 t=1

where the remarkable simplification in the last step is closely linked to our specific class
of randomized algorithms. The equality is interesting since, from (2), C,, approximates
the maximum estimated cumulative reward maxi<;<x Vi, which should be close to the
cumulative reward of the optimal arm maxi<;<x Gin, where G;, = Z?Zl git. Since the
last term in the right-hand side is

K Di, t+1

Zzlﬂ (it+1) (Pist — Pit+1) %ZZ/ (u)du =

i=1 t=1 i=1 t=1 Y Pit

i~

/ T ), (4)

1/K
we obtain

Di, n+1

1r<nza<)§< Gzn Zglt,t ~ sz n+1¢ pz n+1 + Z/ du. (5)

The right-hand side is easy to study: it depends only on the final probability vector and
has simple upper bounds for adequate choices of 1. For instance, for ¢ (x) = exp(nz) + %
with 7 > 0 and ~ € [0, 1), which corresponds to exponentially weighted average forecasters
as we will explain in Section 3, the right-hand side is smaller than =2 log( ) + ~vCh,.

For ¢(z) = (_i)q + % withn > 0, ¢ > 1 and v € [0,1), which will appear to be a fruitful

T
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choice, it is smaller than q%an /a4 4 ~(,,. For sake of simplicity, we have been hiding the
residual terms of (4) coming from the Taylor expansions of the primitive function of 1) ~1.
However, these terms when added together (nK terms!) are not that small, and in fact
constrain the choice of the parameters v and 7 if one wishes to get the tightest bound.
The rigorous formulation of (5) is given in Theorem 27, which has been put in Ap-
pendix A for lack of readability. We propose here its specialization to the function ¢ (z) =
(L)*+ % with >0, ¢ > 1 and v € [0,1). This function obviously satisfies conditions (1).
We will refer to the associated forecasting strategy as “Poly INF”. Here the (normalizing)
function C' has no closed form expression (this is a consequence of Abel’s impossibility theo-
rem). Actually this remark holds in general, hence the name of the general policy. However
this does not lead to a major computational issue since, in the interval given by (2), C(z) is
the unique solution of ¢(c) = 1, where ¢ : ¢ = S5 ¢h(z; — ¢) is a decreasing function. We
will prove that Poly INF forecaster generates nicer probability updates than the exponen-
tially weighted average forecasteras as, for bandits games (label efficient or not), it allows
to remove the extraneous log K factor in the pseudo-regret bounds and some regret bounds.

Theorem 2 (General regret bound for Poly INF) Let ¢(z) = (-L)"+ % withq > 1,

x
n >0 and vy €[0,1). Let (vit)i<i<k, i1<t<n be a sequence of nonnegative real numbers,

B; = max wv;3, and B = max B;.
1<i<K t

If v =0 then INF satisfies:

n n K
+1
§ 3 <7K1/‘1 24" p EB
<128§D§< v t) PitVit n eXp ( > ,  (6)

t=1 i=1

and

n n K 8qB n K
(12%}%2211‘0 Zsztv”<7 KY4 4+ 2= exp ( )t Zp”v”. (7)

t=1 t=1 i=1 1 =1
For v > 0, if we have v;; = pc—t i—1, for some random variable ¢; taking values in [0, c| with
0<c< qn((qjl)K)(q D/a , then
n n K
(1—'}’)<1g12,3<0§<zvzt> (I+~¢) ;z;pztvzt_an (8)
1=
where
¢ = 1 <(q —1)cKp(1 +u))q
(- DK 291 ’
with
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In all this work, the parameters 1, ¢ and ~ will be chosen such that ¢ and p act as
numerical constants. To derive concrete bounds from the above theorem, most of the work
lies in relating the left-hand side with the different notions of regret we consider. This
task is trivial for the pseudo-regret. To derive high probability regret bounds, deviation
inequalities for supermartingales are used on top of (6) and (8) (which hold with probability
one). Finally, the expected regret bounds are obtained by integration of the high probability
bounds.

As long as numerical constants do not matter, one can use (7) to recover the bounds
obtained from (6). The advantage of (7) over (6) is that it allows to get regret bounds
where the factor n is replaced by Gmax = max;—1,..n Gin-

3. Exponentially Weighted Average Forecasters

The normalization by division that weighted average forecasters perform is different from
the normalization by shift of the real axis that INF performs. Nonetheless, we can recover
exactly the exponentially weighted average forecasters because of the special relation of the
exponential with the addition and the multiplication.

Let 9(z) = exp(nz) + % with n > 0 and v € [0,1). Then conditions (1) are clearly

satisfied and (3) is equivalent to exp(—nC(x)) = ﬁ, which implies
iz exp(nz;

exp(nV;, Y
(1) Vi) 7
> =1 exp(nVig)

In other words, for the full information case (label efficient or not), we recover the expo-
nentially weighted average forecaster (with v = 0) while for the bandit game we recover
EXP3. For the label efficient bandit game, it does not give us the GREEN policy proposed
in Allenberg et al. (2006) but rather the straightforward modification of the exponentially
weighted average forecaster to this game (Gyorgy and Ottucsék, 2006). Theorem 3 below
gives a unified view on this algorithm for these four games. In the following, we will refer
to this algorithm as the “exponentially weighted average forecaster” whatever the game is.

Dit+1 =

Theorem 3 (General regret bound for the exponentially weighted average fore-
caster) Let 1(x) = exp(nz) + & with 1 > 0 and v € [0,1). Let (vit)i1<i<k, 1<t<n be a
sequence of nonnegative real numbers,

B; = max wv;, and B = max B;.
1<i<K 1<t<n

Consider the increasing function © : u eu;# equal to 1/2 by continuity at zero. If

v =0 then INF satisfies:

n

- K log K 7] -
. . d B2
(s o) =D < 55+ {305 ®
= =1 12 t=1

—1

and
n

3

K o K K
> pisvia < —— +nBOMB) > > pivit (10)

t=1 i=1 t=1 i=1

max g Vit
1<i<K
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If we have
7 2 Kn©(nB) maxpi i, (11)
then INF satisfies:
n n K
log K
(1-7) ( lmé(z) -3 e < (- PEK, (12)
== =1 t=1 i=1

We have the same discussion about (9) and (10) than about (6) and (7): Inequality (10)
allows to prove bounds where the factor n is replaced by Gnax = max;—1,.. , Gin, but at
the price of worsened numerical constants, when compared to (9). We illustrate this point
in Theorem 4, where (13) and (14) respectively comes from (9) and (10) .

The above theorem relies on the standard argument based on the cancellation of terms
in a sum of logarithms of ratios (see Section C.2). For sake of comparison, we have applied
our general result for INF forecasters, that is Theorem 27 (see Appendix A). This leads
to the same result with worsened constants. Precisely,  becomes Z exp(2nB) in (9) while

O(nB) becomes eXp(QB")U;eXp(QB")] in (11). This seems to be the price for having a theorem
applying to a large class of forecasters.

4. The Full Information (FI) Game

The purpose of this section is to illustrate the general regret bounds given in Theorems 2
and 3 in the simplest case, when we set v;; = g;¢, which is possible since the rewards for
all arms are observed in the full information setting. The next theorem is given explicitly
to show an easy application of Inequalities (9) and (10).

Theorem 4 (Exponentially weighted average forecaster in the FI game) Lety(z) =
exp(nx) with n > 0. Let vy = git. Then in the full information game, INF satisfies

n n K

log K nn
D0 DY piegia £ 5+ (13)
i=1 t=1 i=1
and
n n K lOgK n K
L — g < —2 C) 1 Git 14
121%?%;91,75 ;;pz,tgz,t_ o +n (n);;pz,tgz,t (14)

In particular with n = 4/ BIOEK, we get ER, < /5 log K, and there exists n > 0 such that

ER, < v/2EGnax log K.

Proof It comes from (9) and (10) since we have B < 1 and Y.} ; B? < n. The only
nontrivial result is the last inequality. It obviously holds for any n when EGp.x = 0, and
is achieved for n = log (1 + v/2(log K)/EGmaX), when EGpax > 0. Indeed, by taking the
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expectation in (14), we get

n K
NEGmax — log K 2log K (EGmax)? EGmax log K
E i > —1log [ 1 [ max 08 B
Z Zp it exp(n) — 1 os|tT EGmax 2log K 2

t=1 i=1
EGmax log K
> BEGya — 2 M7
2
where we use log(1+z) >z — % for any = > 0 in the last inequality. |

Now we consider a new algorithm for the FI game, that is INF with ¢(x) = (_iz)q and

Vit = Gijt-

Theorem 5 (Poly INF in the FI game) Let ¢(z) = (-L)? withn >0 andq > 1. Let
Vit = Git- Then in the full information game, INF satisfies:

K
lrgnl,?;(igi,t - i Zpi,tgi,t < q_Ll nK7 4+ exp (tq) %. (15)
=1 t=1 i=1
In particular with ¢ = 3log K and n = 1.8y/nlog K we get
ER, < 7y/nlog K.
Proof It comes from (6), ¢+ 1 <2gand Y, B <n. [ |

Remark 6 By using the Hoeffding-Azuma inequality (see, e.g., Lemma A.7 of Cesa-Bianchi
and Lugosi, 2006), one can derive high probability bounds from (13) and (15): for instance,
from (15), for any 0 > 0, with probability at least 1 — §, Poly INF satisfies:

4 log(6—1
Ry < -9 K4 4 exp (ﬁ)@ L mlos(07h)
q—1 n/2n 2
5. The Limited Feedback Games
This section provides regret bounds for three limited feedback games: the label efficient
game, the bandit game, and the mixed game, that is the label efficient bandit game.
5.1 Label Efficient Game (LE)

The variants of the LE game consider that the number of queried reward vectors is con-
strained either strictly or just in expectation. This section considers successively these two
cases.
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5.1.1 CONSTRAINT ON THE EXPECTED NUMBER OF QUERIED REWARD VECTORS

As in Section 4, the purpose of this section is to show how to use INF in order to recover
known minimax bounds (up to constant factors) in a slight modification of the LE game:
the simple LE game, in which the requirement is that the expected number of queried reward
vectors should be less or equal to m.

Let us consider the following policy. At each round, we draw a Bernoulli random variable
Z;, with parameter € = m/n, to decide whether we ask for the gains or not. Note that we
do not fulfill exactly the requirement of the LE game as we might ask a bit more than m
reward vectors, but we fulfill the one of the simple LE game. We do so in order to avoid
technical details and focus on the main argument of the proof. The exact LE game will be
addressed in Section 5.1.2, where, in addition, we will prove bounds on the expected regret
ER,, instead of just the pseudo-regret R,,.

In this section, the estimate of g;; is v;; = ggt Z;, which is observable since the rewards
at time ¢ for all arms are observed when Z; = 1.

Theorem 7 (Exponentially weighted average forecaster in the simple LE game)
Let ¥(x) = exp(nx) with n = 7v8m71°gK. Let viy = %27, with e = ™. Then in the simple
LE game, INF satisfies

log K

R, <
n=T 2m

Proof The first inequality comes from (9). Since we have B; < Z;/e and v;; = g;—’tZt, we

obtain
n n
Zy log K n
— — Y Z
(121%3% t Jit ) ;1 Elpztgzt " +8€2 ;1 ts
=1 7 =

hence, by taking the expectation of both sides,

n
— Zy Zy log K nn logK n?n
Rn:(max EE git— > E§ E pztgzt + == + .
= t t=1 i=1 U 8 " 8m

Straightforward computations conclude the proof. [ ]

A similar result can be proved for the INF forecaster with ¢ (z) = (%)q, n > 0 and q
of order log K. We do not state it since we will prove a stronger result in the next section.

5.1.2 HARD CONSTRAINT ON THE NUMBER OF QUERIED REWARD VECTORS

The goal of this section is to push the idea that by using high probability bounds as an
intermediate step, one can control the expected regret ER,, = Emaxi<;<x Z?Zl (gi,t —qg It,t)
instead of just the pseudo-regret R, = maxi<;<k K 2?21 (gi,t - g[ht). Most previous works
have obtained results for R,. These results are interesting for oblivious opponents, that is
when the adversary’s choices of the rewards do not depend on the past draws and obtained
rewards, since in this case Proposition 33 in Appendix D shows that one can extend bounds
on the pseudo-regret R,, to the expected regret ER,,. For non-oblivious opponents, upper
bounds on R, are rather weak statements and high probability bounds on R,, or bounds on
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ER,, are desirable. In Auer (2002) and Cesa-Bianchi and Lugosi (2006), high probability
bounds on R, have been given. Unfortunately, the policies proposed there are depending
on the confidence level of the bound. As a consequence, the resulting best bound on ER,,,
obtained by choosing the policies with confidence level parameter of order 1/n, has an
extraneous logn term. Specifically, from Theorem 6.2 of Cesa-Bianchi and Lugosi (2006),

W + 1. The theorems of this section

one can immediately derive ER,, < 8n
essentially show that the logn term can be removed.

As in Section 5.1.1, we still use a draw of a Bernoulli random variable Z; to decide
whether we ask for the gains or not. The difference is that, if 22;11 Zs > m, we do not ask
for the gains (as we are not allowed to do so). To avoid that this last constraint interferes
in the analysis, the parameter of the Bernoulli random variable is set to € = i—rg and the
probability of the event ) ;' ; Z; > m is upper bounded. The estimate of g;; remains

9it
Vit = ZTZt.

Theorem 8 (Exponentially weighted average forecaster in the LE game) Let(x) =
exp(nz) with n = 7ming. Let viy = 247, with e = 3. Then in the LE game, for any
6 > 0, with probability at least 1 — §, INF satisfies:

—1
R, <n [27log(2K0 )’
m
27 log(6 K
ER, < ny/ 27 108(6K)
m

Theorem 9 (Poly INF in the LE game) Let ¢(z) = (-1)? with ¢ = 3log(2K) and

T

and

n = 2n4/ %. Let vy = %Zt with € = %. Then in the LE game, for any 6 > 0, with

probability at least 1 — §, INF satisfies:

1 1 -1
R, < (8 — \/ﬁ)n\/OgSfQ +n 27log(2K07 ) og(ijé >,

ER, < sny/ 2205
m

This section is cut into two parts. In the first one, from Theorem 2 and Theorem 3, we
derive upper bounds on the pseudo-regret R,, = maxlgigKEzyzl (giyt — g[ht). To bound
the expected regret ER,, = Emaxi<j<ix Y 1, (gw — glt,t), we will then use high probability
bounds on top of the use of these theorems. Since this makes the proofs more intricate, we
have chosen to provide the less general results, but easier to obtain, in Section 5.2.1 and
the more general ones in Section 5.2.2.

The main results here are that, by using the INF with a polynomial function 1, we
obtain an upper bound of order v/nK for R,,, which imply a bound of order vnK on ER,,
for oblivious adversaries (Proposition 33 in Appendix D). In the general case (containing

and

5.2 Bandit Game
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the non-oblivious opponent), we show an upper bound of order /nKlog K on ER,. We
conjecture that this bound cannot be improved, that is the opponent may take advantage of
the past to make the player pay a regret with the extra logarithmic factor (see Remark 14).

5.2.1 BOUNDS ON THE PSEUDO-REGRET
In this section, the estimate of g;; is v;; = }%H I1,—i, which is observable since the reward

g1,.+ is revealed at time ¢.

Theorem 10 (Exponentially weighted average forecaster in the bandit game) Let
Y(x) = exp(nx) + & with 1 > v > % > 0. Let vy = izz fI,—;. Then in the bandit game,
INF satisfies:

R, < log K

+7v max EG;,.
n 1<i<K

In particular, for v = min <%, \/ %) and n = 4/ 5i‘:fKK, we have
— /16
R, < = nKlog K.

Proof One simply needs to note that for 5y > 4Kn, (11) is satisfied (since B = K /), and
thus (12) can be rewritten into

n

n
Git log K
(1—7) <f§‘%« ; o Hzm) - ;gn,t <(1-7) -

By taking the expectation, we get

— log K
Rng(l_'Y) o8

max EG; ,.
+’YISZ§>§( in

For the numerical application, since R,, < n, the bound is trivial /(4K log K)/(5n) < 1.
Otherwise, it is a direct application of the general bound. |

Theorem 11 (Poly INF in the bandit game) Consider ¢(z) = (L) + % with v =
min (%, \/%), N =+Vdn and q = 2. Let v;y = %]Ihzi. Then in the bandit game, INF

satisfies:

R, < 8/nkK.

Proof The bound is trivial when % < % So we consider hereafter that v = % < %

By taking the expectation in (8) and letting Gax = maxi<;<x EG;p, we obtain that for
v > (¢ — 1)K (gn)?1=9 > 0 (condition coming from the condition on ¢ for (8)),

n

1

(1= 2)Gimax = (L+9OE Y 91,4 < 0K,
t=1
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with

1 ((q— 1);2;(1 +M))q7

) )

We thus have

and

_ _ 1 1
Rn S 7(1 + C)Gmax + (]_Llnf(E S ’Y(l + C)TL + q_iana'

The desired inequality is trivial when /K /n > 1/8. So we now consider that /K /n < 1/8.
For v = /3K /n, n = v/5n and ¢ = 2, the condition on 7 is satisfied (since \/K/n < 1/8),
and we have %(%)(‘1_1)/‘1 < 0.121, hence 1 < 2.3, ( <1 and R, < 8VnK. [ |

We have arbitrarily chosen ¢ = 2 to provide an explicit upper bound. More generally,
it is easy to check from the proof of Theorem 11 that for any real number ¢ > 1, we obtain
the convergence rate vVnK, provided that v and 7 are respectively taken of order /K /n

and VnK /K4,

5.2.2 HiGH PROBABILITY BOUNDS AND BOUNDS ON THE EXPECTED REGRET

Theorems 10 and 11 provide upper bounds on R, = maX1§i§KEZ?:1 (Qz‘,t — glt,t). To
bound ER,, = Emaxi<;<k Z?Zl (gi,t — gjt,t), we will use high probability bounds. First we

need to modify the estimates of g; ; by considering v;; = Z?’z T7,—; + p,it with 0 < 8 <1, as

was proposed in Auer (2002),% or Vi = —% log (1 — %) as we propose here.

Theorem 12 (Exponentially weighted average forecaster in the bandit game)

Consider ¢(x) = exp(nz) + & with v = min <%,2 M) and n = 2 %. Let

n

Vit = —%log (1- %) with f = loggi{). Then in the bandit game, against any
adversary (possibly a non-oblivious one), for any § > 0, with probability at least 1 —§, INF

satisfies:

2nK
< Klog(3K —— _log(Kd§ !
R, <3y/nKlog(3K) + log(3K) og( )

and also ER,, < (3 ++/2)y/nK log(3K).

This theorem is similar to Theorem 6.10 of Cesa-Bianchi and Lugosi (2006). The main
difference here is that the high probability bound holds for any confidence level, and not

2. The technical reason for this modification, which may appear surprising as it introduces a bias in the
estimate of g; ., is that it allows to have high probability upper bounds with the correct rate on the
difference >°7 | gi,t — 4y vit- A second reason for this modification (but useless for this particular
section) is that it allows to track the best expert (see Section 7).
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only for a confidence level depending on the algorithm. As a consequence, our algorithm,
unlike the one proposed in previous works, satisfies both a high probability bound and an
expected regret bound of order y/nK log(K).

Theorem 13 (Poly INF in the bandit game) Let 1(z) = (L)? + % with n = 2\/n,

qg=2andy= m1n<2,3\/ ) Consider v = — = ’log(l—ﬁg—f) with 8 = \/21K7n Then

in the bandit game, against a deterministic adversary, for any & > 0, with probability at
least 1 — 6, INF satisfies:

R, <9VnK + vV2nK log(671). (16)

Against an oblivious adversary, it satisfies
ER, <10vVnkK. (17)

Moreover in the general case (containing the non-oblivious opponent), with the following

parameters ¢ = 2, v = min (%,3\/ Kl%(gm), n =2, /W and B = 4/ 105;7(1731(1()’ it satisfies

with probability at least 1 — ¢,

nk
R, < 9y/nK log(3K) + log(67 1),

3K)

and

ER, < 9v/nKlog(3K).

Remark 14 We conjecture that the order \/nK log K of the bound on ER,, cannot be im-
proved in the general case containing the non-oblivious opponent. Here is the main argu-
ment to support our conjecture. Consider an adversary choosing all rewards to be equal to
one until time n/2 (say n is even to simplify). Then, let k denote the arm for which
the estimate V; 9 = Zlgtgnﬂ vit of the cumulative reward of arm i is the smallest.

After time n/2, all rewards are chosen to be equal to zero except for arm k for which
the rewards are still chosen to be equal to 1. Since we believe that with high probability,
maxi<i<k Vinp/za — Mijeq, k) Vine = wvnKlog K for some small enough r > 0, it
seems that the INF algorithm achieving a bound of order v'nK on ER, in the oblivious
setting will suffer an expected regret of order at least /nK log K. While this does not prove
the conjecture as one can design other algorithms, it makes the conjecture likely to hold.

5.3 Label Efficient Bandit Game (LE Bandit)

The following theorems concern the simple LE bandit game, in which the requirement is
that the expected number of queried rewards should be less or equal to m. We consider the
following policy. At each round, we draw a Bernoulli random variable Z;, with parameter
e = m/n, to decide whether the gain of the chosen arm is revealed or not. Note that this
policy does not fulfil exactly the requirement of the LE bandit game as we might ask a bit
more than m rewards, but, as was argued in Section 5.1.2, it can be modified in order to
fulfil the hard constraint of the game. The theoretical guarantees are then the same (up to
numerical constant factors).
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Theorem 15 (Exponentially weighted average forecaster in the simple LE bandit

game) Let ¢(x) = exp(nz) + & with v = min (%, \/ %) and n = L,/ 5m41‘;§K. Let

Ir,=i 7,

Vit = Git ey e with e = . Then in the simple LE bandit game, INF satisfies:

— 16K log K
Rngnwiﬁ o8 .
om

Proof One simply needs to note that for 5y > @, (11) is satisfied, and thus by taking
the expectation in (12), we get

— log K log K
R < (L= )7 49 mas Vi < (1=7) =~ +7m.
We thus have low K
Rns”(u—w o8 +vm).
m n/e

The numerical application for the term in parenthesis is then exactly the same as the one
proposed in the proof of Theorem 10 (with n and 1 respectively replaced by m and /). B

Theorem 16 (Poly INF in the simple LE bandit game) Let ¢)(x) = %ﬁ)q—l—% with

v = min (%, w%), n= m/% and q = 2. Let viy = gis Igf’% with € = 7. Then in the
simple LE bandit game, INF satisfies:

— K
R, <8ny/—.
m

Proof By taking the expectation in (8) and letting Grax = maxi<i<x EG;n, we obtain
that for v > (¢ — 1)K (qne)?/(1=9 > 0 (condition coming from the condition on ¢ for (8)),

n

1

(1 =7)Gmax — (1 + ’YC)EZQIt,t < q_ianqv
t=1

with

1 ((q — 1)57/;6(1 +u))q’

oL (5 (1 (22) )

We thus have

and

R, < % <7(1 +)m+ qzl(ne)K«11> .

The numerical application for the term in parenthesis is exactly the same than the one
proposed in the proof of Theorem 11 (with n and 7 respectively replaced by m and ne). B
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Both previous theorems only consider the pseudo-regret. By estimating g; ; differently,
we obtain the following result for the regret.

Theorem 17 (Poly INF in the simple LE bandit game) Let ¢(z) = (-L)?+ % with

n=2n/\y/m, ¢ =2 and v = min (5,3\/5). Consider v;y = _Iy=iZe ’Ztl g( %) with
8= %\/%. Then in the simple LE bandit game, against a determzmstzc adversary, for
any & > 0, with probability at least 1 — §, INF satisfies:

[K [K
R, <10.7n4/ — + 3.1ny/ — log(6
m m

Against an oblivious adversary, it satisfies
ER, <13vVnK.

Moreover in the general case (containing the non-oblivious opponent), with the following

parameters ¢ = 2, y = min (l 3 M) = 2n/y/mlog(3K) and = \/@

it satisfies with probability at least 1 —

Klog (3K)
<10ny/ ————= ’/
B SK

log(3K)
—

and

ER, <13n

A similar result can be obtained for Exp INF, at the price of an additional logarithmic
term in K against oblivious (deterministic or not) adversaries. We omit the details.

6. Regret Bounds Scaling with the Optimal Arm Rewards

In this section, we provide regret bounds for bandit games depending on the performance
of the optimal arm: in these bounds, the factor n is essentially replaced by
Gmax = ~max Gi,na
i=1,...,n

where G , = 2?21 git- Such a bound has been proved on the expected regret for determin-

istic adversaries in the seminal work of Auer et al. (2002b). Here, by using a new biased

Bgi.t
o Dit
probability and we also consider its extension to any adversary.

The bounds presented here are especially interesting when G.x < n: this typically
occurs in online advertizing where the different arms are the ads that can be put on the
website and where the probability that a user clicks on an ad banner (and thus induces a
reward to the webpage owner) is very low. For deterministic adversaries, as in the bandit
game, the log K factor appearing in the exponentially weighted average forecaster regret
bound disappears in the Poly INF regret bound as follows.

estimate of g;, that is v;; = ——%="log , we obtain a bound holding with hig
i f iy, that is v; =t Jog (1 b bound hold h high
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Theorem 18 Let Gy be a real number such that Gy > 81K . Let )(x) = (%)q + % with
T . . .
n=2vGoy, ¢ =2 and’y—31/ . Letv;y = %log(l—igi—f) with = \/211(W Then in

the bandit game, against a determmzstzc adversary, for any 6 > 0, with probability at least
1 =46, INF satisfies:

2
R, < 4.5 /K% + 4/ KGo + /2K Gy log(671). (18)
0

For fully oblivious adversaries, for any § > 0, with probability at least 1 — §, INF satisfies:

2
R, < 4.5 /K% + 4/ KGo + /2K Gglog(201) + /810g(2K 0~ 1) G max. (19)
0

For the choice Gy = n, the high probability upper bounds are of the order of vVnK +
VnK log(6~1). The interest of the theorem is to provide a policy which, for small Gpax,
leads to smaller regret bounds, as long as Gy is taken much smaller than n and but not
much smaller than G,x. For deterministic adversaries, Gmax is nonrandom, and provided
that we know its order, one has interest of taking Gq of this order. Precisely, we have the
following corollary for deterministic adversaries.

Corollary 19 Let 1/1( ) = (L) + # with n = 2¢/CGax, ¢ =2 and 7 = m1n<2,3 Gmax>'

Consider viy = ——%"1o g( %) with B = W
a deterministic adversary, for any 6 > 0, with probability at least 1 — §, INF satisfies:

. Then in the bandit game, against

Ry, < 9V K Grax + V2K Gy log(571), (20)

and

ER, < 10v/K Gmax. (21)

For more general adversaries than fully oblivious ones, we have the following result in
which the log K factor reappears.

Theorem 20 Let Go > 81K log(3K). Let (x) = (ZL)" + % with q = 2, v = 3,/ 218K

1 =i i, . . .
o g(3K) Let viy = ——4log (1- %) with B = lzgl((?’GK). Then in the bandit

game, against any adversary (posszbly a non-oblivious one), for any 6 > 0, with probability
at least 1 — &, INF satisfies:

9 /G2 KGy 2K Gy »
Ry < 247322 ¢ 10g(3K) + 4 log(K5L).
= 2\/ Go [ log(3K) + \/ log3K) \/log(3K) og(Ko™)

This last result concerning Poly INF is similar to the following one concerning the
exponentially weighted average forecaster: the advantage of Poly INF only appears when it
allows to remove the log K factor.

and n =
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Theorem 21 Let Gy > 4K log(3K). Let 1(x) = exp(nx) + & with v = 2«/%&31@ and

10g(3K) . Let vy = If ‘ log ( B‘(Z:) with 8 = l(;%ggclg)- Then in the bandit game,
against cmy adversary (posszbly a non-oblivious one), for any § > 0, with probability at least
1 -9, INF satisfies:

n=2

5 G2 2K Gy
< Z max
R, < 2\/ G Ko 2(3K) + KGolog(3K) + 1 (3K) og(Ks1).

7. Tracking the Best Expert in the Bandit Game

In the previous sections, the cumulative gain of the forecaster was compared to the cumu-
lative gain of the best single expert. Here, it will be compared to more flexible strategies
that are allowed to switch actions. We will use

Ip—i B

+ )
Dit Pit

Vit = Git

with 0 < 8 < 1. The g term introduces a bias in the estimate of g;;, that constrains the
differences maxi<;<x Vi — mini<;<x Vj; to be relatively small. This is the key property
in order to track the best switching strategy, provided that the number of switches is not
too large. A switching strategy is defined by a vector (i1, ...,i,) € {1,..., K}"™. Its size is
defined by

S Zla Z ]Ilt+1§£zt7

and its cumulative gain is
n
G(il,...,in) = E Gis t-
t=1

The regret of a forecaster with respect to the best switching strategy with S switches is
then given by:

S _
R, = max

Zw,
(i1 ): S (i1 yeenyin) <S Clinin ot

Theorem 22 (INF for tracking the best expert in the bandit game)
Let s = S'log (%) + 2log K with the natural convention Slog(3nK/S) =0 for S =0. Let

=i . . .
Vip = gi,t;:i; + % with 3 = 3./-5%. Let ¢¥(x) = exp(nz) + % with v = min (%, w%f)
and n = %‘/niK. Then in the bandit game, for any 0 < S < n —1, for any § > 0, with
probability at least 1 — §, INF satisfies:

RS <7TVnKs+ 4/ Klog(d D,

ERS < 7VnKs.

and
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Note that for S = 0, we have R;? = R,, and we recover an expected regret bound of
order /nK log K similar to the one of Theorem 12.

Remark 23 Up to constant factors, the same bounds as the ones of Theorem 22 can be
obtained (via a tedious proof not requiring new arguments than the ones presented in this

c38
work) for the INF forecaster using ¢(z) = % (7“9”[() Ty c24/ 77, with s = Slog (%) +

—x

log(2K) and appropriate constants ¢1, co and cs.

8. Gains vs Losses, Unsigned Games vs Signed Games

To simplify, we have considered so far that the rewards were in [0,1]. Here is a trivial
argument which shows how to transfer our analysis to loss games (i.e., games with only
non-positive rewards), and more generally to signed games (i.e., games in which the rewards
can be positive and negative). If the rewards, denoted now g; ;, are in some interval [a, b]

. . g ,—a
potentially containing zero, we set g;; = =

*— € [0,1]. Then we can apply our analysis to:

n n 1 n , n ,
ie{f?f}_}fK} ;gz,t - tz:;glt,t ~b_a <i€{filf.i_}fK} tz:; 9it — tz:;glht) .

A less straightforward analysis can be done by looking at the INF algorithm directly
applied to the observed rewards (and not to the renormalized rewards). In this case, as it
was already noted in Remark 6.5 of Cesa-Bianchi and Lugosi (2006), the behavior of the
algorithm may be very different for loss and gain games. However it can be proved that our
analysis still holds up to constant factors (one has to go over the proofs and make appropriate
modifications since for simplicity, we have presented the general results concerning INF
under the assumptions that the estimates v;; are nonnegative). In Section 6, we provide
regret bounds scaling with the cumulative reward of the optimal arm. For this kind of
results, renormalizing will not lead to regret bounds scaling with the cumulative reward
before renormalization of the optimal arm, and consequently, the study of INF directly
applied to the observed rewards is necessary. In particular, obtaining low regret bounds
when the optimal arm has small cumulative loss would require appropriate modifications in
the proof.

9. Stochastic Bandit Game

By considering the deterministic case when the rewards are g;; = 1if ¢ =1 and g;; = 0
otherwise, it can be proved that the INF policies considered in Theorem 10 and Theorem 11
have a pseudo-regret lower bounded by v/nK . In this simple setting, and more generally in
most of the stochastic multi-armed bandit problems, one would like to suffer a much smaller
regret.

We recall that in the stochastic bandit considered in this section, the rewards g; 1, ..., gin
are independent and drawn from a fixed distribution v; on [0,1] for each arm ¢, and the
reward vectors g1, . . ., gn are independent.? The suboptimality of an arm i is then measured

3. Note that we do not assume independence of g1 +,..., gk, for each ¢. This assumption is usually made
in the literature, but is often useless. In our work, assuming it would just have improved Proposition 36
by a constant factor, and would not have improved the constant in Theorem 24.
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by A; = maxi<;<x pt;j —p; where p; is the mean of v;. We provide now a strategy achieving a
VnK regret in the worst case, and a much smaller regret as soon as the A; of the suboptimal
arms are much larger than /K /n.

Let fi; s be the empirical mean of arm ¢ after s draws of this arm. Let T;(t) denote the
number of times we have drawn arm ¢ on the first £ rounds. In this section, we propose a
policy, called MOSS (Minimax Optimal Strategy in the Stochastic case), inspired by the
UCBI1 policy (Auer et al., 2002a). As in UCBI, each arm has an index measuring its
performance, and at each round, we choose the arm having the highest index. The only
difference with UCBI is to use log (4% ) instead of log(t) at time ¢ (see Figure 3). As a
consequence, an arm that has been drawn more than n/K times has an index equal to the
empirical mean of the rewards obtained from the arm, and when it has been drawn close
to n/K times, the logarithmic term is much smaller than the one of UCBI, implying less
exploration of this already intensively drawn arm.

MOSS (Minimaz Optimal Strategy in the Stochastic case):

For an arm i, define its index B; ; by

= 2 ).

S

for s > 1 and B; ¢ = +o0.

At time t, draw an arm maximizing B; 1, (t—1)-

Figure 3: The proposed policy for the stochastic bandit game.

Theorem 24 Introduce A = min A;. MOSS satisfies
i€{1,..,K}:A;>0
— 23K 110nA?
R, < 3A log (max <0£,, 1O4>> , (22)
and
ER, < 25vnkK. (23)
Besides, if there exists a unique arm with A; = 0, we also have
23K 140nA?
ER, < ?)A log <max <OIZ’ 104>) . (24)

The distribution-dependent bounds Inequalities (22) and (24) show the desired logarith-
mic dependence in n, while the distribution-free regret bound (23) has the minimax rate

VnK.

Remark 25 The uniqueness of the optimal arm is really needed to have the logarithmic
(in n) bound on the expected regret. This can be easily seen by considering a two-armed
bandit in which both reward distributions are identical (and non degenerated). In this case,
the pseudo-regret is equal to zero while the expected regret is of order y/n. This reveals a
fundamental difference between the expected regret and the pseudo-regret.
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Remark 26 A careful tuning of the constants in front and inside the logarithmic term of
B; s and of the thresholds used in the proof leads to smaller numerical constants in the
previous theorem, and in particular to supER, < 6v/nK. However, it makes the proof
more intricate. So we will only prove (23).
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Appendix A. The General Regret Upper Bound of INF

Theorem 27 (INF regret upper bound) For any nonnegative real numbers v;, where
i€ {1,...,K} and t € N*, we still use v; = (vig,...,vxs) and V; = S._ v Define
Vie, Vi] ={\Viea + (1= NV A€ [0,1]}. Let

By = max vy,
1<i<K

— v~ O)
1<t<n vwelVi1,Vi), 1<i<K ¢ (w; — C(w))’

and

K K
A; = min (Bt2 Z Y o wil(pi,t% (14 p%) Z P o wl(pz-,t)vf,t> .

i=1 =1

Then the INF forecaster based on i satisfies:

n

K /K )
1S K Vin S Cn < Zzp’ tVit™ Z (pi’nﬂwl(l?i,nﬂ) +/ v ) % Z:

t=1 i=1 =1 Pin41

(25)

Proof In the following we set Vo = 0 € RE and Cy = C(V). The proof is divided into
four steps.

First step: Rewriting > " | Zfilpz‘,tvi,t-
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We start with a simple Abel transformation:

n K
Zzpi,tvi,tzzzpzt it — Vie—1)
t=1 i=1 t=1 i=1
_szn+1‘/vzn+zz‘/;t pzt_pzt—i-l)
i=1 t=1
K n
—szn—H Hpimt1) + Cn) +ZZ Ypissr) + Co)(pi — pige1)
i=1 t=1
K n
ZCn+ZP¢,n+1¢ (Pin+1 +ZZ¢ Y(pit+1) it — Pint1)
i=1 i=1 t=1

where the last step comes from the fact that Zfil Dit = 1.
Second step: A Taylor-Lagrange expansion.

For z € [0, 1] we define f(z) = [; ! (u)du. Remark that f'(x) =¢~'(x) and f"(z) =
1/¢'(xp~1(x)). Then by the Taylor Lagrange formula, we know that for any i, there exists
Dit+1 € [Pit, Pit+1] (with the convention [a, b] = [b, a] when a > b) such that

(p',t - p',t+1)2 ~
Fit) = fPig+1) + it — i) [ (Pig1) + %fﬂ(pi,t—%l)?

or, in other words:

Dit ( . 2
_1 -1 Dbit — Di t+1)
S . = u)du — : = .
(pl,t pl,t+1)¢ (p’ﬁ,tJrl) /Z;i’t_’_1 ¢ ( ) 2¢/(¢_1(pz‘,t+1))
Now by summing over ¢ the first term on the right-hand side becomes fpli/ ﬁl = (u)du.
Moreover, since & — (z — C(x)) is continuous, there exists W4 € [V;, Viiq] € RE such
that 1 (Wi(z’t) - C(W(i’t))) = Pi,t+1- Thus we have

K

1/K K& (pit — Pig+1)?
Z Zl/} (Pit1) (it — Pigr1) = Z/ Z
Di,n+1

=1 t=1 i=1 i=1 t=1 QW( Wi C(W(i’t)))

From the equality obtained in the first step, it gives

t=1 i=1 i=1 Pin41

+ZZ pzt pzt-l—l)

i=1 t=1 27#'( 0 C(W(l’t)))'

n K K 1/K
Cn — Z Zpi,tvi,t = - Z (pz',nJrﬂ/J_l(pi,nH) + / w_l(u)du>
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Third step: The mean value theorem to compute (p; 1 — pit)?.

It is now convenient to consider the functions f; and h; defined for any x € Rf by

fi(z) =Y(x; — C(x)) and hi(z) = ¢ (2; — C(x)).

We are going to bound p; 41 — pir = fi(Vi) — fi(Vi—1) by using the mean value theorem.
To do so we need to compute the gradient of f;. First, we have

2t0) = (- 50 @) it

Now, by definition of C, we have Zszl fr(x) =1 and thus Ele ng};(:L') = 0, which implies

3—C ) = 7%(3;) and 0f: ) = (I['~ — 7}”(3:) ) hi(z).
oz; ) Sy hi() 5, ") = \ 1= iy () i)

Now the mean value theorem says that there exists V) € [V;_1, V;] such that

= afz (i,t)
fiVe) = fi(Vie1) = Zvj’taxj (V9.
=1

Thus we have

2

. .
R (V1) ,

o 2 vin [ Toes — j Ry (V)

(Pit — Pit+1) ; it ( TS K i (VED) =)

. 2
Y %thj(V(Z’t)))

= h; V(i’t) 2 Vit —
W T S v
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Fourth step: An almost variance term.

. hi(v
We introduce p = max, we[v,_,, Vi), 1<t<n, 1<i<K ﬁ Thus we have

n

n i 2
f: Z (it — pig+1)? _ i Z V("L £))2 _— Zf:l vj,thj(V( )
= TR (V)

== 2w (W - cwn)) =

n 1 2
2 EK: hi(Vi1 ('U' t— ZJK:I Uj?thj(V( ’t))>
2 t=1 i=1 7 ZkK:1 hk(V(i’t))

IN

S5 vy ehy (V)
Sk b (VD)
function ¢ is increasing we know that h;(xz) > 0,Vzx. Now since we have 0 < v < By,
we can simply bound this last term by B?. A different bound can be obtained by using

(a —b)? < a® + b2 when a and b have the same sign:

(Uit - ZJK:l Ujihj(v,(i’t)))Q v, 4 (Zjlil Uj,thj(v(i’t)>>2
e V) MO\ S ()
2, EJ 103 hy (VD)
PSS (V)
UZt 223 1thh (Vi-1)
; Yoy e (Vie)

where the first inequality comes from the fact that both terms are nonnegative and the
second inequality comes from Jensen’s inequality. As a consequence, we have

2
Now we need to control the term | v;; — > . Remark that since the

IN

IN

)

K K

Z 1 Vjth (

hi(Vie1) | vie — hi(Vic1)viy +p h;(Vi—1)

; Yot hk(V(Z H Z t Z
K

<L+ %) Y hi(Vin)vg,
i=1
We have so far proved
n K 1/K p2 n
N Zzpivwi’t = Z pi, w1t (Pin+1) +/. YN u)du | + EZAt'
t=1 i=1 i=1 Pin+1 t=1
The announced result is then obtained by using Inequality (2). ]

To apply successfully Theorem 27 (page 2620), we need to have tight upper bounds on
p. The two following lemmas provide such bounds.
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Lemma 28 (A simple bound on the quantity p of Theorem 27) Let ¢ be a convex
function satisfying (1) and assume that there exists B > 0 such that Vi, j,t |v; s — vj4| < B.
Then:

Y (v; = C(v))

1
= max max - < su exp | B—(x) ).
p= 1<t<n vwe[Vio1,Vil, 1<i<K ' (w; — C(w)) — ze(_m’gfl(l)] p< w’( )>

Proof Let h;(x) = ¢/ (x; — C(x)), mi(x) = ¢"(x; — C(x)). For a € [0, 1] we note
o) =log {hi(Vi—1 + a(V; — Vi—1))}

Remark that we should rather note this function ¢; ¢(c) but for sake of simplicity we omit
this dependency. With these notations we have p = max, gejo,1); 1<i<n, 1<i<K exp(p(a) —
©(f)). By the mean value theorem for any a,f € [0,1] there exists £ € [0,1] such that
ola) —o(B) = (a— )¢’ (). Now with the calculus done in the third step of the proof of
Theorem 27 and using the notations h; := h;j(Vi—1 + &(V; — Vi—1)), my :==my(Viey +€(Ve —
Vi—1)) we obtain

s h m X (v vj¢)hjmy
! 9l 7 it — Ust 7
¢'(§) = Z(Vj,t — Vit-1) (Hi:j - K) - = Z ——Kk .
j=1 >kt ) hi o k=1l hi
Thus we get
!
< max Vi Vi su v; — C(v)).
[=4(3] | Inax Vi — vl e 1/1’( (v))

Moreover, using that x — ¢ (z — C(x)) is continuous we know that there exists p; ;41 €
[pit, Pi.t+1] such that p; y11 = ¥(v; —C(v)) and thus v; —C(v) = w_l(ﬁi7t+1). This concludes
the proof. [ |

Lemma 29 (An other bound on the quantity p of Theorem 27) Let 1 be a func-
tion satisfying (1) and assume that there exists ¢ > 0 such that 0 < v;; < [ﬁ][i:[t. We

also assume that ' /1 is a nondecreasing function and that there exists a > 1 such that

P (x—l— ) ) < ap(x). Then:
w//
oo e (o).

Proof We extract from the previous proof that p < maxecp1]; 1<t<n, 1<i<k €Xp(|¢'(£)])
where

"© i (vip — vje)h; mi
¥ - T <K 5 5

j=1 > k=1 Pk hi
Note that, since the functions ¢ and ¢’/¢ are nondecreasing, the function v is convex,
hence 9" > 0 and m; > 0 . Now using our assumption on v and since p; ¢ = fi(Vi—1), if
1 # I; we have:

hi,
‘SO,( )’ fIt(‘/t 1) ml < fIt(‘/t—l +§(‘/t_‘/t—1))x hIt Xﬁx 1 ]
S by e fr,(Vi-1) fr(Veea + 6V = V1)) hi o by + hy
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Y (@) x L (y) "
P ¥ V" (y) :
T S T Ve obtain

fr,(Vier + (Ve = Vi) m;
Jr,(Viz1) hi % fi(Vier + &(V; — Vi1))

On the other hand if ¢ = I; then

Noticing that for any x,y in R* |

()] <c

/ c m;
¥ (§)] < A

To finish we only have to prove that fr,(Vi—i + (Vi — Viz1)) < afr,(Vi—1). Since v is
increasing it is enough to prove that fr,(V;) < afr,(Vi—1) which is equivalent to

Y(Vi -1+ vt — Cr) <ap(Vy, -1 — Ci_1).

Since 0 < v; ¢ < ﬁ]IZ-: 1, and C'is an increasing function in each of its argument it is enough
to prove 7
c
(0 <VI -1 —Ci1+ > <ap(Vii-1— Cia
' Y(Vii-1 — Ci-1) Vn )
which is true by hypothesis on . |

Appendix B. Lower Bounds
In this section we propose a simple unified proof to derive lower bounds on the pseudo-regret

in the four problems that we consider.

Theorem 30 Let m > K. Let sup represents the supremum taken over all oblivious ad-
versaries and inf the infimum taken over all forecasters, then the following holds true in the
label efficient game:*

inf sup R,, > 0.03n

log(K)

and in the label efficient bandit game we have:

— K
inf sup R,, > 0.04ny/ —.
m

Proof First step: Definitions.

We consider a set of K oblivious adversaries. The i adversary selects its gain vectors
as follows: For any t € {1,...,n},g;; ~ Ber (%) and for j # i, gj+ ~ Ber (1%5) We note
E; when we integrate with respect to the reward generation process of the i** adversary.
We focus on the label efficient versions of the full information and bandits games since by

4. Slightly better numerical constants can be obtained with a more careful optimization in step four of the
proof.
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taking m = n we recover the traditional games.

Until the fifth step we consider a deterministic forecaster, that is he does not have
access to an external randomization. Let ¢, = (q1,n, .- .,¢Kn) be the empirical distribution
of plays over the arms defined by:

Z?:l ]IIt:i
=

dijn =

Let J, be drawn according to g,. We note P; the law of J,, when the forecaster plays against
the i adversary. Remark that we have P;(.J, = j) = E;2 > | 1;,_;, hence, against the
ith adversary we have:

R, =E; Z(Qi,t —gIt) = 5”ZPi(Jn =j) =en(l = Pi(Jp, =1)),
=1 i

which implies (since a maximum is larger than a mean)

K
- 1
sup Ry, > en (1 - D Py = i)) . (26)
=1

Second step: Information inequality.

Let Py (respectively Px 1) be the law of J,, against the adversary drawing all its losses

from the Bernoulli of parameter % (respectively % + %), we call it the 0" adversary

(respectively the (K + 1) adversary). Now we use either Pinsker’s inequality which gives:

/1

and thus (thanks to the concavity of the square root)

1 & 1 1 &

— ) Pi(Jp=1)< — == ) KL(Poy, P;); 2

KZ; (Jn=1) < 2+ QK; (Po, ;) (27)

or Fano’s lemma:
K 1 K

1 . log2 + &= Z; KL(PZ PK+1)
— Pi(J, =1) < K izl ’ . 2
K ; (Jo =19) < log(K — 1) (28)

We will use (28) for the full information games when K > 3 and (27) the bandits games
and the full information games with K € {2, 3}.

Third step: Computation of KL(Py,P;) and KL(P;,Px,1) with the Chain rule for
Kullback-Leibler divergence.
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Remark that since the forecaster is deterministic, the sequence of observed rewards (up to
time n) W, (W, € {0,1}™X for the full information label efficient game and W,, € {0,1}™
for the label efficient bandit game) uniquely determines the empirical distribution of plays
Gn, and in particular the law of J,, conditionally to W,, is the same for any adversary. Thus,
if for i € {0,..., K + 1} we note P? the law of W,, when the forecaster plays against the 3"
adversary, then one can easily prove that

KL(]P’(),]P’i) < KL( S,P?), and KL(PZ‘,]P’K+1) < KL(P?, nK+1).

Now we use the Chain rule for Kullback-Leibler divergence iteratively to introduce the laws
IP’? of the observed rewards W; up to time ¢t. We also note Z; = 1 if some rewards are
revealed at the end of round ¢ and Z; = 0 otherwise. With these notations we have in the
full information games, for K > 3,

KL(P}, Py, )
n
= KL(BL Pl + 3 3 B (wp )KL (B 1), Pl g1 (1)

t=2 we—1

= KL(le?]P)}(Jrl)
n
B 1+ 1—¢ 5 1—-¢1-—c¢
P (w, 1) |KL — K — 1)KL
> Wt%ll(wm){ (2,2 +K>+( ) <2,2 +

14+e 1—c¢ € l—¢ 1—¢ € &
= [KL( ) +K)+(K—1)KL< BT +K>}Eitgzt

14+ 1—¢ € l1—¢ 1—¢ €
m[KL( 7 5 +K>+(K—1)KL( 7 5 +K>]

Summing and plugging this into (28) we obtain for the full information games:

IN

1og2+mKL(ﬁ 1€+ £) +m(K - DKL (455,155 + £)

_ P; ( ; . 29
Z log(K — 1) (29)
In the bandits games we have:
KL(Pg, PY)
— KL(RP+ 3 3 P! (w1 KL o), Bl 1)
t=2 w1

n
_ l1—¢ 1+¢
- KLELEH Y. Y 1<wt1>KL( . ,2)

t=2 wt_1:Zt:1,It:i

l—¢ 1+¢ -
= KL( 7 g )Eotzgﬁztuti-

Summing and plugging this into (27) we obtain for the bandits games:

K

1 1 l—¢ 1+4c¢
— NP Sy =d) < — KL , . 30
K; (n Z)_K+\/2K ( 2 "2 ) (30)
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Note that with the same reasoning we obtain for the full information games:

K

1 1 m 1—¢ 1+4¢

— ; =)< =44/= . 1
E Pi(J, =1i) < \/2KL( 5 g > (31)

i=1

Fourth step: Conclusion for deterministic forecasters.

To conclude the proof for deterministic forecaster one needs to plug in (29) (for the full

information games with K > 3) or (31) (for the full information games with K € {2,3})
r (30) (for the bandits games) in (26) along with straightforward computations and the

following simple formula:

(v —a)?

q(1-q)

Fifth step: Fubini’s Theorem to handle non-deterministic forecasters.

KL(p, q) <

Now let us consider a randomized forecaster. Denote by E,cyqras the expectation with
respect to the reward generation process of the i adversary, E,qnq the expectation with
respect to the randomization of the forecaster and [E; the expectation with respect to both
processes. Then one has (thanks to Fubini’s Theorem),

K n

1

?g Ezg (Qit glt, = rand § Erewardz§ gz7t_glt,t)‘
=1 t=1

Now remark that if we fix the realization of the forecaster’s randomization then the results of
the previous steps apply and in particular we can lower bound % Zfil Ereward,i Z?:1(9i,t —
gr,.+) as before. [ ]

Appendix C. Proofs

This section gathers the proofs that have not been provided so far.

C.1 Proof of Theorem 2 (page 2605)

The proof relies on combining Theorem 27 (page 2620) with Lemma 28 (page 2624) for
~v =0, and with Lemma 29 (page 2624) for v > 0.

We make use of Theorem 27 and start with straightforward computations to bound
the ﬁrst sum in (25) We have 1~ (z) = —n(z — v/K)~"/? which admits as a primitive
Jo Hu)du = = 1/q (u —v/K)'*~Y4. Thus one immediately gets

K 1 n 1 1-1
| e < e =l =/
Pin+1

and
_ v _
Pims1(—0 ) (Pins1) = B 7d Yping1) + 1(ins1 — v/ K)H.
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Summing over ¢ proves that

Pin+1

K -1 q 1/ v > -1
- Z Di n+1w pz n+1) / w (u)du < q_ian 7 E Z 7/} (pi,n—f—l)-
=1

With the notations of Theorem 27, we need now to bound p and A;. First we deal with
the case v = 0. Lemma 28 (page 2624) implies p < exp(B(q+ 1)/n) since we have ﬁ/ (z) =

atl _ %%p(x)l/q. The proof of (6) is concluded by ¢’ = 1¢ (a+1D)/4 and

—T

K
At < Bt2 Zw/ o w_l(pl,t) — Bt2 Z gp%—i-l)/q < gBQ
=1 =1 m N
For (7), the term A; is controlled differently:
K qB K
1)
A < (1497 ZW o~ (pig)viy = 1 +p° szqu iz, 7(1 +p°) Zpi,tvi,t-
i=1 i=1

Now we have already seen that p < exp(B(q + 1)/n), hence p(1 + p?) < 2exp(8Bq/n),
which leads to (7).

The case v > 0 is more intricate. This is why we restrict ourselves to a specific form for
the estimates v;, see the assumption in Theorem 2. We start by using Lemma 29 (page
2624) to prove that p < u. First we have 15)—/,/ = q“ (Y —y/K)V1 < %1¢1/q. Besides, for

any a > b > d we have 3 < “_d and thus for any x < 0, we have

Thus Lemma 29 gives us

e () (5 )

Next we use ¢/ = %(1/) — ~/K)@tD/4 and the form of vt to get
S a1+ 1) N~ (o1 a(l+p) q
A <L+ 7)Y W o (pig)vi, < B S oplit a2, = ., LR aag,
i=1 =1
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Let (! = %1;”‘). From Theorem 27, we get

n K o n n K
Cn — Zzpi,tvz‘,t < Ll,?[(l/q +vCy + % ZAt — % szi,t
t=1 i=1 q- t=1 t=1 i=1
q = / 17
< (]_717’]K1/q —f—’YC'n + ;Ct <C pght Kplz, >
n
<

_ 9 /g (=g /g _ T
72t (00— )5

q—

4y gl <(q—1)C’K>q -
= 1KY 4C, +
g1 T - E @y tzlct

n K
q
= jﬁKl/q +9Ch + ¢ Z Zpi,tvi,t‘

t=1 i=1

The proof of (8) is concluded by using Inequality (2).

C.2 Proof of Theorem 3 (page 2606)
We have

Z sz tVit = Z Ekwpt Vgt

t=1 i=1

1—
= T’Y Z <10g Ei~q, exp(nviz) — log [exp < 1 ﬁ VEkNPtvm)EiN% exp(nfui,t)])
t=1

= 1;7 (S - tillog(Dt)>,

where

n
S = Zlog Eig, exp(nvi)
t=1

K .
= Zlog( 7’—1 exp(nVZ ) > = log (Zi:l exP(T]VMJ) >n max V;, —log K
1exp(7]‘/;t 1) K 1<i<K

and

Dy = exp ( — &EkNPtvki) Eig, exp(nviz)

When v = 0, since 0 < v;; < By, by applying Hoeffding’s inequality, we get log(D;)
n’ B}
g

(9). For v = 0, we can also use Lemma 35 and obtain log(D;)
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n>BO(nB)E;p,vi+, hence Inequality (10). For v satisfying (11), we have

Dy < exp < - T Ekwptvk,t> Eig, <1 + it + @(nB)nzvzt) (32)
Y
= exp < — ]-ﬁnyk,\,thkVt> (1 + %]Eiwptvi t—n KZ(Z 1 Z)t + @(T/B)TIQEiNQtUZt>
< exp < — 7 j 7]]Elrmptz)/r@,t) (1 + 1_777Ei~ptvi,t> (33)
<1.

To get (32), we used that © is an increasing function and that nv;; < nB. To get (33), we
noticed that it is trivial when max; ; p; +v; + = 0, and that otherwise, we have

K
Y Zfil Vit > Y Zi:l pi,tvzz,t > ¥
K(1—v) = K(1—v)max;¢pi+viy K max;p; vy

qut it = >nO(nB)E i~ge U 12t7

where the last inequality uses (11). We have thus proved

Zzpztvzt

t=1 i=1

log K
L 10g Eirp, exp(nVin) = (1-7) ( (23X Vin = )

hence the announced result.

C.3 Recovering Theorem 3 from Theorem 27

We start with straightforward computations to bound the first sum in (25). We have

v Hz) =2 log(x 7/ K) which admits as a primitive [ ¢! (u)du = [(u —v/K)log(u —v/K) — ul.

Thus one 1mmed1ately gets
1/K
- / ¢ (w)du = i1t (Pins1)

Pin+1
L1 1-—v I—n Y gl
= 7 <F,’ T K log <PT> ~Pint1 T e log (pi,nJrl - 7.’) .

Summing over i proves that

/K 1— K K
- Z (p, w0 i) + [ w—1<u)du) == Tlog (1 - 7) — 2 Y pins)-
1=1

Pin+1

With the notations of Theorem 27, we need now to bound p and A;. For the former, we
use Lemma 28 (page 2624) which directly shows p < exp(nB). For the latter we distinguish
two cases. If v =0 we use
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which concludes the proof of the weakened version of (9) with { replaced by 4 exp(2nB).
On the other hand if v > 0 we use

K

K
A < (14 7)Y 0 o™ pin)viy < (14 p%)0 ) pisviy.

i=1 =1

From Theorem 27, when the weakened version of (11) holds, that is when

2B 1 2B
s Knexp( n) [1 + exp(2B7))] max p; tVi.t,
9 it ’ '
we have
n K
Cn — Z Zpi’tvi’t
t=1 i=1

IN
—_
|
2
=)
0]
/N
—
|
2
~
|
1
—

K n n K
% ; (Z Vit — Cn) + nexp(2B1) [12+ p(251)] Z Zpi,tﬂzt

t=1 =1

logl— n K log K
1-y)|Cp+ —— ZZPztUzt -7) P

t=1 i=1
This gives the desired result since we have

log(1—7) 1 S
Cn + — - Elog (;exp(nv&,n)> > 1r<ng>§{Vm

C.4 Proof of Theorem 8 (page 2610)

We will use the following version of Bernstein’s inequality for martingales.

Theorem 31 Let F; C --- C Fp be a filtration, and X1,..., X, random variables such
that | X¢| < b for some b > 0, X; is Fi-measurable, E(X{|F;—1) = 0 and E(X?|F;—1) < v for
some v > 0. Then, for any t > 0, we have

P(;Xt 2t> < exp <_2nv+2bt/3>’ (34)

and for any § > 0, with probability at least 1 — §, we have

blog(6—1)

n
ZXt < V2nvlog(6—1) + 3
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Proof of Theorem 31 Both inequalities come from Result (1.6) of Freedman (1975). The

first inequality then uses (1+x)log(l1+z)—x > while the other uses Inequality (45)

2+2 2+2x/3°
of Audibert et al. (2009). This last inequality allows to remove the v/2 factor appearing in
Lemma A.8 of Cesa-Bianchi and Lugosi (2006). [ |

We start the proof of Theorem 8 by noting that, since R,, < n, the result is trivial for

d < 2K exp(—m/27) so that we assume hereafter that ¢ > 2K exp(—m/27), or equivalently

-1
% < L. We consider the event £ on which we simultaneously have

= a7
Yz <m, (35)
t=1
nlog(40~
_Zgltt< ZZPktgkt—i—\/ g( ) (36)
=1 k=1
and
Z nlog(2K46~1) log(2Ks™1)
1%1’% <gzt__zpktgkt> <l—t> <2 . +— - (37)

Let us first prove that this event holds with probability at least 1 — §. From (34), we have

= m?/16 m d
< "2 )< _ 2y <2
P(Zzt >m) —eXp< 3m/2+m/6> —eXp( 27> =

t=1
So (35) holds with probability at least 1 —¢/4. From the concentration of martingales with
bounded differences (Hoeffding, 1963; Azuma, 1967), (36) holds with probability at least
1 —4/4. For n/(8¢) < v/2 — 1 (which is true for our particular ), we can apply Theorem
31 with b = v/2/e and v = 2/¢ to the random variables (gi,t — & - Zszl pk,tgm)( — %)
We get that for a fixed ¢ € {1,..., K}, with probability at least 1 — ¢/(2K), we have

Z log(2K6-1)  log(2K§~ !
Z(gzt —Zpktgkt><1—t>§2 n log( )+ og( )
€ 2e

From a union bound, we get that (37) holds with probability at least 1 — §/2. Using again
a union bound, we thus have proved that the event £ holds with probability at least 1 — 4.
Now, on the event £, by combining (36) and (37), we obtain

K
= 1122?% Z git — Z gr.t < nlog(2 + 1@;5{ Z git — Z Zpk;,tgk,t

t=1 k=1

nlog(46 K Z

t

< f + 1@&%{ Z 9i, t Z Zpk,tgk,t?

t=1 k=1
nlog(2K46~1) log(2Kds1)
1-—— 2
* Z 8¢ ( € ) * € + 2e
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Since we have Y )" | Z; < m, the rewards received by the forecaster are equal to the rewards
which would receive the forecaster that uses Z; to decide whether he asks for the gains or
not, whatever Zi;ll Zs is. This enables us to use (9) (which holds with probability one).
We obtain

R, < /nlog (40-1) logK i /nlog (2Ko1 log 2K5
/nlog (40-1) logK n? 77 /log 2K(5 2nlog (2K6~1)

From the inequalities m < n, K > 2 and M < % this implies
10n [log(2K 4§t log K n?
R, < 1on [log( ) Jog K nn”
3 m n 6m

The first inequality of the theorem is then obtained by plugging n = 7””5%[(. The sec-
ond inequality is derived by integrating the deviations using the standard formula EW <
Jy YB(W > log(571))ds.

C.5 Proof of Theorem 9 (page 2610)
The proof goes exactly like for Theorem 8. We just use (6) instead of (9).

C.6 Proof of Theorem 12 (page 2612)

The bound is trivial for 9K log(3K) > n. So we consider hereafter that v = 2 Kl%(gm < 2.

The result is then a direct consequence of Theorem 21 with Gy = n. The inequality on ER,,
comes by integrating the deviations.

C.7 Proof of Theorem 13 (page 2613)

First note that (16) holds for 9v/nK > n since we trivially have R,, < n. For 9vnK < n, we
apply (18) with Gg = n > 81K, and obtain R,, < 8.5vnK + v2nK log(6~!). This implies
(16) and also (17) by using Proposition 33.

For the last assertions, we proceed similarly. They trivially hold for 9y/nK log(3K) > n
For n > 9y/nK log(3K), we apply Theorem 20 with Gy = n, and obtain

nkK InK
\/ Klog(3K) + 4 log(K6~h).
nKlog(3K) + \/ (BK) + \/log(3K) og(Ké )

By using \/10;(31{) < log1(6) /log(3K), this independently implies

2nK

R, <9y/nKlog(3K —
< 9v/nKlog(3K) + log(3K)

log(671),

and by integration,
ER, < 9y/nKlog(3K),

hence the desired inequalities.
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C.8 Proof of Theorem 17 (page 2615)

The proof follows the scheme described in Section 5.1.2. In particular let

e 1
Y= —

- BK BE)
s log(l—?)

Then we have
K
DIt Bar, ¢
- sz',tvz‘,t = Zy—=log <1 - t)
— g EDI t
=1
> Z (_glt,t 4 VIt log <1 _ 6gft,t>>
€ € EDI, ¢
K
Zy  vp
> 9t T Z’Uz',t-
=1
Moreover with a simple application of Theorem 31 we have that with probability at least

1-9,
n n
Zy 2nlogé—1  logé?
_ E < E =44/ .
o gft,t = e gIt,t c + c + 35

Now note that the sequence W; = exp (8G; ¢ —BV,;,t), t=1,...,n, is a supermartingale over
the filtration generated by (g4, It, Zi), t = 1,...,n. Indeed, we have for any t € {1,...,n},

Bgi,
Efmpy,z exp(—Bvig) =1 —c+¢ <1 - ?” =1-Bgit < exp(—Bgit).

Thus, with probability at least 1 — d, we have against deterministic adversaries

log§—!
max Vi, > Guax — o8 )
1<i<K I3
and against general adversaries
log(K6~1)
Vim > Gumax — ———.
1234;;( in = ax 3

—1
Now we apply (8) of Theorem 2. Let ¢ = —5%(105;( - %() If ¢ < qn((qjl)K)(q V/a

then we have

n K
1
=) g Vi) = 490 YD pirvss < i

1<i<K -
t=1 i=1

where

‘= 1 <(q—1)021;/;(1—1—/1))117
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with

oo () (297 )

Thus, in the case of a deterministic adversaries, we obtain

n
Gmax_ § g[t,t
t=1

K L log(267! 21 log(20™
g(w1+cy%ﬂiﬁn+gﬁ—an+og YL C Og
€ q—1
' 1 25 21 log(267
:;10ﬂ1+0+wEKwn+qzlﬂK3 og( >+nw og(2 Og :

(38)

where 3/ = /e and 1’ = ne. One can see that the term into parenthesis in (38) is exactly
the same than the right hand side of (43), up to the relabelling of § and 7 into 8’ and 7.
This allows us to use the same numerical application as in Section C.9 (up to the additional
terms outside of the parenthesis in (43)). One can apply the same technique in the case of
a general adversary.

C.9 Proof of Theorem 18 (page 2616), Corollary 19 and Theorem 20 (page
2616)

Consider parameters ¢ > 1,0 <y < 1,7 > 0 and 8 > 0 such that 5K < « and such that the

real number ¢ = —ﬁiK log( — BTK) satisfies ¢ < qn((q 1)K)( V4 From (8) of Theorem 2,
since we have v; ; = chzth[]t:i with ¢ = —% log ( 69’ *) log ( — ’BTK) = ¢, we have
14+7¢ Byi, . q 1
1-— Vi 1 1-— ) < K 39
(g Vo) + 5 Sopnton (100 ) < et
where
- (@—IMKM1+MUQ
(¢— 1K 2ym ’
with
2(q+1)c <K>(q1)/q c ((q— 1)K>(q1)/q a
I =expg ——— 1- —( — .
n Y qn Y
Let
¥ 1
UV =

BK " log(1— BE/7)’

The function z +— L + m is increasing on (0, +00). So we have

1 pft t
+ — <y,
log(1 — Bgn,.¢/prt)  Br.
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hence

K
PLt log (1 - ﬁq[tt) > —g1,t +vgr, i log <1 - 595:&) > =01t — 1/621}”. (40)
/B DIt DLt =1

Inequality (39) thus implies

n K
q 1
_ . _ _ . <
(1 7)<1§%§(%m> <1+vc>;gh,t <1+v<>u6§;m,n_q_1an,

which leads to
1 1 K max V, 1 En < 1 Kl 41
( —’Y—( +7C)Vﬁ ) 1<% in —( +')’C)t 191t,t— q 177 7, ( )

We now provide a high probability lower bound of the left-hand side. The technical tool
(essentially deviation inequalities for supermartingales) comes from Section 6.8 of Cesa-
Bianchi and Lugosi (2006).

High probability lower bound on maxi<;<x Vi .

For any t € {1,...,n}, we have

_ Byi
Dit

Eltht eXp(—ﬁUi,t) = EItht exXp { log (1 >]Ift—i} =1- ﬁgi,t < exp(_ﬁgi,t)'
This implies that the sequence Wy = exp (/BGi,t — ﬂVi,t), t=1,...,n, forms a supermartin-
gale over the filtration generated by (g¢, I3), t = 1,...,n. Indeed, we have

E(exp(Wtﬂ(gs, IS)? s = 17 s 7t - 1) = Egt|(gs,IS),SZI,...,tflEItht eXp(Wt) < eXp(Wt—l)'

So, we have Eexp(W,,) < Eexp(W7) < 1, which implies that with probability at least 1— 4,
Vin > Gin— % with probability at least 1 — §. So, for any fixed k € {1,..., K}, we

have

log(6—1)
> =
max Vin 2 Gkn 3

Combining (41) and (42), we obtain that for any § > 0 and any fixed k € {1,..., K},
with probability at least 1 — §, we have

(42)

n 1 log(6 !
(1 =7 = A+ 7OVBK)Grp — (L+90) D> g1,.¢ Sqi%nlfq + g(ﬁ),
t=1
hence
i 1 log(6t
kan—Zgjt,t < (’y(l—l—()—i—VﬂK)kaﬁ-qiLanq —i—g(ﬂ). (43)
t=1

Now, for Gy > 81K, let us take

| K 1
q Y 3 G()’ B \/mv and n \/GO
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Then we have c = 1.14, v =~ 0.522, © < 2.09, ¢ < 0.377, and

ng < 4.5 /KGgaX +4v/KGo + /2K Golog(671). (44)

t=1

For deterministic adversaries, the arm achieving a cumulative reward equal to Gpax is
deterministic (it does not depend on the randomization of the forecaster). So, we may take
k equal to this fixed arm, and obtain (18).

To prove the inequality for a fully oblivious adversary, let us take k € argmax;c(; . gy EGipn.
From (44) which holds with probability at least 1 —4, it suffices to prove that with probabil-
ity at least 1 — 6, we have G}, p, > Gmax — \/8 log(K6—1)Gax- Let A > 0. Since the reward
vectors g1, ..., gn are independent, and from the inequality exp(Az) < 1+ [exp(A) — 1] for
any x € [0,1] (by convexity of the exponential function), for any j # k, from Lemma 35,
we have

Eexp(AGjn) = HEexp (Agjt) < H exp — 1)Egj,t] = exp [(exp()\) - 1)IEGj7n],
t=1 =1

and

=

Eexp(=AGrn) = | | Eexp(—Agr,)

#
I
—

IN
;:]:

1
(1 = gkt + 2)\2913,7&)
A
(1 ~A(1- Q)Egk,t>
A A
exp [— )\<1 — 2)Egk7t} = exp {— )\(1 — 2>EG,€’H}
1

This implies respectively that for any j # k, with probability at least 1 — 4,

5~
Il

1

IN
=

H
Il
R

<

:]:

t

log(6~!
Gin < EGjn + XONEG, ., + Og(A)
and with probability at least 1 — 4,

log(6~")

A
EGk,n < Gk,n + §EGk7n + h\

By optimizing the free parameter A (using Lemma 32 below), and from a union bound, with
probability at least 1 — §, we simultaneously have

log(K§ 1)

Gjn < EGjn + 1 2EGjn log(K61) + ~520 2,

and

EGin < Gin + \/2EGh log(K61).
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Since we have EGy,, > EG;,, we get consecutively Gy, > EG;, — \/Q]EG]-,” log(Kd—1),
and after computations, Gy, > Gj, — \/8G,, log(Ké—1) for any j # k. With probability
at least 1 — 60, we thus have Gy, > Gmax — \/8 log(K0~1)Gmax, which concludes the proof
of (19).

To prove Corollary 19, first note that (20) holds for 9v/K Gax > Gmax since we trivially
have R,, < Guax. For 9vV/KGrax < Gmax, we may apply Theorem 18 with Gy = Gax since
Gmax > 81K, and obtain R, < 8.5v/KGuax + V2K Guax log(6~1). This implies (20) and
(21).

Lemma 32 Let O(\) = e"p(ﬁ)igl‘k. For any A > 0, infys0 {AO(\) + ‘24—;} <A+ A?/6.

Proof Considering A = log(1 + A), we have infy~o {AO(\) + ‘;—;} < log(l + A)OJlog(1 +

A2 - A2 1+A+Af2 a A-‘ri . o
A)l+ TToa(TFA) — A4 G — Toa(TT4) (A) where ®(A) = log(1+A)— 1+A+2%2. Since ®(0) =0
and @'(A) = 36(1+A)(11fA+A2/6)2 >0, we get ®(A) > 0, hence the result. [ |

To prove Theorem 20, we replace (42), which holds with probability at least 1 — §, by

log(é_l)
B > _ = 7
@E;X Vin = Gmax ;

)

which, by a union bound, holds with probability at least 1 — Kd. (It is this union bound
that makes the log K factor appears in the bound.) This leads to the following modified
version of (43): with probability 1 — K0,

- 1 log(s7t
G = D 9100 < (V14 Q)+ wFK) G + LKt + g<ﬁ>
=1
Now, for Gy > 81K log(3K), let us take ¢ = 2,

Klog(3K) ~ [log(3K) B Go
Gy b= 2KGy ' and 7 =2 log(3K)"

Then we have c = 1.14, v =~ 0.522, © < 2.09, ¢ < 0.377, and

" G2 KGy 2K G .
— < 4. — .
Gax — Y _gr4 <4 5\/ S K log (3K) + 4\/10g(3K) + \/1og(3K) log(5~1)

t=1

This inequality holds with probability at least 1—KJ. This implies the result of Theorem 20.

C.10 Proof of Theorem 21 (page 2617)
Consider parameters ¢ > 1, 0 < v < 1, n > 0 and 8 > 0 such that SK < 7. Introduce

c= —/BLK log ( — %) We have max; ¢ p; viy < c. So (11) holds as soon as
K
'yZKnc@(—Zlog(l—/ny)). (45)
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F]I;(;m (12) and as in the proof of Theorem 13, by using (40) with v = 7% + m, we
obtain

n K

log K

=) (o Vi) = Yone = v Y Vi < (1= ) B
t=1 i=1

1<i<K n
hence
10 K
(lyy,ﬁK)<maX Vzt> Zglﬁt< (1 -~ i .
From the same argument as in the proof of Theorem 18, for any i € {1,..., K}, we have

Eexp (8Gin — BVin) < 1, and for any 6 > 0, Vi, > Gip — 0 holds with probability
at least 1 — 9. By a union bound, we get that with probability at least 1 — K¢,

—1
max ‘/zn > Gax — %
1<i<K I3

With probability at least 1 — &, we thus have

n
log(K§™1 log K
Gmax - E g1t < (’7“‘ VﬁK)Gmax + g( B ) + %7 .
t=1

This inequality holds for any parameters ¢ > 1, 0 <~y < 1, 7 > 0 and 8 > 0 such that the
inequality SK < v and (45) hold. We choose

Klog(3K) log(3K) log(3K)
e\ nlallA — o) d — 9,25\
2KGy ~ KGo

which gives ¢ =~ 1.23, v = 0.536, and

o max 220 100(K6Y) + = 1/KGolog(3K).
e Zglt,t < 2\/ Klog(3K) + 1 |3y l08(K0™1) 4 5 /K Go log(3K)

C.11 Proof of Theorem 22 (page 2617)

Consider parameters 0 < v < 1,7 > 0 and 8 > 0. We have max; ¢ p; viy < 1+ BTK and
max; vy < (1+ B)K So (11) holds as soon as

wzm(uﬁf)e(“”f”‘). (46)

Then, from (12), we have

log K

(-2 (g i) = D gn = B < (1)

1<i<K
t=1

Let & = maxi<i<kx Vip — mini<j<x Vj; and § = maxlgtgn &. Consider a fixed switching
strategy (i1,...,1,) € {1,.. K}" and let V{;, = 1 Vi, +. One can easily check that

-----

128K Vin 2 V( wvin) T 55(217 ..., i), and consequently
max V;, > max V. ., —E&8S.
Vi 2 B s i) T
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Since exp(—z) < 1—z+a2/2 for x < 0, we have forany ¢t € {1,...,n} andanyi € {1,..., K}

7,0

1t it

]II =3 ]I[ — ]II —
Ef,~p, €Xp ( —2fgi+ pt Z) < Ep~p, (1 — 28gi+ pt L +28%7, p; .

9‘2t
=1-28g;; +26°==
Dit

<1- 25<gi,t - ﬁ)

Dit

<exp ( - 25(% - pi))

hence

Ef,~p, €xp (2/8(.%',75 - Ui,t)) <1l
For a fixed (i1,...,%,), by using this inequality n times corresponding to the n time steps
and their associated actions, this implies E exp (25(G(z‘1,...,in) — V(len))) < 1, hence with

probability at least 1 — 9,

log(6—1)

Giy,oin) = Viir,oin) < %

Let M = ZJS:O (nj_l)K(K — 1)/ be the number of switching strategies of size not larger

than S. By a union bound, we get that with probability at least 1 — 6,

B log(M§—1)

Vi) = Gy, i
(#1507n) (il,...,z‘n)%gi...,in)gs (i1,--sin) 203

max
(i1500yin): S (i1, ) <S

By putting the previous inequalities together, we obtain that with probability at least 1 —9,

- log K log(M§—1)
1— o < BnK + (1 — )= 289
(1—7) (i17---7in)3rg%)1( ..... s Gliy, i) tz:;g[t,t < BnK + (1 —7) » +&S+ 23 ,
hence
- log K log(M§—1)
RS: max Glir,in) — <(vy+BKn+—+EES5+ ——=-.
(i10yin): S(i1seyin) <S (#1s8n) tzlglt’t (v + BK) n ¢ 20

We now upper bound M and £. We have

M_jéc;l)K(K— 1)/ < KS“ES: <n_. 1) < KS+1<‘?>S = exg(s),

=0~/

where the second inequality comes from Sauer’s lemma. Let

K1+ K
p = exp ((1+5)7n> 1+_f-
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By contradiction, we now prove

§<p—71710g<i—;{>- (47)

To this end, we start by bounding C; —C;_1. By the mean value theorem, with the notations
of the third step of the proof of Theorem 27, there exists W € [V;_1, V;] such that

Cy — Ci- 1:C(Vt)—0(Vt 1)

= Z sz Vie — Vi)

_Z Gitllp,— + 3
h (W) fz( i, t— 1)
Zn gzt]IIt z+5
E]K1 (fj( -7/K) § hi(Vig—1) +my/K
K K
1 ]II 2+5 p 1+K6
hz = < =i+ =
7; ‘/t 1) 1_,Yi:1( It 6) p 1 7

From Lemma 28 (page 2624), we have p < exp ((1 + ﬁ)%), hence C; — Cy_1 < exp ((1 +

ﬁ)%) % = p. If (47) does not hold, then from Lemma 1, we have

— A J— 71 A
jnax (C 1g;1n V]t) >p—v(8/p)
Besides we have Cp — minj<j<x Vjo = —¢ 1 (1/K) < p — 1~ 1(8/p), since Kﬂ < p. So
there exist 7' € {1,...,n} and £ € {1,..., K} such that Cp_1 —Vir_1 < p—19~ (,B/ﬁ) and
Cr—Vyr > p—1~1(B/p). In particular, we have (Vo7 — Cr + p) < %, hence

g p

B 3
Vor —Vyg_q > = > — >p>Cp—Cp_q,
LT T = per VYVer—1—Cro1) — Yv(Vor — Cr +p) P T

which contradicts the inequality Cr—1 — Vpr—1 < Cr — V7. This ends the proof of (47).
We have thus proved that for any 0 < v < 1,7 > 0 and § > 0 such that (46) holds, we have

g log K o1 Jo R log(K6~')  Slog(Ken/S)

% exp ((1 + ﬁ)%) For the numerical application, we first notice that the

bound trivially holds for 7vKs > \/n. For 7V Ks < y/n, with s = Slog (eTgK) +2log K,

we choose
Ks s 1 s
=\ — = — d =/ —.
i V 2n’ p=3 nK’ an " 5V nK
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We then use v < 7%/5, bK < 3, 8 < 134 to deduce p < 2.25, and pS < 0.05vn
We check (46) by the upper bound %(1 + %)@(W) < 0.84 < 1. We also use

—log (% — L) < llog (3nK/s) < 3log (3nK/S). We thus have

1 log(6~* log(67Y) [nK
RS <3+~ +005+2 + ViEKs + 9807 65 ks 4 0e0T) [nK
V2 2 28 6 s

The last inequality follows by integrating the deviations.

C.12 Proof of Theorem 24 (page 2619)

This proof requires some new arguments compared to the one for UCB1. First, we need to
decouple the arm, while not being too loose. This is achieved by introducing appropriate
stopping times. The decoupled upper bound on the pseudo-regret is (51). Secondly, we use
peeling arguments to tightly control the terms in the right-hand side of (51).

We may assume p1 > ... > pg. Using the trivial equality Zfil ET;(n) = n, we have

n

R, = max E it —
n 1<i<K v (gz,t g[t,t)

n
= n( 11<T13X Eg; t) - ;Egb,t
n
n
K K K
= (ZEE(n)) (gzag;( uz) - EZmﬂ(n) = Z AET;(n)
=1 =1 =1
C.12.1 FIRST STEP: DECOUPLING THE ARMS
For an arm kg, we trivially have Zszl ArTi(n) < nlg, + Zf:koﬂ ApTy(n). Let Agyq =

400, 2 = W1 — % for ko < K < K+ 1 and z,,, = +0o. Let Z = minj<s<, B1s and
Wik = Ugelz;y1,2) (Ak — Aky ) Ti(n). By using EY 3, Th(n) =n—E ZkK:kOH Ty (n), we get

K K
Rn = EZ Aka(n) < nAkO +E Z (Ak — Ako)Tk(n)
k=1 k=ko+1
We have
Z (Ag — Ako Tk(n Z Z Wik = Z Z Wik + Z Z Wik (48)
k=ko+1 k=ko+1 j=ko J=ko k=ko+1 J=ko k=j+1
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An Abel transformation takes care of the first sum of (48):
K

)OID DTS oF SRENIIIVEFVR S I PN TNI VI RS
Jj=ko k=ko+1 j=ko j=ko+1
To bound the second sum of (48), we introduce the stopping times 7, = min{t : By, < 2}
and remark that, by definition of MOSS, we have {Z > z;} C {Tx(n) < 7}, since once we
have pulled 7, times arm k its index will always be lower than the index of arm 1. This
implies

K K K k—1 K K
Z Z W"k = Z Z Wng = Z I[ZZZkAka(n) S Z TkAk. (50)
j=ko k=j+1 k=ko+1 j=ko k=ko+1 k=ko+1
Combining (48), (49) and (50) and taking the expectation, we get
K K
Ro<nlp+ > NEng+n Y P(Z < 2)(Ak — Agy). (51)

k=ko+1 k=ko+1

Let §p = M% and set ko such that Ay, < dg < Apyy1. If kg = K, we trivially have
R, < ndp < V750K so that (22) holds trivially. In the following, we thus consider kg < K.

Second step: Bounding E7;, for kg +1 < k < K.

Let log () = max(log(z),0). For £y € N, we have

+oo
Erp —lo=» P(r, > L) — Lo (52)
=0

+o0 +o0o
<Y Py > €)=Y PVt <€, By > 2)
=Ly =Ly

+o0
- A log, (n/K¥¢
SZ]P(MW— e > 2~ log., (n/KE) )>-

2 14
=ty

Now let us take o = [7log (£ AZ?) /AZ] with [z] the smallest integer larger than z. For
£ > Ly, since k > kg, we have

n n nA2\  LA2 (A2
— ) < — < k < k < k
log., (m) < logy. (Keo> < logy ( K ) ="7 =70

1 1

hence Ak w > cAp, withe = SR e Therefore, by using Hoeffding’s inequality
and (52), we get

+o00

Er, —bo < ) P (e — e > cAy)
f—zo
—2¢ A 2 —14 21
< Z exp (—20(cA)?) = oxp (~260(cAr)?) _ exp(=14e?log(75))
=t 1 —exp (—2(cAg)?) 1 —exp (—202A2)
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where the last inequality uses {pAZ > 7log(75). Plugging the value of £y, we obtain

7log (2 A? —14¢21
AEr < A, (1 N og (K k)) Ay exp( c*log(75))

A2 1 —exp (—2¢2A%)
log (A7) exp(—14c? log(75))
Ay 2¢2(1 — ) Ay,

<147

where the last step uses that, since 1 — exp(—z) > z — 22/2 for any = > 0, we have

1 1 1
< <
1 —exp (—2¢2A2) = 2c2A7 — 2c* A} T 2c2A2(1 — ¢2)

Third step: Bounding n ZkK:kOH P(Z < zi)(Ag — Ag—1).
Let X; denote the reward obtained by arm 1 when it is drawn for the ¢-th time. The

random variables X1, Xo,... are i.i.d. so that we have the maximal inequality (Hoeffding,
1963, Inequality (2.17)): for any x > 0 and m > 1,

P(Hs e{l,... ,m},i(ul - Xi) > :17) < exp (—if) .

t=1

Since z = pu1 — Ag/2 and since u — P (Z < pu; — u/2) is a nonincreasing function, we have

K 1
u
Z ]P)(Z < Zk)(Ak — Ak—l) < AkO_HIP)(Z < Zk0+1) +/ PlZ <pu— *) du (53)
k=ko+1 Akgt1 2

We will now concentrate on upper bounding P (Z < pp — 7) for a fixed u € [dp,1]. Let

f(u) = 8log (\/Fu)/u?. We have

P<Z<u1—;u> = P<31§3§n5;(ﬂl—Xt)> 810g+(£3)+2“>
< <Hl<s<f()12(u Xi) > Slog+ )
t=1
+ ]P’(Elf()<s<n Zul X)) > S2u>
t=1

For the first term, we use a peeling argument with a geometric grid of the form 2@% flu) <
s < 2—15 f(w). The numerical constant in Jy ensures that f(u) < n/K, which implies that for
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any s < f(u), log, (#) = log (#). We have

400 S u n2!
< 3P (a;“f(u) <5< () D - X0) > \/ ;ﬁf to <Kf2(U)>>

£=0 2 t=1

£ f () grer log ( K’%)) X Kf(u) 1 16K n
< -2 — L ()
- ;;exp( J(w) 2 2 Y e (&)

For the second term we also use a peeling argument but with a geometric grid of the form
20f (u) <5 <2771 f(u):

<Hs€[ n} Zul Xi) > >

Putting together the last three computations, we obtain

1 16K n 1
PlZ ——u| < 1 — —
< <M 2u> ~ nu? Og(\/ Ku>+nu2/K—1
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Plugging this into (53) gives

K
Z ]P’(Z < Zk)(Ak — Akfl)

k=ko+1
16K n Agy+1
< 1og(,/Ak >+°
N 11 K70 )T Ay K -1
16K n K Zu—1
- log | ey/—u|+1/-—lo <K>
nu g ( K ) 4dn 5 %u +1 Ak0+1
16K enlj N Agy+1 . | K log <\/ 7% Dkot1 + 1>
nAk0+1 K TLA%OJFI/K —1 in 1/%Ak0+1 -1
16K A (7 V75 K
nAgo+1 K 74 V75 —1) nAky41

where the penultimate inequality uses Ag 41 > BE and log(1 + x) < z for any x > 0.

n

Gathering the results of the three steps, we get

+

IN
©)
09

IA
©)
0

K
R 3 log (7 A% —14¢21
R < 1l + (1 L 108 (AT) | exp(~1de 0g(75))>

2(1 _ 2
k—ko+1 Ak 2c (1 C )Ak
16K enA? K
+ 6 log <k°+1> + <75 + V75 >
ko+1 K 74 \/% — 1 Ako—l—l
log (2 A2 K
<nlAg, + K + (16 + 7)KM + (16 + 16) ——
Ak0+1 Ak0+1
log (& A? 33K
< néoTa<s, + 23K 8 (&A1) +
Agy+1 Agy+1
< 23K10g (% max (A, 50)2) 108K
max (A, dp) max (A, dp)
110n
< 23K]og (522 max(A, 69)?) ’
max (A, dp)

which implies (22) and also R,, < 24v/nK. Since Proposition 34 implies ER,, — R,, < vVnK,
we have proved (23). For (24), Proposition 36 implies

ER, — R,, < min <K nK) < KV75

A2 ~ 2max(A, dy)’

which implies
% max(A, §9)?)
max (A, dp)

1
ER, < 23K og (
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Appendix D. Pseudo-regret vs Expected Regret

The first two propositions hold for the four prediction games considered in this work and
defined in Figure 1.

Proposition 33 For deterministic adversaries, we have ER, = R,,. For oblivious adver-
saries, we have

ER, < sup R,.

deterministic adversaries

In particular, this means that the worst oblivious adversary for a forecaster cannot lead
to a larger regret than the worst deterministic adversary.
Proof The first assertion is trivial. For the second one, let E.4, be the expectation
with respect to the eventual randomization of the adversary and g, be the expectation
with respect to the randomization of the forecaster. For oblivious adversaries, we have
ER, = E.qvEfr Ry, hence

ER, < sup E¢r Ry = sup R,.

deterministic adversaries deterministic adversaries

While the previous proposition is useful for upper bounding the regret of a forecaster
against the worst oblivious adversary, it does not say anything about the difference between
the expected regret and the pseudo-regret for a given adversary. The next proposition gives
an upper bound on this difference for fully oblivious adversaries, which are (oblivious)
adversaries generating independently the reward vectors.

Proposition 34 For fully oblivious adversaries, we have

ER _ T < nlog K
n n = 2 i

and

n
_ log K
ER, — R, < 210g(K)maXEE 9it+ 82
1
t=1

- 3

Proof The proof is similar to the one of the upper bound on the expected supremum of a
finite number of subgaussian random variables. We use the following lemma

Lemma 35 Let A > 0 and W a random variable taking its values in [0,1]. We have
Eexp(AW) < exp [(exp(A) — 1)EW].

Proof By convexity of the exponential function, we have exp(Az) <1+ (exp(A) — 1) for
any z € [0,1]. So we have Eexp(AW) < 1+ (exp(A) — 1)EW, hence Lemma 35. |
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Let A > 0, then by Jensen’s inequality and Lemma 35, we have

n K n
E max Z git < E% log Z exp ()x Z gi,t>
t=1 1 [;:1 i t=1
1 log Z E H exp(Agit)

<
=1 t=1
1 K n
= 3 log Z H E exp(Agit)
i=1t=1
1 K n
< X logz H exp ([exp(A) — 1]Eg;)
i=1 t=1
log K exp
< g/\ + ( maxE Z Git-

This implies

_ . log K -
ERn_RnS)l\r;%< 3 + AO( )m;cth;gi,t),

where ©(\) = 7@(})()\)2 ! )\. By using Lemma 32, one obtains the second ine uahty of the

hy g q

theorem. Instead of using a variant of Bernstein’s argument to control Eexp A 5.t ), ONe can
g g g7

2log K
o =u

use Hoeffding’s inequality. This leads to the first inequality by taking A =

We can strengthen the previous result on the difference between the expected regret
and the pseudo-regret when we consider the stochastic bandit game, in which the rewards
coming from a given arm form an i.i.d. sequence. In particular, when there is a unique
optimal arm, the following theorem states that the difference is exponentially small with n
(instead of being of order /n).

Proposition 36 For a given § > 0, let I = {z e{l,....K} : A; < 5} be the set of arms
“-close” to the optimal ones, and J = {1,...,K} \ I the remaining set of arms. In the
stochastic bandit game, we have

nlog |!]| 1 nA?
< _ _ 7
=V +ZA1-6XP< 2 )
ieJ
and also
nlog|[ 802 +4A;/3 nA?

ER, —

= Z{ P\ 802 14,3

L 8ok H4A3 o mAY
A, P\7802 +440,3) [
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where for any j € {1,..., K}, UJQ- denotes the variance of the reward distribution of arm j.
In particular when there exists a unique arm ©* such that A+ = 0, we have

2
ER, — R, <Zexp< nﬁ’)

Note that the assumption on the uniqueness of the optimal arm in the last statement is
necessary as we already discussed in Remark 25.

1 2
Proof Let Wr(L ) = maxier Y pq it — 2 opq i*,r and W,g ) — max;c(1,. K} o1 it —

max;ecy Z?Zl git- We have ER,, —R, = EWS) —i—EW,(LQ). From the same argument as in the
proof of Proposition 34, we have

Besides, we have

“+00
EW? = / P(W? > u)du

n n
< Z/ (Z 9jt — nzgléi[xZgi,t > u) du
= t=1

jeJ

<Z/ (Gjn — Gixn > u)du

JjeJ

+<>o
ieJ

< Z/ { ( n—EGin > “;) +P <]EGi*,n — G > “+2”> } du.

e

This last integrand is upper bounded by 2exp <—W> from Hoeffding’s inequality,

+nA,;)? +nA,;)? ST :
and by exp (—W) + exp (— Smf*(i 4(nu +7)l ) /3) from Bernstein’s inequality. To

control the two corresponding integrals, we note that for a nondecreasing convex function
X going to infinity at 400, we have

T e lvlandu < X @ g eP(=x(@))
| emoxtuau [ S8 exp(—y(uu = R,

We apply this inequality to the functions r — % and r — to obtain respectively

r2
8noZ+4r/3

0223 [ oo ()X b (-120),

ied
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and
Feo u? (802 + 4A;/3)? nA?
/ exp| ————5—— | du < 5 exp | ——5 7
nA, 8no; + 4u/3 A;(1607 + 4A;/3) 807 +4A;/3
< 802 +4A;/3 o nA?
O TEAYY (o
- Az P 8012 + 4Ai/3 ’
hence
802 + 14 nA? 802 + 14 nA?
EW® < 27 T3 _ i i 3 sy .
noS ; A P \T8ezraa3) T T A PRz 1aam
|
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