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The open question of shear forces in heterogeneous plates

» Thick or Thin plates?
» Thin Plate — Kirchhoff-Love — ¢, = U3 4:

asymptotic derivation, transverse shear effects neglected
(Kirchhoff (1850); Love (1888); Ciarlet and Destuynder (1979))

» Thick Plate — Reissner-Mindlin — ¢ # Us o:
axiomatic and controversial. Natural boundary conditions!
(Reissner (1944); Hencky (1947); Mindlin (1951))

... plates are generalized continua!
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The open question of shear forces in heterogeneous plates

» Thick or Thin plates?
» Thin Plate — Kirchhoff-Love — ¢, = U3 4:

asymptotic derivation, transverse shear effects neglected
(Kirchhoff (1850); Love (1888); Ciarlet and Destuynder (1979))

» Thick Plate — Reissner-Mindlin — ¢ # Us o:
axiomatic and controversial. Natural boundary conditions!
(Reissner (1944); Hencky (1947); Mindlin (1951))

» Deriving formally Reissner-Mindlin plate model from asymptotic

expansions?
/\ZaMr

= The Bending-Gradient plate model . .

A. Lebée (Laboratoire Navier)
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The 3D problem configuration

A. Lebée (Laboratoire Navier)




The 3D problem equations

ol =0 on Q" g V=0 on0
o = Ciu(x3)ely on Q. g'(x) =C'(xs) g (x) onQ.
G o= 4f =
0:3 t onwt Qt'(i—s)zf on wE
€U = U(i,j) on Q°. . SV on QF
ui =0 on dw"x]—t/2,t/2] £=4 "
=0 ondw'x]—t/2.t/2

» monoclinic and even C*": bend;

= = pure bending:
Caﬁ'y3 C333a =0, . .
o, By, .. =1,2. » uj and o3 even / x3

> symmetrically laminated plate > g, 045 and o33 odd / x3

» symmetric transverse load
f=fie,

.AZaA'/er
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Proof of skew symmetry

Let u' be the image of u* by the symmetry with respect to the
(x1, x2)-plane

, +Ui(X1,X2, _X3)
u' (xi,x0,x3) = | +ub(x1, x2, —x3)

—Ué(Xl,X2, _X3)

Obviously, u¥ =0 on dw'x] — t/2,t/2[. Its corresponding strain
gtl —_ gtl ®SY is:

t t t
€11 €12 —€13
t t _ ot _
€lo g —eb3 | (x1,x2, —x3)
t t t
—€13 —¢&23 €33

' (x1,x2,X3) =

o =
A. Lebée (Laboratoire Navier)




Proof of skew symmetry

Its corresponding stress g (x) = C'(x3): e’ (x) is:

[ o 1:1 | [ G Ghe Gl 0 0 Gz | [ 55:1 |
o 5,2 G oo 0 0 Coos3 € 5/ 2
o ilz _ Chop 0 0 G 2 t1/2
g 1/3 Gz G 0 2e t1,3
U§,3 SYM G303 0 255/3

[ 033 i G333 | L €3

Because C*(x3) is even and monoclinic, then:

t t t
, 911 %12 7913
t
g (x1,x2,x3) = 0l 0p —0 | (x1,x2,—x3)

t t t
—013 023 033
M’er

A. Lebée (Laboratoire Navier)




Proof of skew symmetry

Finally, the balance equation qfl -V =0 is easy to check and we have:

g - <i§3> =—f=-fe, on wE,

Therefore,

Hence,
+ui(x1, x2, —x3) —uj(x1, x2, X3)
+us(xi,x2,—x3) | = | —us(x1, %2, x3)
—uj(x1, x2, —x3) —u§(x1, X2, x3)
./\ZaM,r
=] = - = a

A. Lebée (Laboratoire Navier)




Variational formulation

The set of statically compatible stress fields is:

g'-V=0onQ
scpot .
g (ig3) = f on W,

The set of kinematically compatible displacement fields is:

KCP g=uwVon
| u"=00ndw"x]—t/2,t/2]

The strain and stress energy density w® and w*3 are respectively given
by:
3D 1 t *3D 1 t
w (e):—s:C:e, w (o’)z—a:S:o’
with:

2= (Q)_l .AZaA'/er
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Potential energy

P2 (e) = min, {P7 (¢)}

The potential energy P is given by:
P3D<§> :/ W3D<§>th—/ f (uf + uy) dw*
Qt wh

u® = u(xy, X0, +t/2) are the 3D displacement fields on the upper and
lower faces of the plate.

A. Lebée (Laboratoire Navier)




Complementary energy

P (e) = min, {P (o)}

The complementary potential energy P*3 given by:

p*3D (g) :/Qt D <g> 4o

At the solution (Clapeyron’s formula):

P (&) + PP (g) =0

A. Lebée (Laboratoire Navier)




BN $
Building a plate model?

For typical width L and thickness t, let - — 0
» Solve a 2D problem, called the “plate problem”
» “fair” 3D displacement localization

» “fair” 3D stress localization

Exercice: Trial from plate equilibrium equations...

A. Lebée (Laboratoire Navier)
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Differential system depending on a small parameter

We want to solve the following differential equation on [0, 1]:
' (x) —qu(x)=0, u(0)=0, u(l)=a
where n > 0 is a small parameter.

The solution is trivial:

The limit of u” (x) as n goes to 07 is:

lim u" = ax.
77L>0+u (x) = ax
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Taylor's series

Using Taylor's series:

1 3
sinh(\/ﬁx) = (\/—II) +(\/§!) 4
1 3
sinh (/) = (\ﬁ) +(\éj) 4o
We obtain:
x3 —x x5 —x  x3-x
W) = axt e “’72( 51 313 )+
- ./\ZaMr

A. Lebée (Laboratoire Navier)




 Theasymptotic expansions for a laminated plate  Example
The method

» Write u" (x) as a series:
u (x) = u® (x) +otut () 4 oo (x) -
where u' are unknown functions.
» Inject this series in the differential system
' (x) —qu(x)=0, u(0)=0, u(l)=a
and make null all the terms in 4'.

» Solve the cascade system which determines the v’

A. Lebée (Laboratoire Navier)




Resolution

The cascade system is:

Termin % : u%(x) =0, W (0)=0, u°(1)=a
Termin ! : v (x)=u® u1(0)=0, ul(1)=0
Terminy' : u”(x)=0uv"t, v (0)=0, v (1)=0

The solution is obtained by mathematical induction:
3

XT —X

w0 (x) = ax, vt (x)=a 30

, P (x)=a —a

A. Lebée (Laboratoire Navier)
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Change of variables

al

X .
» 7z =3 for the out-of-plane variable, z €] — %, 5

t .
= — is the small parameter

» e
L
The fourth-order elasticity tensor can be rewritten as:
C'(a) = C (%) = C() Nadit
o = = = = 9ac
A. Lebée (Laboratoire Navier)




Non-dimensional fields
We define the non-dimensional fields (u, €, o) as follows:

u' (x1,x,x3)= Lu (xi/L,xx/L,x3/t)= Lu (Y1, Y2, 2)
g (x1,x,x3)= & (x/Lix/Lxs/t)y= € (Y1,Y2 2)
o

gt (x1,x,x3) = (xi/Lix/L,x3/t) = g (Y1,Yo,2)

The derivation rule for these fields is:
d d d

=L ( 0.0 o) +t (o,o, ﬁ) =LV 4tV

Y, aY,' 0z
-1
=L"Viy,
where 1
n — _
Vivag =Yy 4+ Y, Nadier

A. Lebée (Laboratoire Navier)



Natural scaling of the stress

olss+o0i32=0 x3
L 703 = _/ Tap,5du
03,0 T 0333 =0 N —t/2
o33(£1/2) = £f3 o%3 = —/X3 3, du— f3
a (0%
ot 5(£t/2) = 0 iy

0 1 2 2
O-;,BN" == O'&3N77, 0':5,3'\477 and f3N77

The out-of-plane loading is scaled as:

i(xlv X2) =

=] 5 = = £ DA
A. Lebée (Laboratoire Navier)




The non-dimensional 3D problem

The set of statically compatible fields can be rewritten as:

1 1
o- Y7(7Y )—Oon Q=w><]—§,+§[,
Sc . 9
_n +
ag- <j:g3> =5 F3g3 onw
The kinematically compatible fields becomes:
—_ SxX7"
> E=UQ® V(Y 2 On Q,
KC>™ : 5 1 1
-0 _Z 4z
u on Jwx] 2,+2[

The constitutive law becomes:
g (Y1, Y2,2) = (g (2) 1 g(Y1, Y2,2)

V(Yz) Y +

A. Lebée (Laboratoire Navier)




Properties of the non-dimensional solution

For given (w, C, F3,'r]> where € is monoclinic and even in z, and under
some regularity conditions, the solution of the non-dimensional problem is
unique.

Obviously, due the change of variables x3 — z:
» u3 and 0,3 are even in z

> Uy, 0qp and o33 are odd in z

We have the following new properties:
» u3 and 0,3 are odd in

> Uy, 0qp and o33 are even in g

A. Lebée (Laboratoire Navier)



Proof
New change of variable z/ = —2 for the out-of-plane variable. The new
non-dimensional fields (u’, €', g’) are defined by:
u' (xi,x,x3)= Lu (x/Lixo/L,—x3/t)= Lu" (Y1,Y2,2)
g (xa,x,x)= €& (a/Lx/L —x/t)= € (Y1,Y2,7)
g (%)= g (a/Lx/L-x/t)= g (Y1,Y2,7)
The new derivation rule for these fields is:
_(d4 d d
- dX1’ dXz’ dxz
o 0 0
= L_l R — -1 I — L—l _ -1
(8Y1’ aYQ’O) t (0’ o az/> vV, mrv,
_ =17
=L Y(Y,z/)

where

A. Lebée (Laboratoire Navier)



The new equations

1 1
3D’ Q’"Y(_;]’z,)=Oon§2=wx]_§,+§[,
5C> )

! S +
2 .<:|:§3)_ 2F3§3 on w

e=ue'V]  onQ,
3D’ :
e u=0 on 8w><]—1 _|_1[

A. Lebée (Laboratoire Navier)




Effect of the transformation » — —5 on the
non-dimensional solution

The new non-dimensional fields (u’, &', g’) are solutions of the same
equations as for (u,e,a) where F3 - —F3 and n — —x:

(u.€,a') (V1,Y2,2) = (u,e,0) 7 (W1, V2, 2')

Moreover, by definition, the new non-dimensional fields coincide with the
initial ones with z = —Z'

(u.€,q') (Y1, Y2,2) = (u,e,a) " (Y1, Yo, —2)
Hence, we have:
(u.6,0)" (Y1, Y2, 2) = —(u,£,0)™ (1, Yo, —2)

Even components in z are odd in » and odd components in z are evewr
o & S = DA

A. Lebée (Laboratoire Navier)
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Expansion
We assume
u = plut + P+ et 4
,.% — TIOEJO + nlgl + ..
g g’ + atgt +-
u’,e” and g”, p=—1,0,1,2..., are functions of (Y1, Y2, z)
Because:

» u3 and 0,3 are odd in
> U, 0q3 and o33 are even in n
we have:
» uj and o} 3 are null for even p and even in z for odd p.

> uf, 0,5 and o33 are null for odd p and odd in z for even p. ) , )

= =) E E DA C‘v
A. Lebée (Laboratoire Navier)




Statics

The normalized 3D equilibrium equation becomes:

/- 0. 0(g0. 1, cee=
A ) R G R A
Hence,

g’V =0 and g’V +g""-V =0, p>0.

Or in components:

1
oi33=0 and o}  +0o3=0, p>0.

= =) E E E 9ace
A. Lebée (Laboratoire Navier)




~ Theasymptotic expansions for a laminated plate  The expansion
Statics

+

The static boundary conditions on w™ writes:

g’ <i§3) =0 when p#2 and g°- (j:g3> =—e,.

Or in components:

1
ols (Yl, Y2,:|:§) =0 when p#2

1 1 1
0'23 (Yl, YQ,:E§) =0 and 0§3 (Yl, Y27:t§) = i§F3 (Yl, Y2)

A. Lebée (Laboratoire Navier)




~ Theasymptotic expansions for a laminated plate  The expansion
Kinematics

The non-dimensional displacement field is:
u=y"u 400 e

The non-dimensional strain field is:

g=ue’Vi, =0 e g
with:
el=u" ®SYZ and g’ = v ®SYZ +Llp®syy7 p=>-1
In components:
5;25 =0, e3= %u;}‘g and €33 = U?:’»

and for all p > —1:
P __ 1 P P P __ 1 p+1 P d p __ Pl
faB = 5 \Yas T Usa)r a3 T 5 \Ua3 T U3a) aNd £33 = U33

A. Lebée (Laboratoire Navier)




Kinematics

The kinematic condition on the lateral boundary leads to:

Vp>—1 and V(Y1,Y2) € 0w, u (Y, Ys)=0.

A. Lebée (Laboratoire Navier)
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Lower order displacements

We set £* = 0 which leads to:

2 -2 -2 -1
€3=0, e3= 2a3—0 and e33 =u33=0

Hence, u" is a function of (Y1, Y2).

Moreover, u_' is null since = —1 is odd:
0
T=Ust (Y, Y2)e, = O
Us!

with the boundary conditions:
U3_1 =0 V(Yl, Yg) € Jw

= =) E E E 9ace
A. Lebée (Laboratoire Navier)




Lower order displacements

We set ¢! = 0 which leads to:

1 1
6;23 = 5 (u;’lﬁ + UE}Q) =0, 6;% = 5 <u373 + Ui;) =0, 553} = ug73 =0

Hence, u° has the following form:

with the boundary conditions:

Ui;na =0 V(Y1, Y2) € 0w
where n is the outer normal to Jw.

o =
A. Lebée (Laboratoire Navier)
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Zeroth-order auxiliary problem

Equilibrium equation of order -1, compatibility equation, boundary
conditions and constitutive equations of order 0 lead to (for z € [—1, 1]):

o _

gV =0 (7533 =0
~ 4 0 0
g’ =C(z2): & y Y=k

=~ ~ ~ 0 — -1

0 1_s 0 _s Eaﬁ_ZKaﬁ
e=uV +u" 2’V _.
~ z Y g0, =1, and &%, = u}
0 1 a3 = 2Uag3 33 = U33
g(z::tﬁ)'iQ:;:O 0 1

(0} (z=%3) =0

The lowest-order curvature is:

K™= _U?’_IYY ®YY or Ko_fﬁl = 3_,(115

A. Lebée (Laboratoire Navier)



Resolution

From

we obtain plane-stress:

0'?3’3 =0 and 0'?3 (Z =+

The constitutive equation writes:

B 0
711
0
022
0
012

o

0

o

[ Ciuinn
Cr122

Cr112
0
0

| Cr133

A. Lebée (Laboratoire Navier)

Cri22
Coo22

Coo12
0
0

Co233

Ci313 Ci323
Ciz2z Co323

o =0
Cr112 0
Coo12 0
Cr212 0

0

0
Ci331 0

)-o

0
0
0

0

Cr133
Coo33

Ci233
0
0

C3333
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~ TheKirchhoffloveplate model Auxilary Problem
Resolution

The strain is given by:

_ Z(D33ag (Z)

g =zK 41(Y1,Y2), €3=0 and &33=
B a,g( 1 2) 3 33 Cs333 (z)

K;ﬁl (Y17 Y2)

The stress is given by:

g° =8/ (2): K7 (Y1,Y2) orincomponents o} = sf ;K

QA

where the fourth-order stress localization tensor is:

Sagys (2) = 2C5,5(2) and sf5.;:=0
and

Cfpy6 = Caprs — Cap3zCszys/Cassz :

denotes the plane-stress elasticity tensor.

it
N
o
o)

] [ =
A. Lebée (Laboratoire Navier)




~ TheKirchhoffloveplate model Auxilary Problem
Resolution

By integrating of

zC
800&3 = 0 = —Ua’3 and 6%3 = (Dj;;;ﬂ Kaé = U33
We find:
0
u' =u" K"+ Uje, = 0

ugaﬁKB_; + U3

where the displacement localization tensor EK (z) related to the curvature

is given by:
Cs3ap ) K
Tll3a/8 [\/; 63333 ——dr and Uaﬁ,y =0
where [o]" denotes the averaged-out distribution: [e]" := e — (e). "%Z

A. Lebée (Laboratoire Navier)




Isotropic materials

The leading order strain:

14

cop = 2K 5. €3 =0 and e33=——— VZK&clu
The leading order stress is derived through C°:
E Ev _
Cf?_l 1—12 1_EU2 0 ZKlll
0 — -1
02 | = 1072 2 ZK221
0 —
0'12 SYM m 2ZK12
The displacement corrector is:
0
u' =u": K+ Uje, = 0
z

u]
L)
I
ul
it
N
P
o)

A. Lebée (Laboratoire Navier)




Contents

The 3D Problem
The asymptotic expansions for a laminated plate
| The Kirchhoff-Love plate model

Lower order displacements
Auxiliary Problem
I Macroscopic problem
The Bending-Gradient plate model
Applications of the Bending-Gradient theory to laminates
Periodic plates

u]
L)

I

ul
it
N
P
o)

A. Lebée (Laboratoire Navier)




Determination of U3*

Resultants

The zeroth-order bending moment is defined as

Mg (Y1, Ya) = <zaglﬁ>,

The first-order shear force is:

Qu (Y1, Y2) = (03,) -

A. Lebée (Laboratoire Navier)




Determination of U3*

Equilibrium

Recall that:
033 =0 and o},  +of33=0, p>0.

io,a

The bending equilibrium equations are:

(z (005 +0033)) =0=Mpg 5 — Q,

The out-of-plane equilibrium equation is:

<O-§oz,a + 012’:3,3> =0= Qtlx,a =+ F3

Finally, we have:

Mgtﬁ,,@a + F3 == 0
M’er

DA

A. Lebée (Laboratoire Navier)




~ TheKirchhofflove plate model Macroscopic problem
Determination of U3*

Constitutive equation

<ZQ'°> <ZSK(Z) K~ > <2C”(z) K~ >

we obtain the Kirchhoff’'s constitutive equation:

From

M°=D:K™" where: D= <z2 (g’>
The Kirchhoff-Love plate equations are:

MO:(Yy®Yy>+F3=O, on w
M'=D:K* on w

~

L(*:—U?Yy@Yy, on w

Us'=0 and (U;'eV, ) n=0 on w \/
er

A. Lebée (Laboratoire Navier)




. TheKirchhofflove plate model | Macroscopic problem
Summary of the Kirchhoff-Love model

The displacement is approximated by:

—zU3_j
U= n—lg—l + go — —ZU3_§ — LILK
1 Uél
The strain g is approximated by €° # u** © 5V7(7Y ) with
z(C3 z),
cop = 2K 3 (Y1, Y2), €3 =0 and ey =— @333:;"((2)) Kop (Y1, Y2)
where

The stress g is approximated by g° such that g°- V7, 2) # 0 and
oop = 2CFp,5(2) K5, and oj3=0

o =
A. Lebée (Laboratoire Navier)




Lateral boundary conditions

It should be emphasized that the assumed expansion is not compatible
with clamped lateral boundary conditions. Indeed,

0
u=uf: K+ Ule, = 0 #0.
u3a5K + U3

=] 5 = = £ DA
A. Lebée (Laboratoire Navier)
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~ TheBendingGradientplate model Sheareffects
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First-order auxiliary problem

Equilibrium equation for order 0, compatibility equation, boundary
conditions and constitutive equations of order 1 lead to (for z € [—1, 1]):

gV, +ag -V
~ Y ~ z
g =C(z):¢
61= 2

~ - Z

A. Lebée (Laboratoire Navier)

0 1
Oia,a T 033 =0

1 1
U,-J-Z(D,jk/&?k,

1 1 _
€a5—u(a75)—0

1 1 2 1
€a3 = 2 (ua,3 + u3,a>
1,2
€33 = u33 =0

1 _ 1\

i (z=43) =0

.AZaA'/er
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~ TheBendingGradientplate model Sheareffects
Resolution

Transverse stress

From
OB +0h33 =0
O = (505ans (2) K(;;)’a = 2C55 (2) K3t
oh3(z= +3)=0

we obtain the first-order transverse shear stress:

z
1 1
O'a3 = —/ r@gﬁw dr 5.8

A. Lebée (Laboratoire Navier)




Resolution

In-plane stress

From e, =0 and &i, = 0 and the constitutive equation:
af 33 q

o1 Cuun Cuz Cue 0 0 Cuss 0
% Cae Co212 0 0 Cass 0
ol | _ Cro12 0 0 C1233 0
ois | Ciz13 Ciz2zs 0 2ei;
033 SYM Co323 0 2ehs
| 0 | i Csszs | | 0 |

we have Jéﬁ = 0 and the first-order stress localization writes as:

gt =s"V(z2): (}S‘l ®Yy>

~ ~
where we defined the fifth-order localization tensor as:

z
KV . _ KV __ - Ky

Sagyon =0, Sazyey (z) = —/ r(Dom%7 dr and $3376, = 0 _
- Nadier

] [ =

NI=
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~ TheBendingGradientplate model Sheareffects
Resolution

Displacement
We find that the second-order displacement field writes as:

ZU3 1 + ulﬁ’)’(sK(s’Y,
N (2): ( ®VY> — 2030V, = | —zUj, + ufy Ky
0

=,
Dﬁ'

- 07,8

where the displacement localization tensor related to the curvature
gradient writes as:

z y
uggs (2) = - /0 (4$a3n3 / Vs d"+5a6u§wa) dy
2
and

KV
Iu3,8’y6 = O
Nadier
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The general form of the expansion

It can be formally shown that we have:

U
gz—3§3—2U3®Yy+nyK:I§+n2yKviiS®YY+...
, u u

where

Us:i= > oPT S =n(us) and K =-1sV oV,
p=—1

We have also for the stress:

g:%K:KJ—i—n KViKeV +...

O

A. Lebée (Laboratoire Navier)




A higher order plate model from asymptotic expansions?

Including shear effects...:
» ... from asymptotic expansion?:
Us € Cﬁ(w)
> ... from the approach from Smyshlyaev and Cherednichenko (2000)?:
Us € C4(w)
» ... with the Bending-Gradient theory:
Us € Cl(w)

A. Lebée (Laboratoire Navier)
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.~ TheBendingGradient plate model Derivation of the Bending-Gradient theory
Stress localization as function of static variables

The stress field can be accurately approximated by:

g™ =8 x+n8"VixeV,

X = (Xap) (Y1, Y2) is an unknown symmetric second-order tensor field.

Choice of x?: The minimum of complementary energy!

The corresponding bending moment is:

MB® =D :x where D= <22 G;J"> and d= Q‘l

~ O~ ~ ~

Its gradient is:

R=MPeV _ or Rag,=MS5, with Rugy = Rgay

] [ =
A. Lebée (Laboratoire Navier)




Stress localization as function of static variables

It is possible to rewrite gBC in terms of MEBC and R:

aB6 — gK : <g : MBG) JﬂngvS <g : MBG) sV,
and
QBG:gM:MBG_i_n%RSE
where the localizations tensors are given by:
s'=5":d s"=57:d
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The Bending-Gradient stress energy

Plugging B¢ into the complementary energy of the full 3D problem leads
to the following functional:

pBG <MBG’ R) _ / KL (MBG> L 2ES (B) dw

w

where the stress elastic energies are defined as:

1 1
W*KL (MBG> _ 5,,\\/]BG . g . MBG and W*BG (R) — ETB!)\\ : B
with:
h=(5":8:5")

This sixth-order tensor is the compliance related to the transverse shear of

the plate. It is positive, symmetric, but not definite in the general case. ,_]
er

[m] = = =

A. Lebée (Laboratoire Navier)



Extended plate equilibrium equations

Exact plate equilibrium equations

The total bending moment and the total shear force are defined as
Mas (Y1, Y2) = (zoap), and  Qq (Y1, Y2) =n ' (03a)-

Moment equilibrium equations:

(z(0aps+1 '0a33)) = Mapg—Qa=0 or M-V —Q=0

The out-of-plane equilibrium equation:

77_1 <U3a,a +77_1033,3> = Qoz,a +F=0 or Q : YY +F=0
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Extended plate equilibrium equations

Link between shear forces and generalized shear forces
Q =MV _isnow replaced by R = MBC oV,
We have the following relation:

PiR=MP.V, = @5 or Ry = MBS, = QB

where

iapys = 5 (0ar0ps + 0050y )

N =

Mechanical meaning of R

Qu = Rony { Q1 = Ri11 + Rizo = My 1 + Moo
¢ opp Q2 = Ri21 + Rooo = Moy 1 + Moo j

ul

it
N
P
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~ | TheBendingGradient plate model | Derivation of the Bending Gradient theory
The Bending-Gradient statically compatible fields

The Bending-Gradient stress energy must be minimized over the set:

_ BG _ BG
scos . | R=M7eV, o Ragy = Mag'y
‘ (L;g)-yy+F3:0 or  Ragga+ Fs=0

A. Lebée (Laboratoire Navier)




The Bending-Gradient constitutive equations

Now we define the generalized strains as:

* KL *BG
w ow
X = OIS and [ = R

Q

Note that the third-order tensor has the symmetry:
Fapy = Tgary
This leads to the following constitutive equations:

X = d: MBG or  Xag = da575M(SB’yG
C=h:R or  Tagy = hagysu Rups

.AZaA'/er
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Dualization of equilibrium equations

Multiplying R.g, = Msgﬂ with @3, and integrating by parts on the plate
domain w yield:

/ MQB/3G¢aﬂ777 + Roz,B'yq)cx,B'ydW = A Mol?,éG’q)a,B'ynfydl
“ w

Multiplying Rgg,o + F3 = 0 with U3BG and integrating by parts on the
plate domain w yield:

/ RagsUsodw = /a Rappna USCdl + / F3USCdw

w

.AZaA'/er
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.~ TheBendingGradient plate model Derivation of the Bending-Gradient theory
Weak formulation

Adding these equations leads to the following expression:
1
/ Msgq)aﬁww + Rapy (q)aﬁv + 2 (55“7 Ugs,g + Oay U?E)) dw =
w

/ FUSCdw + /a ME§®ayny + Rappna USCdl

Therefore, we have obtained the weak formulation of this plate theory:

VBG _ |/BG
where

int — Vext

VBG _

int —

/I\N/IBG:<Q-VY)+TRE(Q+'

VBG _

BG _ / F3UBSdw+ [ MBS (Q-g) + (é E-n) UBS I
w ow
and n is the in-plane unit vector outwardly normal to W,

./\Za»ot/e,r
A Lebée (Laboratoire Navier)  [EBNNNNNNNEEE s



Kinematic compatibility conditions
We identify the internal power obtained by dualization
VEBS — / MBS . (Q : YY) +R: (9 +i YYU3BG> dew
w
with the one obtained with the constitutive equations
VS = [ MBS x4 R T
w

Finally, we define the set of kinematically compatible fields as

to which the following boundary conditions must be added for a clamped

plate:
UB¢ =0 and ®-n=0ondw ”
3 x i

[m] = = =

Q>

A. Lebée (Laboratoire Navier)




Summary

The Bending-Gradient plate theory equations are the following:

B:I\N/IBG(@YY and <L5E>'Yy+F3=O on w
x=d:MB® and Fr=h:R on w

Note that:

x = KB¢ +.°1. V. where KBC = —U3BGYY oV,

~

Setting 2> = 0 in the Bending-Gradient model leads exactly to
Kirchhoff-Love plate model. \ d-)u,

A. Lebée (Laboratoire Navier)
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3D localization

Once the exact solution of the macroscopic problem is derived, it is
possible to reconstruct the local displacement field. We suggest the
following 3D displacement field where UBC, ® are the fields solution of the
plate problem:

UBG
UBG _ 3

e

~

§3—zU§G®YY+nyK:x+n2 uKVs(
) u X u

®YY>

Defining the strain as

it is possible to check that:

(#) % = () 2 (oW ) 219,
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Homogeneous plates

In this case, we have:

0B85 = 12ZingysMEC = 12zMp§
g% =4 08 =n3(1-42%) iaproRons =03 (1-42°) QF°
BG _
o337 =0

which is a function of MB® and QBC =i : R instead of the whole R

L

A. Lebée (Laboratoire Navier)



Ml 7" Reissner-Mindlin theory for homogeneous plates
The constitutive equations

The Bending-Gradient part of the stress energy becomes:

1 1
w*BG6 (B) _ QTBEQEB: EQBG‘QRM . QB¢

with:
h=i-n™.i
where the Reissner's shear forces stiffness is given by:
6
i = g$a363

(it is equal to 5%6a5 with G the shear modulus for isotropic plates). The
Bending-Gradient constitutive equation becomes:

with

A. Lebée (Laboratoire Navier)




The kinematics

Using the kinematic compatibility

PL=®+i -V U,
we find that ® is also of the form:
=i

where ¢ is the classical rotation vector of the Reissner theory. Therefore,

the kinematic unknowns are USC and ¢, and we have:

x = ¢V, = d:M°¢
7721 — f‘f‘Ugl,gG@YY — thRM‘QBG
.AZaA'/er
o> «F = = = 9ac
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Static

The following boundary conditions must be added for a clamped plate:

UBC =0 and ¢ =0on dw

Finally, the balance equations are:

MBG'YY_QBG:()O”W
QBG~Yy+F3:00nw

In conclusion: the Bending-Gradient theory completely coincides for
homogeneous plates with the Reissner-Mindlin model.
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. TheBendingGradient plate model = Distance between the BG and the RM models
Distance between the BG and the RM models

We introduce the following relative distance:

W
ol

{dl

bl =/ h:h

is the norm for Bending-Gradient compliance tensors and QW is the pure
warping part of h:

ARM/BG _

where

~N A AN A

ARM/BG gives an estimate of the pure warping fraction of the shear stress

energy. When the plate constitutive equation is restricted to a
Nadier

Reissner-Mindlin one we have exactly ARM/BG — q,
] [ =

A. Lebée (Laboratoire Navier)




. TheBendingGradient plate model = Distance between the BG and the RM models
Distance between the BG and the RM models

Stack | [0°] [30°,-30°), [0°, —45°,90°, 45°],

ARM/BG ‘ 0 16.0% 12.4%

Table: The criterion ARM/BG for several laminates

A. Lebée (Laboratoire Navier)
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~ Applications of the Bending-Gradient theory to laminates  Voigt Notations
Voigt Notations

We introduce the linear operator [g] reallocating tensor components. For

instance, the bending moment and the curvature are reallocated in a
vector form:

M1 X11
[M} = M2 and [)Nc} = X22
\/§M12 \/§X12

and the fourth-order compliance tensor d is reallocated in a matrix form

dii11 dp11 V2dion
{g} = d211 oy V212
V2dio11 V2dioza  2di12

so that the constitutive equation
x=d: M becomes [)N(} = [g} . [I\N/I}
The same for D and C”°.

A. Lebée (Laboratoire Navier)
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Voigt Notations

The constitutive sixth-order tensor Q is turned into the 6 X 6 matrix [Q}

hi11111 hi1122 V2hi121 hinon hi11222  V2h111201
hao1111 hoi122 V2hpoi121 hoion hp1222  V2hao1201
V2hioii11 V2hioi2 2hio1121 V2hioionn V2hizizor  2hioi201
hi12111 h112122  V2h112121  h112011 h112222  V2h112201
ho22111 hyooiza V2hooi21 hoozonn hoooooa  V2hoooo01
V2hioi11 V2hioo122 2miaoizr V2hiaoo11 V2hioooze  2hiao001
The third-order tensors [ and R are reallocated in a vector form:
M11 Ri11
221 Roo1
o] = | V| [R] = | VRRE | ane (1] =< [4] [
M12 Ri12 ~
222 Ro2o ! ’[
V212 V2R12 - er

A. Lebée (Laboratoire Navier)
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Pagano’s boundary value problem (Pagano, 1969)

CFRP layers with different orientiations: F3(Y1) = —Fgsin kY7 where
A=1/k= n_lw n € INT* is the non-dimensional wavelength of the loading.

-

- -
-, -,
zZ - -
P -
-

Mﬂ’

.

-

, RIS : | {012 Zz
. 1 .- .

(z
(
us(z

—— —
I
o O O

Invariant in x»-Direction, “periodic” in xi-Direction , )
= No boundary layer! . - e
=] = = £ DA
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Resolution of the Bending-Gradient problem

All the non-dimensional fields are invariant in Ys-Direction
From x5 = ®ag,,y, We obtain:

X11 ®i111 ®11
[)Nc] = X22 = P221,1 = %21
V2x12 V201011 ®31
The equilibrium equations write as:
Ri11 M1
Ro21 Mo 1
2R 2M
[E} _ V2Ri21 _ V2 12,1 and Mygq1, = —F3(Y1)
Ri12 0
R>22 0
V2R 0

./\244(5&/(',7’

o =
A. Lebée (Laboratoire Navier)
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Shear constitutive equation

Taking into account Ri12 = Ropo = Rip = 0, U3 = 0, shear constitutive
equation is rewritten in two parts.

A first part with unknowns involving active boundary conditions:

q hii hio hiz M1 Uz
S | =0 hi2 ho hxs |- Mpz 1 0
b3 hi3 hos  hz3 V2Mia 0

and a second part which enables the derivation of ®4 = ®115, P5 = Py,
dg = /2125 on which no boundary condition applies:

O ha1  hax  hgs M1 0
S5 | =n*| hs1 hso hsz |- M>z 1 - 0
g he1 he2 he3 V2Mia Us1/V2
ier
] [ 3
A. Lebée (Laboratoire Navier)



~ Applications of the Bending-Gradient theory to laminates | Cylindrical bending of laminates
Final System

Finally, combining the above equations leads to the following set of
equations which fully determines the problem:

( M11’11 = Fo sin HYl

Us 11

] o] o ],

[M}zo for Y;=0 and Y;=1
(U3 =0 for Y1=0 and Y;=1

where for convenience, h is the 3 x 3 submatrix of [Q]

hi1 hio hiz
h=1 hio hx hs

hiz hyz  h33 Mr
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Solution

This differential system is well-posed and the solution is unique. Its is of
the form:

[I\N/l} = [I\/NI*} sinkY: and Uz = UssinkYy

where [Mf] and U3 are constants explicitly known in terms of the
problem inputs.

A. Lebée (Laboratoire Navier)
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I omerical ustrations
Stress distributions for a [30°, —30°, 30°] stack
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I omerical ustrations
Stress distributions for a [30°, —30°, 30°] stack
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Stress distributions for a [30°, —30°, 30°] stack
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I omerical ustrations
Displacement distributions for a [45°, —45°]%, 45° stack
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I omerical ustrations
Displacement distributions for a [45°, —45°]%, 45° stack
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I omerical ustrations
Displacement distributions for a [45°, —45°]%, 45° stack
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I omerical ustrations
Displacement distributions for a [45°, —45°]%, 45° stack
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I omerical ustrations
Displacement distributions for a [45°, —45°]%, 45° stack
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Convergence for a [30°, —30°, 30°] stack
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Assumptions

> The same 3D problem as for laminates but C* (x)
depends now on the three coordinates.

» C(x) is periodic in the two first coordinates (x1,x2).

» The in-plane dimension of the unit cell is comparable to
its thickness t.

» t is small with respect to the in-plane dimension of the
plate L.

A. Lebée (Laboratoire Navier)
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Extension to periodic plates

> Bending auxiliary problem (Caillerie, 1984)

gl - v=0

el = ysK + V@ u”

pK
ar -e, =0 on free faces Y5
gK - n skew-periodic on lateral edge 3V,
uP*(y) (y1,y2)-periodic on lateral edge 0Y]
— gives:

A. Lebée (Laboratoire Navier)

Localization u® g¥ related to the curvature K
Bending stiffness: D
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Extension to periodic plates

> Bending auxiliary problem (Caillerie, 1984)

» Shear auxiliary problem

g vV4+ag". v =0
y Y

PRY gR -e, = 0 on free faces 0Y;"
a® - n skew-periodic on lateral edge 9, VAo . c®) Q\$
u®(y) (y1,y2)-periodic on lateral edge 9Y/ O o "

— gives:

Localization u® and g* related to R

Shear compliance tensor: h
./\Za»oi/e,r
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Justification of the Sandwich Theory

» Divide in 3 layers
(homogeneous skins and heterogeneous core)

.
{ —J 1 & .
I

Ys— t b @ - xa)fi;t
s ﬁ?— 6}/[5_/ %\a%
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| (Periodicplates | Thecaseof celllarsandwichpanels
Justification of the Sandwich Theory

» Divide in 3 layers
(homogeneous skins and heterogeneous core)
» Bending auxiliary problem

» Contrast assumption < tr < ts: G
— ts/tr Contrast ratio
= Skins under traction/compression
= Core not involved in Bending stiffness

A. Lebée (Laboratoire Navier)




| (Periodicplates | Thecaseof celllarsandwichpanels
Justification of the Sandwich Theory

» Divide in 3 layers

(homogeneous skins and heterogeneous core) e <f(Q)>
. .- f :Tﬁgq
» Bending auxiliary problem = -

» Shear auxiliary problem

> jR becomes f(Q) + Direct homogenization scheme /

» The BG is degenerated into RM model J >

> [(Q) confirms the classical intuition /
<f<o>>

2] =

Lebée and Sab (2012a)
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Application to the chevron pattern




Application to the chevron pattern

Bending:

j !; v
X11 X22
S, Mises
+1.200e+06
+1.100e+08
+1.000e+0¢
S
+7.000e+05
SREL
+4.000e+05
el
+1.000e+05
+0.000e+00
Y.
X12
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Application to the chevron pattern

Shear forces
localization g (@)

» Overall shearing
of the core

A. Lebée (Laboratoire Navier)




Application to the chevron pattern

Shear forces
localization g (@)

» Overall shearing
of the core

» OQut-of-plane
skins distorsion
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Application to the chevron pattern

Shear forces

e Kelsey —

localization g (@) Kelsey+
0.9 S BG ty = 0.0 and = 010/t =17
1 —+— BG,ty=0.1and t, = 0.2: t,/t; =2
> Overall Shearmg 08k < ~ -BG, tj:O.l and t, = 0.5; ts/t; =5
: S BG, t;=0.Land t, = 11 t,/t; = 10
of the core —.— BG, t;:O,l and t, = 2: ts/t§=20

< e = BG; by = 0.1 and ty = 5: {3 /ty =50

» OQut-of-plane

skins distorsion ;2
sh11

.. Gmh

» Critically g

influence shear
force stiffness

04l
%.2 015 ‘ 1‘ é 5
( ao/bo
Lebée and Sab (2012b, vavee
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Homogenizing an orthogonal beam lattice

. .

Thick-plate model (macro) —|— 2 St-Venant Beams (micro)

Localization T ""B""T -
2 | b
e, i
Eo1
./\ZaM,r
] = = = = DA
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Field localization

A. Lebée (Laboratoire Navier)

Bending moment (L(M), rp(M)):

Apply M "on average” on the unit-cell (Caillerie, 1984)

LM) _2,(M) _ g

—bM12 bM12
1m(M) = bMjy, and 2m(M) = bMy,
0 1 0 2




Field localization

Bending moment (L(M), rp(M)):

Apply M "on average” on the unit-cell (Caillerie, 1984)

Bending gradient (L(R), m(R)):

Assume Myg = RagyXy (Lebée and Sab, 2013a)

g bRi21 (s — 3
1.(R) _ 1. (R) _
rR) = b(Ri11 + Ri22) m(®) — bR12> (s — 3
[N —
@ 1 0 1
g —bR]_22 s — g)
2,.(R) _ 2. (R) _
r(F) — b (Ri21 + Ro22) m®) = bR121 (S - 3)
|\ ——
Q@ P 0 2
.AZaA'/er
o @ - = = 9ac
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Field localization

A. Lebée (Laboratoire Navier)

Bending moment (L(M), rp(M)):

Apply M "on average” on the unit-cell (Caillerie, 1984)

Bending gradient (L(R), m(R)):

Assume Myg = RagyXy (Lebée and Sab, 2013a)

Reissner-Mindlin (L(Q), m(Q)):

Assume cylindrical bending (whitney, 1969; Cecchi and Sab, 2007)

Q1= R, @ = Ro2, Riz1=Ri2=Roi=Ru2=0

0 0
IL(Q) = 0 and lm(o) = 0
bQ1 /), 0/,
0 0
2L(Q) = 0 and 2m(Q) = 0
bQ /, 0 Mr

] [ =




L Periodicplates | Why al plates are not "Relssner” fike?
Application: lattice rotated 45° and cylindrical bending

?3} =-po si{l(ﬁfl)t}/@/*'

{} » Exact solution

» Plate solution 4 Localization
(RM and BG)

A. Lebée (Laboratoire Navier)




L Periodicplates | Why al plates are not "Relssner” fike?
Application: lattice rotated 45° and cylindrical bending

p, = —posin(k)e

i} » Exact solution

» Plate solution 4 Localization

(RM and BG)
0
IS
-0.05
g
E glg 0.1
= S -0.15
o0 n + Exact
:§ © -0.2 /'OBG
& 3 02 «RM=KL
§ TE -0.3
s 3035
S
= -0.4 |
_0'60 05 1 15 2 25 3 35 4 _0'450 05 1 15 2 25 3 35 4 ! A.)
Normalized coordinate S Normalized coordinate S er
o & = E = DA
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